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ON THE WEAK NATURAL NUMBER OBJECT OF THE WEAK
TOPOS FUZ

Ic SunGg Kim

ABSTRACT. Category Fuz of fuzzy sets has a similar function to the Category Set.
But it forms a weak topos. We study a natural number object and a weak natural
number object in the weak topos Fuz. Also we study the weak natural number
object in Fuz®.

1. INTRODUCTION

Category Fuz of fuzzy sets has a similar function to the topos Set. Fuz has finite
products, middle object, equalizers, exponentials and weak subobject classifier. But
Fuz is not a topos, it forms a weak topos. There are some comparisons between
weak topos Fuz and topos Set. A natural number object in a topos means an object
together with morphisms. An important characterization of natural number objects
in a topos was given by P. Freyd. Natural number object applied to define the order
structure and retains a certain amount of Booleanness. In this paper, first we show
that Fuz has no nontrivial natural number object. So we define a weak natural
number object in a weak topos. And we show that there exists a weak natural

number object in the weak topos Fuz and FuzC.

2. PRELIMINARIES
In this section, we state some definitions and properties which will serve as the
basic tools for the arguments used to prove our results.

Definition 2.1. An elementary topos is a category £ that satisfies the following;
(T1) & is finitely complete,
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(T2) € has exponentiation,
(T3) &£ has a subobject classifier.

(T2) means that for every object A in &, the endofunctor (—) x A has its right
adjoint (—)?. Hence for every object A in &, there exists an object B4, and a
morphism evy : BA x A — B, called the evaluation map of A, such that for any Y
and f : Y XA — Bin &, there exists a unique morphism g such that ev40(gxid) = f;

YyxA —1 . B

gXidl lid

BAxA ——- B

evp

And subobject classifier in (T3) is an £-object €2, together with a morphism
T : 1 —  such that for any monomorphism h : D — C, there is a unique morphism
xn @ C — €, called the character of h : D — C' which makes the following diagram
a pull-back;

Example 2.2. Category Set is a topos. {x} is a terminal object. = {0,1} and
T : {*x} — Q with T(x) =1 is a subobject classifier. If we define

xn = 1 if ¢ = h(d) for some d € D,

xn = 0 otherwise

then xy, is a characteristic function of D .

Category Fuz of fuzzy sets is a category whose object is (A, a4) where A is an
object and ayg : A — I is a morphism with I = (0,1] in Set and morphism from
(A,a4) to (B,ap) is a function f: A — B in Set such that as(a) £ ago f(a) [3].

Definition 2.3. We say that an object (I,ay) is a middle object of Fuz if there

exists a unique morphism f : A — I such that a4(a) = ajyo f(a) for all (A, a4) and
a € A.

Definition 2.4. We say that ((J,ay),i) is a weak subobject classifier of Fuz if
there exists a unique morphism oy : (A,a4) — (J,ay) for all monomorphism f :
(B,ap) — (A, aq) where J = [0,1] and ay(j) =1 for all j € J such that af(a) <
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a4(a) and the following diagram

(B,OzB) L (I, Oq)

fl li

(A, q) —— (J,ay)

af
is a pull-back.

Definition 2.5. A weak topos is a category £ that satisfies the following;
(WT1) € has equalizer, finite product and exponentiation.
(WT2) € has a middle object.
(WT3) £ has a weak subobject classifier.

Proposition 2.6. Category Fuz is a weak topos.
For the proof see Yuan and Lee [4].

Definition 2.7. A natural number object in a topos £ means an object N together

with morphisms

1 N

N,

where 1 is a terminal object in a topos, such that for any diagram

1 24—t a

there exists a unique morphism h : N — A such that

1 -2, N L, N
idl lh lh
1 A A
a !

comimutes.

Definition 2.8. A weak natural number object in a weak topos Fuz means an

object N together with morphisms

I N N,

where [ is the middle object in the weak topos Fuz, such that for any diagram with

a normal object A
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there exists a unique morphism h : N — A such that

;1 >N N
idl lh lh
[ —— A —— 4

commutes.

3. MAIN PARTS

Proposition 3.1. Fuz has no nontrivial natural number object.

Proof. In Fuz, the terminal object 1 is a singleton set ({*}, ay,)) with ap,(x) =1 €
I. Assume that there exists a natural number object in Fuz. That is, there exists
an object (N, ay) together with morphisms
0
1= ({+},apy) —— (N,an) —— (N, an)
such that for any diagram
1= ({*},Oz{*}) — (A, aq) T) (A, an),
there exists a unique morphism A : (N,an) — (A, a4) such that
0
1= ({},ay) —— (N,an) —— (N,an)
af |+ |+
1={xhopy) —— (Aaa) —— (4aq)
commutes.
We need a condition that any o 0(x) = ay,y(x), so that we have ay o 0(x) =
an(0) =1 for 0 € N. Since s : (N,an) — (N,ay) is a morphism in Fuz, where
s(n) =n+1, it satisfy that ay 0s(0) = an(0). That is, an (1) = an(0). So we get

an(1) = 1. Inductively we get an(n) =1 for all n € N. Also, we need a condition
that ag o h 2 ap, so that we have aq(a) =1 for all a € A. O

Corollary 3.2. In Fuz, there exists an object (N,apn), where an(n) = 1 for all

n € N, with morphisms

1= ({+}ap) —— (Nay) —— (N,ay)

such that for any diagram

1= ({shapy) —— (ax) —L— (4.a4),
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where 1 = ({*}, ay,y) is a terminal object and aa(a) =1 for all a € A, there exists

a unique h : (N,ay) — (A,a4) such that

1= ({xhap) —— (V,an) —— (N, ax)

} b b

1:({*}7a{*}) T) (AvaA) T) (A’aA)

commautes.
Lemma 3.3. Fuz has finite products.

Proof. Let (A, a4), (B, ap) be two objects in Fuz. Consider ((A X B,aaxB),PA,PB)
where Ax B is the cartesian product of a pair (A, B) of the topos Set with a4 x p=min
{aa,ap} and projection morphisms p4 : (A X B,aaxp) — (A,a4),pp : (A %
B,aaxp) — (B,ap) satisfying ap o pp = aaxp and ag opg = aaxp. Then, for
any morphisms f : (X,ax) — (A,a4) and g : (X,ax) — (B,ap), there exists a
unique morphism < f,g >: (X, ax) — (AXB,aaxp) such that pyo < f,g >= f and
ppo < f,g >=g. Since asf(z) = ax(z), apg(zr) = ax(z) and aaxp(f(x),g9(z)) =
min {aaf(z), apg(x)}, we have that aaxp(f(z),9(x)) = ax(x), so aaxpo(f,g) =
ax. Thus < f,g >: (X,ax) — (A X B,aaxp) is a morphism in Fuz. O
Theorem 3.4. Fuz has a weak natural number object.

Proof. Let (N,ay) be an object with an(n) = 1 for all n € N. Then by Lemma
3.3, there exists an object ((N x I),anxrs) , where (I,«ay) is the middle object in
Fuz. Consider the object ((N X I),anxr) with morphisms

I —% NxT — s NxI

defined by 0(i) = (0,4) and s'(n,i) = (n+ 1,7). Then it satisfy that ayx; 00 = ay
and anxros = anxr.

For any normal object (A, a4), we define a morphism a : I — A with a(i) = a
for all ¢ € (0,a(a)] and a(i) = ¢ for all i € (awa(a),1], where aa(c) = 1. Then
aaa(i) 2 ar(i) making a : I — A a morphism in Fuz.

Then for any diagram,

|y R S

there exists a unique morphism h : N x I — A defined by h(0,i) = a(i) and
foh(n,i) =h(n+1,i) such that
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I -2  NxT -2 NxI

oJ b

/] —— A — A

commutes.

Then aga(i) = ar(i) and h(0,7) = a(i) imply aah(0,7) = ar(i),

s0 aah(0,7) 2 anxr(0,17).

And a4 0 f = ay implies aq o f o h(0,4) = aq 0 h(0,4) = ay(i).

So we have that aqah(1,7) = ay(i). It implies that aah(1,i) = anxr(1,7). Induc-
tively we show that ash(n,i) = anxr(n,i).

If there exists an another morphism &k : N x I — A such that k(0,i) = a(i) and
fok(n,i)=kos'(n,i)=k(n+1,1).

Then we have that f o k(0,7) = ko s'(0,4) and f o h(0,7) = ho s'(0,1).

Also we have ko 0(i) = a(i) and h o 0(i) = a(i). So fo k(0,i) = k(1,7) and
foh(0,i) = h(1,1).

This imply k(1,7) = foa(i) = h(1,1).

Inductively, h : N x I — A is the unique morphism in Fuz. 0

Theorem 3.5. For any small category C, Fuz® has a weak natural number object.

Proof. Consider a constant functor W : C' — Fuz having W(a) = NxI foralla € C
and W (f) = idyxy for all f € C. Also consider a constant natural transformation
s+ W — W having s),(n,i) = (n + 1,4) and a constant natural transformation
0:J — W having 0,(¢) = (0,4) where J : C — Fuz is a functor defined by J(a) =1
for all a € C and J(f) = id. Then for any diagram

k f

J K K

there exists a unique morphism h : W — K defined by hy(0,7) = ko(i) and f o
h(n,i) = h(n + 1,7), that is, the following diagram

J w w
T
J - K ; K

commutes.
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Since k : J — K is a natural transformation, the square

Ja) 2= 1w

kl lkb

commutes. And we get kq(i) = hg04(7) = he(0,4). These imply K(a)hg(0,7) =
hy(0,4). We assume that K(a)hg(n,i) = hy(n,i). Since f : K — K is a natural
transformation, we have K(«) o f, o hg(n,1) = f o hy(n,i). By definition of h, this
implies K (a)hq(n+1,4) = hy(n+1,7). By induction, we get K (a)hq(n,i) = hy(n, i)

for any n € N. So h: W — K is a natural transformation. ([l
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