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ESTIMATION OF DIFFERENCE FROM HOLDER’S INEQUALITY

YoNG-IN KiMm

ABSTRACT. We give an upper bound for the estimation of the difference between
both sides of the well-known Hoélder’s inequality. Moreover, an upper bound for
the estimation of the difference of the integral form of Holder’s inequality is also
obtained. The results of this paper are natural generalizations and refinements of
those of [2-4].

1. INTRODUCTION

It is well-known that the following Holder’s inequality [1]
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where a;; > 0for 1 <i<mand1<j<nandp; >1with Z;'l:1 pj_1 =1, together

with its integral form
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where fi, € C([a,b],(0,4+00)) for k =1,2,---  n, plays an important role in the study
of inequalities and in the field of applied mathematics. For example, the well-known

Cauchy’s inequality
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is a special case of (1) when n = 2 and p; = po = 2. In many cases, we need to

know not only the inequalities, but also the estimations of the differences between
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the right hand sides and left hand sides of these inequalities. For instance, Cauchy’s

inequality is a direct consequence of the following Lagrange Identity

n n n 2
=1 =1 =1

1<i<j<n
In general, however, such a simple equality does not exist. Sometimes, the estima-
tions of the differences between the right hand sides and left hand sides of these
inequalities and the conditions at which these inequalities become equalities play
important roles in the study and application of these inequalities. As for Holder’s
inequality, many generalizations and refinements have been obtained so far, see, for
example, [1-6] and the references therein. In [2,3,4], by using Young’s inequality

and Ozeki’s inequality, the authors discussed the maximum of the difference

1 1
P n q n
D,(a,b,w) := (Zwkak> (Zw@%) — Zwkakbk,
k=1 k=1

where w = (w1, ws,- -+ ,wy) is a weight and p,¢ > 1 with p~! + ¢! = 1 and

ag, b, k=1,2,--- ,n are positive numbers such that

O<mi<ar<M; and 0<mo<b, <My, k=12, n
1/p

for some positive constants my, mg, M1 and Ms. If we replace w,'"ay and wi/ by, by

@y and by, for k = 1,2,--- ,n respectively, then we have
* e N e
Dy (a,b,w) = D,(a,b) (Z ak> (Z bZ) = Gy
k=1 k=1
Hence we need only to consider the case where w = (1,1,--- ,1).

2. MAIN RESULTS

The main results of this paper are the followings:

Theorem 1. Let a;; > 0 fori=1,2,--- ,m and j = 1,2,---,n and let p, > 1
for k=1,2,--- ,n with Zzzlpgl = 1. Assume that there exist positive constants
Aj, Bj, j=1,2,--- ,n such that

(3) 0<Aj<a;<Bj, i=12,---,m, j=12,---,n.
Let
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Then, we have the following estimation:

n
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Moreover, the constant in the right hand side of (4) is sharp.
Similarly, we have the following estimation of the difference of the integral form
of Holder’s inequality.
Theorem 2. Let pp > 1 fork = 1,2,--- ,n with 2221171;1 = 1. Assume that

fr € C([a,b],(0,+00)) for k =1,2,--- ,n and there exist positive constants C) and
Dy fork=1,2,---,n such that

(5) 0<Ck< fr(x) <Dy, k=1,2,---,n, z € [a,b].

Let

S(f,p) = kH ( / b fﬁk(m)dx)pl’“ -/ b (kH fk<x>> da.

Then we have the following estimate:

» n 'n i & pkn Dfik
6)  0<X(fp) < (b ><kl:Tle) ;pk<ck> 1<H?=1CJ‘>'

Moreover, the constant in the right hand side of (6) is sharp.
The following corollaries are direct consequences of Theorem 1 and Theorem 2

and so we omit the proofs of them:

Corollary 1. Let Ay = A, B, = B for k =1,2,--- ,n in Theorem 1. Then we

have
n

o< 8 < )3 (5) (5.

1 Pk

Corollary 2. Let Cy = C, Dy = D fork =1,2,--- ,n in Theorem 2. Then we

have
n

0<S(f,p) < (b—a)D" -3 — (g>pkln (gif)

1 Pk

Corollary 3. Let n = 2 in Theorem 1. Assume that ax,bg, k = 1,2,--- . m
are positive numbers and that there exist positive constants Cy, Dy, k = 1,2 such
that 0 < C1 < ap < D1, 0< Oy < by < Dy for k =1,2,---,m and that
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p>1q— 7 > 1. Then we have

m
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k=
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< mDiDs - |- 1 —(==)] In
=mos [ <cl> “(0102>+q<02> <6102

Moreover, the constant in the right hand side of (7) is the best possible.

Corollary 4. Let n = 2 in Theorem 2. Assume that f,g € C([a,b],(0,+00))
and that there exist positive constants Oy, A,k = 1,2 such that O <6 < f(x) <
Ay, 0< 6 < g(z) < Ag for all z € [a,b] and that p > 1,9 = ;55 > 1. Then we

have

o O =([re) ([ > [ s ,
g(b—a)AlAg-Ll) (?11) In (5152>+ (?j) = (5?@)]

Moreover, the constant in the right hand side of (8) is the best possible.

(7)

3. PROOFS OF THEOREMS

Consider a continuous function h : (—oo, +00) — (0, 400) defined by
1t o

9) h(t) =

k

. tpy
E , Haw 127

n m n
=1 | =1 7=1

Then h € C* and note that (1) is equivalent to the following inequality:
1

(10 ZH%<H<ZG ) _

=1 j=1

From the above observation, we see that the function h(t) plays a crucial role in

proving the Theorem 1. In fact, we have the following:

Lemma 1. Let the function h be defined as in (9). Then h € C* is a concave
function, that is, h"(t) > 0Vt € R and h takes its minimum at t = 0. Moreover,
R’ (tg) = 0 at some tg € R if and only if

Pk Pk
e Yk

H?:l aij  T[Z aj

(11)
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for all 1 < i,5 < m, 1 < k < n. In this case, h(t) = h(0) = constant and

R'(t) = h'(t) = 0. If (11) does not hold, then h is a strictly concave function, i.e.,
R'(t) >0VteR and W' (t)t > 0 for all t # 0.

Proof. Let
- al* al*

(12) bi=[Jay di=-%=="— 1<i<m, 1<k<n
j=1 bi Hj:l Qij

Then h(t) can be written as

ht) =] [Z bidfk]

k=1 Li=1
Define a C*° function H : R — R by H(t) = Inh(t). Then we have

H(t) = i plk In (i bid§k> :
=1

n

17, bid, Indy,
H/(t) — - z—lm ik ’
; Pk Dt bidgk

and )
n i Zl§i<j§m bzb]dfkd;tj (lIl dzk —1In d]k)
— py (20 bidy)?

From (12) and the relation ";_, p;* = 1 and the expression of H'(t), we have

"1 T b Indgy
HI<O) - Z T l_lm
i1 Pk Zi:l bi

H”(t) —

> 0.

i=1 B k=1 i=1
= (Zb2> Zbizilndlk
i=1 =1 k=11F
U I "1 Dk
= b; b; Y —In —k
(Z; > B ; ; P bi
= (sz> sz’ (Zlnaik — Zlnbz>
i;l . i;l k=1 =1
= bi b; (Inb; — Inb;) = 0.
) %
i=1 1

Hence we have h'(0) = h(0)H'(0) = 0.
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Moreover, we see that H” (tg) = 0 for some ty € R if and only if
dik:djka 1<i<ji<m, k=1,2,---,n

which is equivalent to (11) by (12). In this case, H”(t) = 0, and so H'(t) = H'(0) =
0. Since h'(t) = h(t)H'(t) and

BI(E) = h(t) [H"(0) + (H'(1)°]

we also have h”(t) = h/(t) = 0 V¢t € R. If (11) does not hold, then H"(t) > 0Vt € R
and hence we have h'(t) >0Vt e R and A/ ()t >0V ¢ #0 O

Proof of Theorem 1. If the equality (11) holds, then by Lemma 1, we have h(t) =
h(0) =constant, in particular, we have h(1) = h(0), and hence A(a,p) = 0. Oth-
erwise, h/(t)t > 0Vt # 0 and h”(t) > 0 V¢t € R. This implies that there exists a
7 € (0,1) such that A(a,p) = h(1) — h(0) = A'(7) < K/ (1). But it follows from
h'(t) = h(t)H'(t) that h'(1) = h(1)H'(1). Since the equality can be achieved, the
right hand side of (4) is sharp. Now the conclusion of Theorem 1 follows from the
expressions of h(1), H'(1) and the assumption (3). O

The proof of Theorem 2 goes in parallel to that of Theorem 1 and so we omit
the details of it with the following Lemmma 2, from which it follows immediately.
Let the conditions of Theorem 2 hold. Consider a C* function g : R — (0, +00)
defined by

1-t

b n
(13) QW:H./ [[5)]  7@d
a j=1

k=1

1
Pk

Then (2) is equivalent to g(0) < g(1). Now we have the following:
Lemma 2. Let the function g be defined as in (13). Then g € C*° is a concave

function, i.e., ¢"(t) > 0 Vt € R and it takes its minimum at t = 0. Moreover,
g"(to) = 0 for some ty € R if and only if

fr(x) = constant, YV x € la,b], 1 <k <n.

In this case, g(t) = g(0) = constant and ¢'(t) = ¢"(t) = 0. Otherwise, g is a strictly
concave function, i.e., g"(t) > 0Vt € R and ¢'(t)t > 0 for all t # 0.

Proof. Let

(14)  F(z) = H fr(x), Fr(z)= %, z€la b, k=12 ,n.
=1
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Then g(t) can be written as

o= [1[[ romen]

k=1

Define a function G : R — R by G(t) =Ing(t). Then G € C* and

g(t) = G'Mg(®), ¢"(1) = 9(®) [¢"(1) + (G'®)°].

As in the proof of Lemma 1, we can show that ¢’(0) = 0 and

b
no / F(2)F}(z)In Fy(z)dx
Gt)y=>y —

1 Pk

Y

b

b rb
vy [ ] F@F@F @) (0 Fl) - ) dody
G”(t) — 2 — Ja a

 py 9 < /a ' F(x)F,f;(x)dx>2

Moreover, it follows from the expression of G”(t) that the equality G”(tp) = 0 holds
for some to € R if and only if Fy(z) = Fi(y) Vz,y € [a, b], that is, f*(z)/F(z) =
o (y)/F(y) Yo,y € [a, b], k=1,2,--- ,n, which is equivalent to Fj(x) =constant
Va € [a, b,k =1,2,--- ,n. In this case, we get from the relation of ¢” and G” that
g"(t) = ¢'(t) = ¢’(0) = 0 and g(t) = ¢g(0) =constant. Otherwise, ¢”(t) > 0 for all
t € R and it follows from ¢'(0) = 0 that ¢'(¢)t > 0Vt # 0. O

> 0.

Example 1. Let p = g = 2 and replace m by n in Corollary 3. Then we obtain

(59) (9] -
(15) : k=1 Dk:12 1 k=1 e o
5 D102 [(011) In (C@) + (cj) In <0152>]

In particular, if D1 = Dy = D and C; = Cy = C, we have

R = e

Moreover, the right hand sides of (15) and (16) are sharp.

o
IA
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Example 2. Let p = g =2 in Corollary 4. Then we have

<[([ rwas) ([ g2<m>da:)r - [ r@otwas
e (5 (5 < (3)  (5D)

In particular, if Ay = As = A and d; = d3 = 4, we have
(18)

o< [(f ) (o) s (3).

Moreover, the right hand sides of (17) and (18) are sharp.

WASPAY)

<!

Example 3. Consider the weighted difference

Dy(a, b, w) (Zwkak> (Zwka> Zwkakbk

where w = (w1, ws,- - ,wy) is a weight and p,¢ > 1 with p~! + ¢! = 1 and
ag, bg, wr, k =1,2,--- ,n are positive numbers such that
O0<mi<ap <M, 0<mg<b, <M, O<y<w,<I, k=12,---,n

1 _
for some positive constants my,mg, My, M2,y and I'. Setting @ = w; aj, and by, =

1
wy by for k =1,2,--- ,n, then it follows from Corollary 3 that 0 < D,(a,b,w) and
(19)

T2M M, [1 /M \? rmP 1/ My\1 M
v p \mi ymainms q \ma2 Ymims

Moreover, the right hand side of (19) is sharp.

Remark. From Theorem 1 and Theorem 2 as well as example 3, we see that the
results of this paper are natural generalizations and refinements of the results of
[2-4].
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