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ON THE STABILITY OF A BI-JENSEN FUNCTIONAL
EQUATION

KiL-WoUNG JUN?, YANG-HI LEE P AND JEONG-HA OH®¢

ABSTRACT. In this paper, we investigate the generalized Hyers-Ulam stability of a
bi-Jensen functional equation

af (Y 2R - (a2 + flaw) + £y, 2) + F ).

Also, we establish improved results for the stability of a bi-Jensen equation on the
punctured domain.

1. INTRODUCTION

In 1940, S.M. Ulam [15] raised a question concerning the stability of homomor-
phisms: Let G7 be a group and let G2 be a metric group with the metric d(-, ).
Given ¢ > 0, does there exists a § > 0 such that if a mapping h : Gy — G satisfies
the inequality

d(h(zy), h(x)h(y)) <6
for all x,y € G then there is a homomorphism H : G; — G5 with
d(h(z),H(x)) <€

for all + € G177 The case of approximately additive mappings was solved by
D.H.Hyers [4] under the assumption that G; and G2 are Banach spaces. In 1978,
Th.M.Rassias [14] gave a generalization of D.H. Hyers’ result. Recently, P.Gavruta
[3] also obtained a further generalization of the Hyers-Ulam theorem. Since then, a
further generalization of the Hyers-Ulam theorem has been extensively investigated

by a number of mathematicians[6,11,12].

Throughout this paper, let X and Y be real vector spaces. A mappingg: X — Y

Received by the editors February 17, 2010. Revised August 5, 2010. Accepted August 18, 2010.
2000 Mathematics Subject Classification. Primary 39B52.
Key words and phrases. solution, stability, bi-Jensen mapping, functional equation.

(© 2009 Korean Soc. Math. Educ.
231



232 KiL-WouNG JuN, YAaNG-HI LEE & JEONG-HA OH

. . . . . . +

is called a Jensen mapping if g satisfies the functional equation 2g9(*5%) = g(x)+g(y).
For a given mapping f: X x X — Y, define

TH ey, w) = 4f (L Z2E) — f2) = (e w) — [(3,2) - Sy, w)

for all z,y,z,w € X. A mapping f: X x X — Y is called a bi-Jensen mapping if f

satisfies the equation J f(z,y, z, w) = 0 and the functional equation Jf = 0 is called
a bi-Jensen functional equation.

Kannappan [8] solved the equation

() gle+y+2)+9(@) +9@1) +9z)—g@+y) —g9ly+2z) —g(z+z)=0.

The stability of the equation (*) was proved in various methods [2,7,9]. Park and

Bae [13] investigated the relation between the Cauchy-Jensen functional equation

and the equation (*). Also they [1] obtained the general solution and the Hyers-Ulam

stability of a bi-Jensen mapping. The authors[5] improved their stability results.
For a given mapping g : X — Y, define

Dyg(z,y,2) =gz +y +2) + 9(z) + g(y) + 9(2)
—g(@+y) —gly+2) —g(z+z) —g(0).
When X =Y =R, the function f : RxR — R given by f(z,y) := ary+br+cy+d is
a solution of the functional equation Jf(x,y, z, w) = 0. In particular, letting = = y,
we get a function g : R — R given by g(x) := az? + bx + ¢ satisfying a equation
Dg(x,y,z) = 0. In this paper, we investigate the relation between solution of the
bi-Jensen functional equation and solution of the equation Dg = 0. We estabilish
the generalized Hyers-Ulam stability of a bi-Jensen functional equation and obtain
the stability in the sense of Th.M.Rassias as an application. Also we get improved

results for the stability of a bi-Jensen equation on the punctured domain.

2. THE RELATION BETWEEN THE SOLUTION OF THE BI-JENSEN EQUATION
AND THE SOLUTION OF THE EQUATION Dg =0

Theorem 1. Let g : X — Y be a mapping satisfying the functional equation
Dg(x,y,z) =0 and f: X x X — Y a mapping defined by
1 1 1 1

flz,y) = %g(ﬂc +y) = 19(=2) = 79(=y) — 19(2) = 19(y) + gg(o)

forallx,y € X. Then f is a bi-Jensen mapping and satisfies
flz,x) = g(z)
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forallz e X.
Proof. By the assumptions of f and g, we get

1 1 3

fl,2) = 59(22) — 59(~2) = 39(x) + 5 9(0) + 3 Dy, 2, ~2) = g(z)

and

Jf($7y7 Z? w)

= 29T IR (T (=) o
1

— 59+ 2) — sale )~ Sgly+2) — Soly +w)

+ 1(9(33) +9(=7) + g9(2) + 9(—=2) + 9(y) + 9(=y) + g(w) + g(~w))
Yy ow z

2
=2D 2Da(Z. = =
g( ) +2D9(5 5 5)
+1D (ac—i-z T+ z —x—z)_l_l r+w r+w —r—w
9 Iy T Ty T 2 2 T2 7 9
1 Yy+z yt+z —y—z 1 yt+tw y+w —y—w
-D -D
+5D9(— 5 ) P T )
—xr —z 1 T w —r—w 1 Yy z —Yy—=z
a 77777)_7Dg(7’7) )
2 2° 2 2 2 2’2 2
Yy —xr—y Zw —z—w
z —Dg(Z. = =2 7
5 5 )~ DG 5 —5)
- T 1 Yy —y
T Y _Zpg(Z.2 2

Ty Z+w
2727 9

x

)

N2 2
z —z 1 -z —z z
o e )

for all z,y,z,w € X.

Theorem 2. Let f: X X X — Y be a bi-Jensen mapping and let g : X — Y a
mapping given by

for all x € X. Then g satisfies

and

flzy) + fly,2) = g(z +y) - %(g(—x) +9(=y) + g9(z) + g(y)) + 39(0)
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forall xz,y € X.
Proof. By the assumptions of f and g, we get

4Dg(z,y,z) =4f(x+y+z,2+y+2) —4f(x+y,z+y) —4f(x + 2,2+ 2)
1
:Jf(2:x+2y,2,z,:n+y+z,x—|—y+z)+§Jf(2z,2z,2x+2y,2z)
1
+ =Jf(2x + 2y, 2x + 2y, 2x + 2y,22) — J f(2z + 2y, 0,22 + 2y,0)

2
1
Tf(da, 4y, 22,22) + 2T f(22,22, 4w, dy) = T f(2y, 22,y + 2,y + 2)

e

1
- —Jf(2y,2y,2y,2z2) — §Jf(22,2z,2y,22) —Jf(2z,2z,x + 2,z + 2)

— DN

1 1
— —Jf(2x,2z,22,22) — 5Jf(2z, 22,2x,2z) — ZJf(élsc,O, 22,2z)

2
1 1 1
— 1Jf(0,4y,2z,22) — ZJf(Qz, 2z,42,0) — ZJf(22,2z,O,4y)
1 1 1
— ZJf(4x,4y,0,0) - ZJf(0,0,4x,4y) + ZJf(4x,O,O,O)
1

1 1

+ Jf(22,0,22,0) + Jf(2y,0,2y,0) + Jf(22,0,22,0) = 0

and
gz + y)—%g(—fﬁ) - %g(—y) - %g(fv) - %g( ) +39(0) — f(z,y) — fy,2)
= fetyoty) - §f< 2, ~2) = 3£(2,)
— 5 7w) — 5 f(, ) +3(0,0) = [(29) Sy, 2)
iJf(Qa; 29, 22, 2) — —Jf(2a: 0,0,2y) — fJf(() 2y, 22, 0)
lef( 2 —2,7) — iJf(a;, _z,3,7) + 5Jf(gc,—a:,o,O)
+ iJf(—y, —Y, =Y, y) — %Jf(y, —y,9,y) + %Jf(y, ~y,0,0)

1 1 1
- ZJf(2x, 0,2x,0) + ZJf(2x, 0,0,0) + ZJf(O, 0,2z,0)

1 1 1

for all x,y € X.
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3. THE STABILITY OF A BI-JENSEN FUNCTIONAL EQUATION

In the rest of the paper, let X,Y be a normed space and a Banach space, respec-

tively. We need the following lemmal5] to prove the main results.

Lemma 3. Let f : X x X — Y be a bi-Jensen mapping. Then the following
equalities hold;

Flosy) = 3 f (@0 2%) + (o = ) (F2,0) + (F0,2'9) + (1= 22 2F(0,0),
Flosy) = o f (@, 2) + (2" = (7 (52,0) + F0, ) = (2" =3+ 2)(0,0))
Jey) = 4" f(G ) + (20 = 4")(F (55, 0) + F(0, 50) + (2 = 1’£(0,0)),

P9 = 5 F2) + 5 (1= 2 (0.2") + (1= 5.)%4(0,0) and
1

1 n 1 1 n n
F@,y) = 5o f2"0) + oo (1= ) (F(,2°) + F(=2,2")) + (1= 52)£(0,0)
for all z,y € X andn € N.
Now we have the stability of a bi-Jensen mapping in the following theorem.

Theorem 4. Let ¢ : X x X x X x X — [0,00) be a function satisfying

o0

R 1 o
(1) P,y 2,w) =) | (@, 2y, 22, 2w) < o0
j=1
forall x,y,z,w e X and let f: X x X =Y be a mapping such that
(2) 1T f(@,y,z,w)|| < ¢(z,y, 2, w)

forall z,y,z,w € X. Then there exists a unique bi-Jensen mapping FF: X x X — Y
such that

Hf(x,y)—F( )H (£,O,y,0)—i—@(m,0,0,0)—l—@(0,0,y,O)

1

for all z,y € X with F(0,0) =

map given by

@
R
T3¥
f(0

,0), where @ : X x X x X x X — [0,00) is the

[e.9]
~ 1 S
Bz, y,z,w) = PP 2y Yz, 2w) <oo
j=1
for all x,y,z,w € X. The mapping F': X x X — Y is given by

F(z,y) = hm [41]f(23x 20y) + %f(%;,O) + %f(o,?y)] + £(0,0)
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forall xz,y € X.
Proof. Since

|5 (7202, 2y) — f(202,0) ~ £(0,279) + [(0,0)

- ﬁ(f@jﬂx 2Hy) — f(272,0) — £(0,27Fy) + £(0,0))]

4J+1 ||Jf(2]+ll’ 0 2J+1 ) - Jf(2j+1$7 07 07 0) - Jf(0> 0’ 2j+1y7 0)”

1 . . . .

(4) < g (P(27712,0,2771,0) + 92712, 0,0,0) + (0,0,271y,0)),
Lo 1 1 1 i1

(5) == f(272,0) — F(0,0) — ——(F(27+12,0) — £(0,0))]| < =—(27*'x,0,0,0)
27 2i+ 25+

and

(6) 1o £(0,27y) — £(0,0) — ——(f(0,271y) — £(0,0))] < ~—5(0.0, ~——,0)
27 &4 Y) — ) 2j+1 ’ Yy ’ = 2]'_;'_280 ’ 72j+1ya

for all x,y € X and j € N, we get
(2, 2y) — F(2l,0) — 7(0,2'y) + 7(0,0)
(F(2,2™y) — F(27,0) — £(0,27) + £(0,0)]

1

?”E\H

—~

~
-
IN

1 . ) . )
T (P27, 0,2770y,0) + o(27712,0,0,0) + (0,0, 2771y, 0)),
l

J

m—1
(8) Il F(2,0) — F(0,0) — 5 (F(27,0) ~ £(0,0)] < ZQL (27+12,0,0,0)
p
and
9 L r0.2! 0,0 L #(0.2m 0,0 <m_1i 0,0,2714.0
(9) [l £(0.2'5) — £(0,0) — S (F(0.279) ~ FO,0)] < 3 gl )

l

j
for given integers I,m (0 < I < m) and for all z,y € X. By (1), the sequences
{5 (F(2, 27y) = [(22,0) = F(0,27) + F(0.0)}, {5(F(2/2,0) - £(0,0)} and
{%(f(O,ij) — f(0,0)} are Cauchy sequences for all z,y € X. Since Y is com-
plete, the sequences {%(f@jx, 27y)— f(272,0)— £(0,27y)+ £(0,0))}, {%(f@j:n, 0)—
f£(0,0)} and {%(f(O,ij) — f(0,0)} converge for all z,y € X. Define Fy, F5, F3 :
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XxX =Y by

Fir,y) = Tim o (f(2r, 2y) — [(P2,0) ~ £(0,2'y))

for all z,y € X. Putting [ = 0 and taking m — oo in (7), (8) and (9), one can

obtain the inequalities

1f (@, y) = f(2,0) = £(0,y) + £(0,0)) — Fi(z,y)]
<5

(10) &(x,0,v,0) + ¢(z,0,0,0) + ¢(0,0,y,0),
1) 1f0) = £0.0) = Fa(e,0)] < 56(2,0,0,0) and
(12)  F0.) ~ £0,0) = F(0,p)] < 55(0,0,5,0)

for all z,y € X. Since lim,_ 4%f(2”x,0) = limy 0o 2%FQ(x,O) = 0 and

limy, oo ﬁf(o, 2"y) = limy, 00 2%Fg(O, y) =0, we get

for all x,y € X. Since

1
JF(z,y, 2z, w) = nlg]g@ 4—an(2":c, 2"y, 2"z, 2"w) =0
. 1
JF2(»’U7?J’Z,7~U) = nh—>rgo 27Jf(2n$72ny,0,0) =0

1
JF5(x,y, 2z, w) = nhi& 2—”Jf(0,0, 2"2,2"w) =0

for all z,y,z,w € X and all n € N, F is a bi-Jensen mapping satisfying (3), where
F: X xX —Y isgiven by

F(ﬂf,y) = Fl(x7y) +F2('T’y) +F3(.T,y) +f(0’0)
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for all z,y € X. Now, let F’ : X x X — Y be another bi-Jensen mapping satisfying
(3) with F’(0,0) = £(0,0). Using Lemma 3 and @(z,y, z,w) < @(z,y, z,w), we have

1 11
<l (F = FH2", 2") + (5,

) (F = F)(2"2,0) + (F — F')(0,2"y))|

on ~ 4n
< S (I(F = DE, 2| + (7 ~ F)@",2%9)]) + 5 I(F ~ (22,0
+ gl = F)@ 2,00l + I~ HO.2°9)] + 51~ F)(0.2°)
4—(2g0( "z,0,2"y,0) + 3$(2"x,0,0,0) + 34(0,0,2"y,0))
+ 21 (55(2"2,0,0,0) + 55(0,0, 2™y, 0)) + 66(0,0,0,0))

for all n € Nand z,y € X. As n — oo, we may conclude that F(x,y) = F'(z,y) for
all z,y € X. Thus such a bi-Jensen mapping F': X x X — Y is unique.
Now we have another stability of a bi-Jensen mapping for the several cases in the

applications.

Theorem 5.Let p : X x X x X x X — [0,00) be a function satisfying

o0
3 . T Yy z w
- Jp(—, L, = —
@z, y, 2, w) -—23490(21’2j’2j’2j)<00
i

forall x,y,z,w € X and let f : X x X — Y be a mapping such that the inequality
(2) holds for all x,y,z,w € X. Then there exists a unique bi-Jensen mapping
F: X x X =Y satisfying the inequality (3) for all z,y € X, where ¢ : X x X X
X x X —[0,00) is the map given by

w
J g 2 Z
¢y, 2,w) 22 2] 2j)
for all x,y,z,w € X. The mapping F : X x X — Y is given by
. Ty x
Flz,y) = lim ¥(f(55, 55) = F(57.0) = £(0. 25) + £(0,0))

+ Tim 2/(f(55.0) = J(0,0)) + lim 29(£(0, %) = £(0,0)) + £(0,0)
j—o00 J—00

forallz,y € X.

Proof. Since the inequalities (4), (5) and (6) hold for all negative integer j, we can

use the similar method in Theorem 4 to get the sequences {47 (f (%, %) — f(,0) —

£(0,35) + £(0,0))}, {27(f(5,0) — £(0,0))} and {27(f(0, 3) — £(0,0))} converge for
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all x,y € X. Define I, F5, F3: X x X =Y by

Fa(w,y) := lim 49(f (55, 57) = £(57,0) = £(0, 57) + £(0,0))
Fy(a.y) = lim 2/(f(55,0) ~ £(0.0).
Fy(ay) = lim 2(f(0. 37) ~ £(0.0)

for all x,y € X. By the similar method in Theorem 4, we obtain the inequalities
(10), (11) and (12). Since

Yy oz ow

. n x
JFl(l‘,y,Z,UJ) :nhm 4 (Jf(777727na27n)
w
JFy(z,y, z,w) = hm 2"Jf(2—n 27,0 0)=0 and
JF3(x,y, 2z, w) = hm 2"Jf(0,0, — ;1:1) =0

for all x,y, z,w € X, F' is a bi-Jensen mapping satisfying (3), where F': X x X — Y
is given by

F(l‘,y) - Fl(xvy) —i—Fg(.%’,y) +F3(x,y) +f(070)

for all z,y € X. Now, let F/ : X x X — Y be another bi-Jensen mapping satisfying
(3). Using Lemma 3, ¢(z,y,2,w) < @(z,9,2,w), £(0,0,0,0) = 0 and F(0,0) =
£(0,0) = F’(0,0), we have

|F(z,y) — F'(z,9)||

< |[4™(F = F')(,
Y T
2n)_f on’
2,1,0) (55 )H+4”Hf(2n7 0) — F’(;,L,O)H
+ 4" F(0 727)—f(0,7)H+4”Hf( ; ) F'(0, *)H

-, T y
S 2(4n90(27707 277

X

o)+

M‘Q@

><<F—F’><%,o> +(F = F)(0.5))]

(2"
Y n y LY
D+ i Ly - P )

3|

< 4”HF(

—~

+ 4™ F(

[\7
3 8

0) + 4" (— 0,0,0)) +4"13(0,0, =,0))

2"7

for alln € Nand z,y € X. As n — oo, we may conclude that F(x,y) = F'(z,y) for
all z,y € X. Thus such a bi-Jensen mapping F': X x X — Y is unique.
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Theorem 6. Let p: X x X x X x X — [0,00) be a function satisfying

o
1 S

o0
X~ ) Py
go(x,y,z,w) = E 2%0(—. e 7) < 00

forallz,y,z,w € X andlet f: X x X — Y be a mapping such that the inequality (2)
holds for all x,y,z,w € X. Then there exists a bi-Jensen mapping F': X x X =Y
satisfying the inequality (3) for all x,y € X. The mapping F : X x X — Y is given
by

Fla,y) = lim S(f(2a,27y) — £(272,0) = [(0,279)) + £(0,0)

+ lim 2/(£(5;,0) = £(0,0)) + lim 27(f(0,57) = £(0,0)) + £(0,0)

j—00 j—00
forall x,y € X.
Proof. Let F; be as in Theorem 4 and let F5 and F3 be as in Theorem 5. Since

1
JF(z,y,z,w) = nango 4—n(Jf(2"x, 2"y, 2"z, 2"w)

—Jf(2"x,2"y,0,0) — Jf(0,0,2"z,2"w)) = 0,
F is a bi-Jensen mapping satisfying (3), where F' is defined by
F(Z‘,y) = Fl(x7y) + FZ(x7y) + Fg(-ﬁl’,y) + f(070)

for all z,y € X.
As an application of Theorems 4, 5 and 6, we obtain the stability of a bi-Jensen

mapping in the sense of Th.M.Rassias(See [5]).

Corollary 7. Let 0 < p(# 1,2) and 0 > 0. Let f: X x X — Y be a mapping such
that

17 f (2, y, 2z, w))[| < Oz + [[yll” + |21 + [[w][*)

for all x,y,z,w € X. Then there exists a bi-Jensen mapping F': X x X — Y such

that

op 2.2P
1 Gery) = Fa )l < (g T o9

for all x,y € X with F(0,0) = f(0,0).

)oCllz(1” + llyl*)
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4. THE STABILITY OF A BI-JENSEN FUNCTIONAL EQUATION

We can easily check the following lemma. Lemma 8. Let f: X x X — Y be a
mapping and let f' : X x X —Y be the map defined by
fl(@,y) = f(z,y) — f(z,0) = f(0,y) + £(0,0)
for all x,y € X. Then
f(2$7 O) B f(070)

f('T?O)_f(O’O)_ 9 :Bl(x’y)a
10.9) ~ f(0,0) - LOB OO _ )
Flayy) - L0 _p )

for all x,y,z,w € X\{0}, where !
Bi(a,y) = §T7 ., ~y) — JF (.5 ~ )
—JfBz,xz,y, —y) + Jf(3x, —z,y, —y)],
Bo(a,y) = S 1T7(w, ~,,) — T F (., )
—Jf (@, =z, 3y,y) + J f(z, —z, 3y, —y)],
Bs(x,y) = %[f,ff(?)x,x, 2y,2y) + Jf(3x, —x, 2y, 2y) — J f(x, —z, 2y, 2y)
—2Jf(z, 2,3y, y) + 2J f(x, 2, 3y, —y) — 2J f(z,2,y, —y)]
~ 5 Biley) — Bal,)

We need the following lemmas which is easily verified by the same method in the

proof of Lemma 3.3 in [10] to prove the main theorem.

Lemma 9. Let a set A(C X) satisfy the following condition : for every x # 0, there
exists a positive integer n, such that nx ¢ A for all |n| > ny and nx € A for all
In| <ng. If F: X x X =Y satisfies the equality

JF(x,y,z,w) =0

for all z,y, z,w € X\ A, then there exists a unique bi-Jensen map F' : X x X =Y
satisfying the equality

Fl(z,y) = F(2,y)
for all x,y € X\A.
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Lemma 10. Let A, F be as in Lemma 9. Then the map F : X x X — Y is a
bi-Jensen mapping.
Proof. Let Ay = {n € N|nz ¢ A} for each x # 0. By Lemma 9, there exists a unique

bi-Jensen map F’ satisfying the equality
F'(x,y) = F(a,y)
for all x,y € X\ A. Choose n € A, N A, for the case z,y # 0, then
F(x,y) — F'(z,y) = %[JF((TL + 2)z, —nx, (n + 2)y, —ny)
— JF'((n+ 2)z, —nz, (n + 2)y, —ny)] = 0,
F(0,y) = F'(0,y) = %[JF(ny, —ny, (n + 2)y, —ny)
— JF'(ny, —ny, (n + 2)y, —ny)] = 0,
F(x,0) — F'(2,0) = i[JF((TL + 2)x, —nx,nx, —nx)
— JF'((n+ 2)z, —nz,nx, —nx)] = 0,
F(0,0) — F'(0,0) = %[JF(nx, —nz,nx, —nx) — JF (nz, —nz,nx, —nz)] = 0.

Hence F(z,y) = F'(x,y) for all z,y € X as we desired.

From Lemma 3, we get the following lemma.

Lemma 11. Let f : X x X — Y be a bi-Jensen mapping. Then the equality
f(2"x, 2™y 1.1 1
fla,y) = 1@, 2y)

on 5(27 - 47)(f(2n$a —2"y)
FF2",2') + (- 5770,
holds for all xz,y € X and n € N.
Theorem 12. Let A be as in Lemma 9. Let ¢ : X x X x X x X — [0,00) be a

function satisfying

o0
1 o
(13) Z gw@%, 2'y,2'z,2'w) < 00
i=0
forall x,y,z,we X. If f: X x X =Y satisfies
(14) 1Jf(z,y,z,w) < o(z,y,z,w)

forallz,y,z,w € X\A, then there exists a unique bi-Jensen mapping F': XxX —Y
such that

(15) 1f (2, y) — F(z,y)|

< &(x,y)
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for all x,y € X\ A with F(0,0) = f(0,0), where

B(y) = i[sol(%;, 2y) . @2(2];» 2y) . wg(w';, 2y),
j=0
e1(z,y) = ék@(% z,y,—y) + oz, —z,y —y) + 03z, 2, y, —y) + ¢(3z, —z,y, —y)],
pa(z,y) = ék@(ﬂc, —2,9,y) + ¢z, —z,y, —y) + ¢(z, —z, 3y, y) + ¢(z, —, 3y, —y)],
p3(z,y) = 1%[@0(3937 z,2y,2y) + ¢(3z, —x, 2y, 2y) + p(z, —z, 2y, 2y)

+ 2@(‘7“7 z, 3y7 y) + 290(‘T7 z, 3y7 _y) + 2¢($7 z,Y, _y)]
1
+5e1(@,y) + ez, y).

The mapping F': X x X — Y is given by

F(z,y) := lim %f(QJx 27 )+jli1£1021jf(2]x 0)+ hm lf(O 29y) + £(0,0)

j—00
forall xz,y € X.
Proof. Let f', By, By, B3 be as in Lemma 8. Using Lemma 8 and (14), we get

f(2"z,0) = f(0,0)  f(2"'2,0) = £(0,0) ( z,2"y) . _ p1(2"z,2"y)
| o o = | < o ;
f(07 2ny) — f(07 0) o f(07 2n+1y) _ f( ) ( Z, 2" ) ( z, 2ny)
11020 D00 | < 2202,
Hf’(2":r,2”y) @M 2ty )II | ( x,2" y)H - 3(2 x,2"y)
4n gn+1 - — 4n

for all z,y € X\{0}. For given integers [, m (0 <1 < m), the inequalities

l;L' — ™M _ m—1 j:L‘ j
g HEROZS00 JEROZI00) 3 el ey

9l om p 5
an Q2D -JO.0 02" = J0.0) R pale.20)
2l 2m - 23 9

j=l

f@a,2ly)  fema,2my) K es(2a,27y)

I e i = ED Pt

g=l

hold for all z,y € X\ A. By the above inequalities and (13), the sequences
{f(2n1702)7jf(070) }7 {f(0’2n‘g)n7f(0 0)

1, {f (2”41 2ny)} are Cauchy sequences forallx,y € X.
Since Y is complete, the sequences {f (2" $0) 1(0.0) 1, {f 2% 2 } {f(o 22 ) 10 0)}
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converge for all z,y € X\ A. Define Fy, F», F3: X x X — Y by

Fyfa,y) = lim =(f(Fa,27y) = [(22,0) = £0,27y)) = lim LE220)

j—00 j—00 47

for all z,y € X. Putting [ = 0 and taking m — oo in (16), (17) and (18), one can

obtain the inequalities

e 92 q 97
£ (2,0) — £(0,0) — Fy(z,y)| < Z; W

p

s 2 97
1£(0,y) — £(0,0) — Fa(x,y)|| < ;)W nd
If (@ y) — Fa(ay)ll <> ‘%(2349?2]?/)

J=0

for all z,y € X\ A. Using (14) and the definitions of Fy, Fy, F3, we have

JF(x,y, z,w) = nango S (2Jf(2"x, 2"y, 2"z, —2" %)
—Jf(2"x, 2"z, 2"z, —2"2) — Jf(2"y, 2"y, 2"z, —2"2)) = 0,
1
JFBy(z,y,z,w) = lim ——=(2Jf(2"x,—2"2,2" 2, 2"w)

- n—oo 2n+1
—Jf(2"x, —2"x,2"2,2"2) — J f(x, —x,2"w,2"w)) = 0,
JF3(z,y,z,w) = lim f(2"x, 2"y, 2"z, 2" w)

n—oo 4qn

=0

for all x,y,z,w € X\ A. Since

1f(z,y) = F(a,9)| < If'(z,y) = Fs(z, )| + [ f(2,0) — f(0,0) — Fi(z,y)]]
+ ”f(oay) - f(0,0) - Fg(ﬂf,y)H,

F is a bi-Jensen mapping satisfying (15) by Lemma 10, where

F(xay) = Fl(xay) +F2(337y) +F3(337y) +f(070)
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for all z,y € X. Now, let F’ : X x X — Y be another bi-Jensen mapping satisfying
(15) with F(0,0) = F’(0,0). By lemma 11, we have

| _ H (F — F/)(an72ny)
= on

1F(z,y) — F'(2,y)

+ 55 — I = F)(2a,~2"y) + (F — F)(~2"z, 2")]|
_ E = @ 2| +11(f ~ FY (@, 27
< :

I[(F = £, =2 + (f = F)(2"z, ~2m)
+ on+1
= D2 2+ 0 = ) (=2, 2)]

on+1

< oo [20(27,27) + (2", —2") + G(~2"2, 2"

for all n € N and z,y € X\A. As n — oo, we may conclude that F(z,y) = F'(z,y)
for all z,y € X\A. By Lemma 9, F(z,y) = F'(z,y) for all z,y € X as we desired.

Corollary 13. Let B = {x € X|||z| < 1}. If a mapping f : X x X — Y satisfies
the inequality

17 f (2, y, 2z, w)l| < Oz + [[yll” + |21 + [[w][*)

for all z,y, z,w € X\B with fized real numbers p < 1 and 6 > 0, then there ezists a
unique bi-Jensen mapping F': X x X — Y such that

L BAT W, BT M3 2y
=Y90@ o) T o —op) 1Y 202 — 27) 2(4 — 20)

)lyll”

for all x,y € X\B with F(0,0) = f(0,0).
Now we prove the superstability in the following theorem.

Theorem 14. Let A be as in Theorem 12 and let o : X x X x X x X — [0,00) a

function such that

lim  p(z,y,z,w) =0

(w7y727w)*)oo

for all z,y,z,w € X. Let f: X x X — Y be a mapping satisfying (14) for all
x,y,z,w € X\A. Then f is a bi-Jensen mapping.
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Proof. Let ¢, F be as in Theorem 12. Using (14), (15) and the equality

F(@9) ~ () = TP+ 20—k, (k-+ 2y, —ky) + (f ~ F)(~ka, ~hy)
+ (f = F)(k+2)z, —ky) + (f = F)((k + 2)z, (k + 2)y)
+(f — F)(=kx, (k+2)y) — JF((k + 2)x, —kz, (k + 2)y, —ky)]

for all x,y # 0 and k € N, we get

1f(z,y) = F(z,y)| < i[@((k +2)x, —ka, (k + 2)y, —ky) + ¢(—kx, —ky)
+ ¢((k + 2)z, —ky) + ¢((k + 2)z, (k + 2)y) + ¢(—kz, (k + 2)y)]
for all =,y # 0 with kz, ky ¢ A. Since
klgglo[gp((k + 2)x, —kz, (k + 2)y, —ky) + ¢(—kz, —ky)
+ ¢((k +2)z, —ky) + ¢((k + 2)z, (k + 2)y) + ¢(—kz, (k + 2)y)] = 0,
we have
f(z,y) = F(z,y)
for all z,y # 0. Similarly, using the inequalities
F(,0) = F(w,0) = {17k + 2z, ~ka, ky, ~ky) + (7 — F)(~kz, ~ky)
+ (f = F)((k+2)z, —ky) + (f — F)((k + 2)z, ky)
+(f — F)(—kx, ky) — JF((k + 2)x, —kz, ky, —ky)],
F(0,) = F(0,9) = 317~k (5 + 2}y, ~ky) + (f = F)(~kz, ~ky)
+ (f = F)(kz, —ky) + (f — F)(kz, (k + 2)y)
+ (f = F)(=kx, (k+2)y) — JF(kx, —kz, (k + 2)y, —ky)],
£(0,0) = F(0,0) = 5[k, ~kz, ky, ~ky) + (f — F)(~kz, ~ky)
+ (f = F)(kz, —ky) + (f — F)(kz, ky)
+ (f — F)(—kx, ky) — JF(kz, —kx, ky, —ky)]
for all x,y # 0 and k£ € N, we easily get

f(2,0) = F(x,0), f(0,y) =F(0,y), f(0,0)=F(0,0)
for all x,y # 0 as we desired.

Corollary 15 Let p <0 and let f: X x X — Y be as in Corollary 13. Then f is a
bi-Jensen mapping. Proof. Apply Theorem 14.
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