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GENERALIZED sg-OPEN SETS IN STRONG GENERALIZED
NEIGHBORHOOD SPACES

Won Keun Min

Abstract. We introduce the notions of sg-semiopen set and other kinds of gener-
alized sg-open sets and we investigate some properties for such generalized sg-open
sets.

1. Introduction

Császár introduced the notions of generalized topological spaces and generalized
open sets [1]. In [3], the author studied some properties for generalized topolo-
gies. Also the author introduced the strong generalized neighborhood system which
induces a strong generalized neighborhood space (briefly SGNS) and investigated
topological properties for SGNS’s [4, 5].

In this paper, we introduce the notions of generalized sg-open sets on SGNS;
sg-semiopen set, sg-preopen set, sg-regular open set, sg-α open set and sg-β open
set. And we investigate characterizations and some properties for such generalized
sg-open sets.

2. Preliminaries

Let X be a nonempty set, exp(X) the power set of X, and ψ : X → exp(exp(X))
satisfy x ∈ V for V ∈ ψ(x). Then V ∈ ψ(x) is called a generalized neighborhood of
x ∈ X and ψ is called a generalized neighborhood system [1] on X.

Definition 2.1 ([4]). Let ψ : X → exp(exp(X)). Then ψ is called a strong gener-
alized neighborhood system on X if it satisfies the following:

(1) x ∈ V for V ∈ ψ(x);
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(2) for U, V ∈ ψ(x), V ∩ U ∈ ψ(x).
Then the pair (X, ψ) is called a strong generalized neighborhood space (briefly

SGNS). Then V ∈ ψ(x) is called a strong generalized neighborhood of x ∈ X.

Definition 2.2 ([4]). Let (X, ψ) be an SGNS and G ⊆ X. Then G is called an
sgψ-open set if for each x ∈ G, there is V ∈ ψ(x) such that V ⊆ G.

Let us denote sgψ(X) the collection of all sgψ-open sets on an SGNS (X,ψ). We
call the collection sgψ(X) a strong generalized topology on X. The complements of
sgψ-open sets are called sgψ-closed sets. The sgψ-interior of A (denoted by iψ(A))
is the union of all G ⊆ A, G ∈ sgψ(X), and the sgψ-closure of A (denoted by cψ(A))
is the intersection of all sgψ-closed sets containing A.

Theorem 2.3 ([4]). Let (X,ψ) be an SGNS.
(1) The empty set is an sgψ-open set;
(2) The intersection of two sgψ-open sets is an sgψ-open set;
(3) The arbitrary union of sgψ-open sets is an sgψ-open set.

Theorem 2.4 ([4]). Let (X,ψ) be an SGNS. We get the following things.
(1) iψ(A) ⊆ A ⊆ cψ(A) for A ⊆ X.
(2) cψ(A ∪B) = cψ(A) ∪ cψ(B) and iψ(A ∩B) = iψ(A) ∩ iψ(B) for A,B ⊆ X.
(3) iψ(iψ(A)) = iψ(A) and cψ(cψ(A)) = cψ(A) for A ⊆ X.
(4) cψ(A) = X − iψ(X −A) and iψ(A) = X − cψ(X −A) for A ⊆ X.

Let X be a nonempty set and τ ⊆ exp(X):
(1) τ is called a generalized topology [1] on X iff (i) ∅ ∈ τ and (ii) Gi ∈ τ for

i ∈ I 6= ∅ implies G = ∪i∈IGi ∈ τ .
(2) τ is called a strong generalized topology [4] ( or quasi-topology [2]) on X iff (i)

∅ ∈ τ , (ii) G1, G2 ∈ τ implies G1 ∩ G2 ∈ τ and (iii) Gi ∈ τ for i ∈ I 6= ∅ implies
G = ∪i∈IGi ∈ τ .

(3) τ is called a supratopology [6] on X iff (i) ∅, X ∈ τ and (ii) Gi ∈ τ for i ∈ I 6= ∅
implies G = ∪i∈IGi ∈ τ .

3. Main Results

Definition 3.1. Let (X,ψ) be an SGNS and A ⊆ X. Then A is said to be
(1) sg-α open if A ⊆ iψ(cψ(iψ(A))),
(2) sg-semiopen if A ⊆ cψ(iψ(A)),
(3) sg-preopen if A ⊆ iψ(cψ(A)),
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(4) sg-regular open if A = iψ(cψ(A)),
(5) sg-β open if A ⊆ cψ(iψ(cψ(A))).

Denote the set of all sg-α open (resp., sg-semiopen, sg-preopen, sg-regular open,
sg-β open) by sgα(X) (resp., sgSO(X), sgPO(X), sgRO(X), sgβ(X)).

The complement of sg-α open (resp., sg-semiopen, sg-preopen, sg-regular open,
sg-β open) is called sg-α closed (resp., sg-semiclosed, sg-preclosed, sg-regular closed,
sg-β closed)

sg-semiopen
↗ ↘

sg-regular open → sg-open → sg-α open sg-β open
↘ ↗
sg-preopen

The converse implications are not always true:

Example 3.2. Let X = {a, b, c, d}. Consider a strong generalized topology τ1 =
{∅, {a}, {a, b}, {a, b, c}} on X.

(1) Let A = {a, b}. Then A is an sg-open set but since iψ(cψ(A)) = {a, b, c}, A

is not sg-regular open.
(2) Let A = {a, c}. Since iψ(cψ(iψ(A))) = iψ(cψ({a})) = iψ(X) = {a, b, c}, A is

an sg-α open set but not sg-open.
Consider a strong generalized topology τ2 = {∅, {a}, {b, c}, {a, b, c}} on X.
(1) Let A = {b}. Then cψ(iψ(cψ(A))) = {b, c, d} and cψ(iψ(A)) = {d}, so A is an

sg-β open set but not sg-semiopen.
(2) Let A = {a, d}. Since cψ(iψ(A)) = A and iψ(cψ(iψ(A)) = {a}, A is an

sg-semiopen set but not sg-α open.
(3) Let A = {a, b}. Since iψ(cψ(A)) = {a, b, c}, A is an sg-preopen set but not

sg-α open.
(4) Let A = {a, d}. From (2), A is an sg-β open set. But since iψ(cψ(A)) = {a},

A is not an sg-preopen set.

Theorem 3.3. Let (X, ψ) be an SGNS and A ⊆ X.
(1) A is sg-α closed if and only if cψ(iψ(cψ(A))) ⊆ A,
(2) A is sg-semiclosed if and only if iψ(cψ(A)) ⊆ A,
(3) A is sg-preclosed if and only if cψ(iψ(A)) ⊆ A,
(4) A is sg-regular closed if and only if A = cψ(iψ(A)),
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(5) A is g-β closed if and only if iψ(cψ(iψ(A))) ⊆ A.

Proof. Straightforward. ¤

Lemma 3.4. Let (X,ψ) be an SGNS and A ⊆ X.
(1) cψ(iψ(cψ(iψ(A)))) = cψ(iψ(A)).
(2) iψ(cψ(iψ(cψ(A)))) = iψ(cψ(A)).

Proof. (1) iψ(A) ⊆ cψ(iψ(A)) implies cψ(iψ(iψ(A))) ⊆ cψ(iψ(cψ(iψ(A)))). By The-
orem 2.4, we have cψ(iψ(A)) ⊆ cψ(iψ(cψ(iψ(A)))). Similarly, the other inclusion is
obtained.

(2) It is similar to (1). ¤

Theorem 3.5. Let (X, ψ) be an SGNS. Then sgSO(X) and sgβ(X) are supratopo-
logies on X.

Proof. (i) Clearly ∅ ∈ sgSO(X).
(ii) Suppose that iψ(X) ⊆ cψ(iψ(X)) = F 6= X. Then ∅ 6= X − F and X − F is

sg-open. Since iψ(X) is the largest sg-open set in X, it has to contain X −F . So it
is impossible that F contains iψ(X): a contradiction. Hence X = cψ(iψ(X)), that
is, X ∈ sgSO(X).

(iii) Let Gi ∈ sgSO(X) for i ∈ I 6= ∅. From Theorem 2.4, iψ(Gi) ⊆ iψ(∪i∈IGi).
This implies cψ(iψ(Gi)) ⊆ cψ(iψ(∪i∈IGi)). Since Gi is an sg-open set for i ∈ I,
∪i∈IGi ⊆ cψ(iψ(∪i∈IGi)). Hence ∪i∈IGi ∈ sgSO(X).

Similarly, sgβ(X) is also a supratopology on X. ¤

Example 3.6. Let X = {a, b, c, d} and τ = {∅, {a}, {a, b}, {a, c}, {a, b, c}} a strong
generalized topology on X. Then cψ(iψ(X)) = X and iψ(cψ(iψ(X))) = {a, b, c}, so
X is neither sgα open nor sg-preopen.

Theorem 3.7. Let (X, ψ) be an SGNS. Then sgα(X) is a strong generalized topology
on X.

Proof. Clearly ∅ ∈ sgα(X). Since every sgα-open set is sg-semiopen, the arbitrary
union of sgα open sets is sgα open.

Now let U, V ∈ sgα(X). Then from Theorem 2.4, it follows U∩V ⊆ iψ(cψ(iψ(U)))
∩iψ(cψ(iψ(V ))) ⊆ cψ(iψ(U))∩iψ(cψ(iψ(V ))) ⊆ cψ(iψ(U)∩iψ(cψ(iψ(V )))) ⊆ cψ(iψ(U)
∩ cψ(iψ(V ))) ⊆ cψ(cψ(iψ(U) ∩ iψ(V ))) = cψ(iψ(U) ∩ iψ(V )) = cψ(iψ(U ∩ V )). From
Theorem 2.3, it follows A ∩B ⊆ iψ(cψ(iψ(U ∩ V ))). Hence U ∩ V ∈ sgα(X).

¤
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Theorem 3.8. Let (X, ψ) be an SGNS. Then sgPO(X) is a generalized topology
on X.

Proof. Clearly ∅ ∈ sgPO(X). Let Gi ∈ sgPO(X) for i ∈ I 6= ∅. From Theorem 2.4,
Gi ⊆ cψ(iψ(Gi)) ⊆ iψ(cψ(∪i∈IGi)). Hence ∪i∈IGi ∈ sgPO(X). ¤

Theorem 3.9. Let (X, ψ) be an SGNS. Then sgα(X) = sgPO(X) ∩ sgSO(X).

Proof. Let A be a nonempty set and A ∈ sgα(X). Then A ⊆ iψ(cψ(iψ(A))), so
A ⊆ iψ(cψ(A)) and A ⊆ cψ(iψ(A)). Thus A ∈ sgPO(X) ∩ sgSO(X).

For the converse, let A ∈ sgPO(X) ∩ sgSO(X). Then A ⊆ iψ(cψ(A)) and
A ⊆ cψ(iψ(A)). So

A ⊆ iψ(cψ(A)) ⊆ iψ(cψ(cψ(iψ(A)))) ⊆ iψ(cψ(iψ(A))).

Thus A ∈ sgα(X). ¤
Theorem 3.10. In an SGNS (X, ψ), set τ = {G ⊆ X : G ∩ U ∈ T for all U ∈ T }
for T = sgPO(X), sgSO(X), sgβ(X), sgα(X). Then τ is a topology on X.

Proof. In case T = sgPO(X), we show that τ is a topology on X. Clearly ∅, X ∈ τ .
Let Gi ∈ τ for i ∈ J . Then for all U ∈ T , since (Gi∩U) ∈ T and T = sgPO(X) is a
general topology, ∪Gi∩U = ∪(Gi∩U) ∈ T . Hence ∪Gi ∈ τ . Finally, let G1, G2 ∈ τ

and U ∈ T ; since (G2∩U) ∈ T , (G1∩G2)∩U = G1∩ (G2∩U) ∈ T . So G1∩G2 ∈ τ .
The other cases are similar to T = sgPO(X). ¤
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