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GENERALIZED sg-OPEN SETS IN STRONG GENERALIZED
NEIGHBORHOOD SPACES

WoN KEuUN MIN

ABSTRACT. We introduce the notions of sg-semiopen set and other kinds of gener-
alized sg-open sets and we investigate some properties for such generalized sg-open
sets.

1. INTRODUCTION

Cséaszar introduced the notions of generalized topological spaces and generalized
open sets [1]. In [3], the author studied some properties for generalized topolo-
gies. Also the author introduced the strong generalized neighborhood system which
induces a strong generalized neighborhood space (briefly SGNS) and investigated
topological properties for SGNS’s [4, 5].

In this paper, we introduce the notions of generalized sg-open sets on SGNS;
sg-semiopen set, sg-preopen set, sg-regular open set, sg-a open set and sg-0 open
set. And we investigate characterizations and some properties for such generalized

sg-open sets.

2. PRELIMINARIES

Let X be a nonempty set, exp(X) the power set of X, and ¢ : X — exp(exp(X))
satisfy x € V for V € ¢(x). Then V € ¢(x) is called a generalized neighborhood of
x € X and v is called a generalized neighborhood system [1] on X.

Definition 2.1 ([4]). Let ¢ : X — exp(exp(X)). Then ¢ is called a strong gener-
alized neighborhood system on X if it satisfies the following:
(1) x € V for V € 9(x);
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(2) for U,V € ¢(z), VNU € ¢(x).
Then the pair (X,1) is called a strong generalized neighborhood space (briefly
SGNS). Then V € ¢(x) is called a strong generalized neighborhood of x € X.

Definition 2.2 ([4]). Let (X,%) be an SGNS and G C X. Then G is called an
sgy-open set if for each « € G, there is V' € 1)(x) such that V C G.

Let us denote sgy(X) the collection of all sgy-open sets on an SGNS (X, ). We
call the collection sgy,(X) a strong generalized topology on X. The complements of
5gy-open sets are called sgy-closed sets. The sgy-interior of A (denoted by i,(A))
is the union of all G C A, G € sgy(X), and the sgy-closure of A (denoted by cy(A))

is the intersection of all sg,-closed sets containing A.

Theorem 2.3 ([4]). Let (X,v) be an SGNS.
(1) The empty set is an sg,-open set;
(2) The intersection of two sg,-open sets is an sg,-open set;

(3) The arbitrary union of sgy-open sets is an sgy-open set.

Theorem 2.4 ([4]). Let (X,v) be an SGNS. We get the following things.
(1) iy(A) C ACcy(A) for AC X.
(2) cy(AUB) = cy(A)Ucy(B) and iy (AN B) =iy(A) Niy(B) for A,B C X.
(3) iy (iy(A)) =iy(A) and cp(cy(A)) = cyp(A) for A C X.
(4) cp(A) =X —iy(X = A) and iy(A) = X —cy(X — A) for AC X.

Let X be a nonempty set and 7 C exp(X):

(1) 7 is called a generalized topology [1] on X iff (i) @ € 7 and (ii) G; € 7 for
i € I # () implies G = U;jc1G; € 7.

(2) 7 is called a strong generalized topology [4] ( or quasi-topology [2]) on X iff (i)
0 €, (ii) G1,G2 € 7 implies G1 NGy € 7 and (iii) G; € 7 for ¢ € I # ) implies
G =UiciG; €T.

(3) 7 is called a supratopology [6] on X iff (i) ), X € 7 and (ii) G; € T fori € I # ()
implies G = Ujc1G; € T.

3. MAIN RESULTS

Definition 3.1. Let (X, %) be an SGNS and A C X. Then A is said to be
(1) sg-a open if A C iy (cy(iy(A))),
(2) sg-semiopen if A C cy(iy(A)),
(3) sg-preopen if A C iy(cy(A)),
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(4) sg-regqular open if A = iy(cy(A)),

(5) sg-B open if A C cy(iy(cy(A))).

Denote the set of all sg-a open (resp., sg-semiopen, sg-preopen, sg-regular open,
sg-f open) by sga(X) (resp., sgSO(X), sgPO(X), sgRO(X), sgB(X)).

The complement of sg-a open (resp., sg-semiopen, sg-preopen, sg-regular open,
sg-(3 open) is called sg-a closed (resp., sg-semiclosed, sg-preclosed, sg-reqular closed,
sg-f closed)

sg-semiopen

/ N\

sg-regular open — sg-open — sg-a open sg-0 open
N\ /
sg-preopen

The converse implications are not always true:

Example 3.2. Let X = {a,b,c,d}. Consider a strong generalized topology 7 =
{0,{a},{a,b},{a,b,c}} on X.

(1) Let A = {a,b}. Then A is an sg-open set but since iy(cy(A4)) = {a,b,c}, A
is not sg-regular open.

(2) Let A = {a,c}. Since iy(cy(iy(A))) = igp(cp({a})) = iy(X) = {a,b,c}, Ais
an sg-a open set but not sg-open.

Consider a strong generalized topology 7 = {0, {a}, {b,c},{a,b,c}} on X.

(1) Let A= {b}. Then cy(iy(cy(A))) = {b,c,d} and cy(iy(A)) = {d}, so A is an
sg-3 open set but not sg-semiopen.

(2) Let A = {a,d}. Since cy(iy(A)) = A and iy(cy(iy(A4)) = {a}, A is an
sg-semiopen set but not sg-a open.

(3) Let A = {a,b}. Since iy(cy(A)) = {a,b,c}, A is an sg-preopen set but not
sg-a open.

(4) Let A= {a,d}. From (2), A is an sg-f open set. But since iy (cy(A)) = {a},
A is not an sg-preopen set.
Theorem 3.3. Let (X,) be an SGNS and A C X.

(1) A is sg-a closed if and only if cy(iy(cy(A))) C

(2) A is sg-semiclosed if and only if iy(cy(A)) C A

(3) A is sg-preclosed if and only if cy(iy(A)) C A,

(4) A is sg-regular closed if and only if A = cy(iy(A)),
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(5) A is g-B closed if and only if iy(cy(iy(A))) € A.
Proof. Straightforward. O

Lemma 3.4. Let (X,v) be an SGNS and A C X.

(1) ey (iy(cy(in(A)))) = cp(iy(A))-

(2) iy (cy(in(cy(A)))) = iyp(cy(A)).
Proof. (1) iy(A) C cy(iy(A)) implies ¢y (iy(iy(A))) C cp(iy(cyp(iy(A4)))). By The-
orem 2.4, we have cy(iy(A)) C cy(iy(cy(iyp(A)))). Similarly, the other inclusion is
obtained.

(2) It is similar to (1). O

Theorem 3.5. Let (X,1) be an SGNS. Then sgSO(X) and sgB(X) are supratopo-

logies on X.

Proof. (i) Clearly ) € sgSO(X).

(ii) Suppose that iy (X) C cyp(iy(X)) = F # X. Then ) # X — F and X — F is
sg-open. Since iy (X) is the largest sg-open set in X, it has to contain X — F. So it
is impossible that F' contains i, (X): a contradiction. Hence X = cy(iy (X)), that
is, X € s¢SO(X).

(iii) Let G; € sgSO(X) for ¢ € I # (. From Theorem 2.4, iy,(G;) C iy (Uic1Gi).
This implies ¢y (iy(Gi)) € cy(iy(UicrGi)). Since Gj is an sg-open set for i € I,
UierGi C cy(iy(UierGi)). Hence UG € s9SO(X).

Similarly, sg3(X) is also a supratopology on X. O

Example 3.6. Let X = {a,b,c,d} and 7 = {0, {a},{a,b},{a,c},{a,b,c}} a strong
generalized topology on X. Then cy(iy(X)) = X and iy(cy(iy(X))) = {a,b, c}, so

X is neither sga open nor sg-preopen.

Theorem 3.7. Let (X, 1) be an SGNS. Then sga(X) is a strong generalized topology
on X.

Proof. Clearly () € sga(X). Since every sga-open set is sg-semiopen, the arbitrary
union of sga open sets is sga open.

Now let U,V € sga(X). Then from Theorem 2.4, it follows UNV' C iy (cy (i (U)))
iy (cy (15 (V) C ey (i (U)) N (ey (i (V) S ey (i (U)Nigs (e (1 (V)))) € ey (i (U)
Ney(iy(V))) S cylepiy(U) Nip(V))) = cy(in(U) Niy(V)) = cy(iy(UNV)). From
Theorem 2.3, it follows AN B C iy(cy(iy(UNV))). Hence UNV € sga(X).

O
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Theorem 3.8. Let (X,v) be an SGNS. Then sgPO(X) is a generalized topology
on X.

Proof. Clearly 0 € sgPO(X). Let G; € sgPO(X) for i € I # (). From Theorem 2.4,
G; C Cw(iw(G,’)) - iw(C¢(Ui€[Gi)). Hence U;c1G; € sgPO(X). O

Theorem 3.9. Let (X,1) be an SGNS. Then sga(X) = sgPO(X) N sgSO(X).

Proof. Let A be a nonempty set and A € sga(X). Then A C iy(cy(iyp(A))), so
A Ciy(eyp(A)) and A C ey (igp(A)). Thus A € sgPO(X) N sgSO(X).

For the converse, let A € sgPO(X) N sgSO(X). Then A C iy(cy(A)) and
A g ci/}(i?/)(A))' So

A Ciy(cy(A)) Ciyley(ey(iy(A)))) € iy(ey(iy(A)))-
Thus A € sga(X). O

Theorem 3.10. In an SGNS (X,¢), set T={GC X :GNU €T forallU € T}
for T = sgPO(X),s9gSO(X), sgB(X), sga(X). Then 7 is a topology on X.

Proof. In case T = sgPO(X), we show that 7 is a topology on X. Clearly 0, X € 7.
Let G; € 7 for i € J. Then for all U € T, since (G;NU) € T and T = sgPO(X) is a
general topology, UG,NU = U(G;NU) € 7. Hence UG; € 7. Finally, let G1,Gg € T
and U € T;since (GoNU) € T, (Gi1NG2)NU = G1N(GaNU) € T. So G1NGy € 7.

The other cases are similar to 7 = sgPO(X). O
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