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PROPERTIES OF SOLUTIONS OF LINEAR DIFFERENTIAL
EQUATIONS IN THE COMPLEX PLANE

ZONG-XUAN CHEN? AND KwWANG HO SHONP

ABSTRACT. We research the properties of solutions of general higher order homoge-
neous linear differential equations and apply the hyper order to obtain more precise
estimation for the growth of solutions of infinite order.

1. INTRODUCTION AND RESULTS

The complex differential equations in the complex plane C have been an active
research area. Meanwhile, investigation of the complex differential equations in
the unit disc A = {z : |z| < 1} also is paid attention toby CH. Pommerenke [5],
J. Heittokangas [4], I. Chyzhykov, G. Gundersen and J. Heittokangas [2], etc. In
this paper, we obtain some precise estimations of the order and the hyper order of
solutions for some linear differential equations in A. We assume that the reader is
familiar with the fundamental results and the standard notations of the Nevanlinna’s
value distribution theory of meromorphic functions in C and in A. (e.g., see [3, 6]).

The order of a meromorphic function f in A is defined by

logt T
o(f) = limsup ogi(lr,f)
r—1- log s

where T'(r, f) is the Nevanlinna characteristic function of f(z). For an analytic

function f in A, we also define

: log™t log™ M (r,
UM(f):hmslup & loggl( /)
r—1 1—r

)

where M (r, f) is the maximum value of |f(z)| on |z| = 7.
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We define the hyper-order of f in A similarly as in the plane case

. logt logt T T,
oa(f) :hmslup & logl( f)
r—1- T—r

If f is an analytic function in A, we define

. log*t lo +10+M7",
aMg(f):hmslup & glogi ( f)
r—1 1—r

Definition 1. A meromorphic function f in A is called admissible, [non-admissible,

resp.| if and only if
T T
lim sup (r, /) = 00, [lim sup (r, /) < oo] .

1 1
r—1— 108 1 r—1- 108 7=

Theorem 1. Let Aj (j = 0,...,k — 1) be analytic in A and Ay be admissible.
Suppose that op(Aj) < om(Ag) = p < oo, forj=1,....,k—1; or op(Ag) =0, A4,
are non-admissible for j = 1,...,k — 1. Then all solutions f(# 0) of the equation

(1.1) PO 4+ A () S5 4 Ag(2)f =0

in A satisfy that o(f) = oo and oo(f) = p.

Theorem 2. Let A; (j =0,...,k — 1) be analytic in A, op(Aj) < p, (> 0 is
a constant). Suppose that Ao(z) satisfies that there exists a set H C [0,27) with

linear measure mH > 0 such that for any ¢ € H, there exist constants v = ~y(p)
and 6 = 0(p) satisfying 0 < 0 <y and

(1.2) | 40(2)] = exp{m},

(1.3) \Aj(z)ygexp{m}, G=1,....k—1).

Then all solutions f(# 0) of the equation (1.1) satisfy o2(f) = p.

2. LEMMAS FOR PROOFS OF THEOREMS

Lemma 1 ([2]). Let f be a meromorphic function in A. Let a € (1,00) and (§ €
(0,1) be constants, and k and j be integers satisfying k > j > 0. Assume that
fU) £ 0. Let {am} denote the sequence of all the zeros and poles of ) listed
according to multiplicities and ordered by increasing moduli, and let n;(r) denote

the counting function of the points {an,}. Then the following three statements hold:
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(1) If {am} is a finite sequence, then there exist constants R € (0,1) and C €
(0,00), such that for all z satisfying R < |z| < 1, we have (with r = |z|)

F®(2) (T(1 - BA~-7),f) —log(1 —r)]*
9 (z) SC[ 1—r)?

(2) If {am} is an infinite sequence, then there exists an infinite sequence of discs

D;={z:]z—c¢| <R} C A\{0} (i=1,2,...), such that

(2.1) |

e}

R;
(2.2) > e <

=1

and there exist constants R € (0,1) and C € (0,00), such that for all z satisfying
z ¢ U2y D and R < |z| < 1, we have (with r = |z|)

f®(z) T(1—-B(1—r), f)—log(l — 1) =
(23) fW@>SC[ -1 WO
where
oy w) =10 <10g — T>alog+ ni(1— B(1—1).

(3) There exist a set E C [0,2m) which has linear measure zero, and a constant
C > 0, such that if 0 € [0,27)\E, then there is a constant R = R(#) € (0,1) such
that for all z satisfying argz = 0 and R < |z| < 1, either (2.1) or (2.3) holds,

depending on whether {a,,} is a finite or infinite sequence, respectively.

Lemma 2 ([4]). Let f be an admissible meromorphic function in A and let k €
NU{0},a € C. Set a set E C (0,1) such that [,1idr = a < oco. Set b =
e~ @t s(r) =1—-b(1—7r) and u(r) = (1 —r)(1 — b). Then there exists R € (0,1)
such that

1 kE+3
(25) nr =) < ey 0. )

for allr € (R,1).

Lemma 3. Let f be an admissible meromorphic function in A and let € (0,1)
be a constant, and k and j be integers satisfying k > j > 0. Assume that f9) # 0.

Then the following statements hold:

(1) There exists a set E C (0,1) such that [ 1—irdr < 00, and there exist con-

stants R € (0,1) and C € (0,00), such that for all z satisfying |z| = r ¢ E and



252 ZONG-XUAN CHEN AND KwANG HO SHON

R < |z| < 1, we have

®(2)
f9()

where € is any constant satisfying 0 < e < 1.

SC[@ﬂ—ﬁﬂ—ﬂJ»Ha“j

(2.6) T

(2) There exist a set E C [0,2m) which has linear measure zero, and a constant
C > 0, such that if 0 € [0,27)\E, then there is a constant R = R(#) € (0,1) such
that for all z satisfying arg z = 0 and R < |z| < 1, the inequality (2.6) holds.

Proof. (1) By Lemma 1(1) and (2) , we only need prove that Lemma 3 holds for
the case that fU) has infinitely many zeros and poles. Setting E = Uiz, (Jai] —
R;,|c;| + R;), we have E C A. By (2.2), there exists an integer I satisfying that as

i>1, 1ﬁic_| < % From this and (2.2), we deduce that

[e.9]

1 X, fle+R g 2R;
dr = / ar <y — " —
/El—T Z |ei|—R; 1—7r Zl—]ci\—Ri

i=1 i=1

L1 lci] 4R;
2.7 < E e g L < 0.
@7) Bl e e (o]

i=1 1—]cl i=I+1

Set [ {=-dr = a < co. By Lemma 2, if we take 8; = b = e~ (@) then 0 < B < 1,
(2.8) s(r)=1-61(1—7), s(1—pi(1—7) =1-6{(1—r);

(2.9) u(r) =0 -r)A=01), w(l =/ —7r)=0=r)b(l-p1)=1- T)%-

By Lemma 2, (2.8) and (2.9), we deduce that

; — — T ]+3 S — — T
(1= (1 =) < 2R - (1 =), )
(2.10) séﬁﬁfkﬂl—ﬁu—r»ﬂ

Since for any given ¢ (0 < ¢ < 1) and M (0 < M < o0), as a sufficiently large

positive real number z,
(logz)M < a°,
we deduce that

T(1—B{(1—7),f)
1—r

(2.11) logn;(1—B1(1—r)) < ( >2 +0(1);
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(2.12) <10g1ir>a§ (1;)5;
(2.13) <log11T) < (117«);'

By Lemma 1 and (2.10)-(2.12), we deduce that
(2.14)

M

W(r) <

4G +3)TA- B -7 ) [ 1 \°
. ( > 1—r

B1(1—1)2 1—r
From (2.3), (2.13) and (2.14), setting 8 = (37, we get that

F®(2) (T(L— B —r), )+
|f<j>(z) L e

(2) Using the similar reasoning as in (1), we can get (2).

<T(1 - /(- T)vf)>§ +0(1)

Lemma 4 ([1]). Let A; (j =1,...,k—1) be analytic functions in A with op(A;) <
0. Suppose that f(# 0) is a solution of the equation (1.1). Then we have oa(f) < o.

3. PROOF OF THEOREM 1

We suppose that op(f) = 0, then A;(j = 1,...,k — 1) are non-admissible. By
Lemma 4, we have o2(f) = 0. Now we prove that o(f) = co. Assume o(f) < 0.

Then we have

3.1 v Ol L =1 k
() m(rvT)— <Og1—’f‘>,(]_ 9ty )
Since A; (j =1,...,k — 1) are non-admissible, we have that
A
(3.2) limsupw<oo(j:1,...,kz—l).
r—1-  log 1=

By the equation (1.1), we get that

(k) (k—1) '
(3.3) —Ao:ff+Ak1f - +---+A1J;.
By (3.1) and (3.3), we get that

k ) k-1
(34) m(’I",Ao) < Zm <7", f]j) + Zm(ra AJ) <M <10g 1 i 7“> + Zm(?”,Aj),
j=1

Jj=1
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where M (0 < M < o) is some constant. By (3.2) and (3.4), we get that

m(r, Ag) _ M(log 115) + Y1 m(r, 4;)

3.5
(3:5) g 1L~ log 75

< o0.
Thus, (3.5) contradicts the hypothesis that Ag is admissible. Hence, we have o(f) =
00.

And also we assume that op(A;) < opm(Ag) = p < oo, for j=1,...,k—1. By
Lemma 4, we have o2(f) < pu. Now we prove to o9(f) > u. By Lemma 3(1), there
exists a set £ C (0,1) such that [, ﬁdr < oo and there exist constants R; € (0,1)
and C € (0,00) such that for all z satisfying |z| =7 ¢ E and Ry < |z| < 1, we have

9@ L [ra-sa-n.n)’7
(3.6) e <C (f — s (G=1,...,k).
Set
(3.7) max{oy(4;); j=1,....,k—1} =6 < p.

For any given ¢ (0 < 3¢ < p — §), there exists a constant Ro(R; < Ra < 1), such
that for all z satisfying |z| = r € [Ra,1), we have

(3.8) ij<z)|gexp{m}, G=1,.. k—1).

Since opr(Ap) = p, we can choose a sequence of points {z,} satisfying |z,| = r, €
[R2,1)\E. Thus we have |Ao(z,)| = M (ry, Ao), and

(3.9) M(rp, Ag) > exp {W} .

By (3.3), (3.6)-(3.9), we deduce that

(3.10) exp {W} < kCexp { 1- 71,”)6+5}

Since 3e < p — 4, by (3.10), we get that

(3.11) exp {W} <

Since ¢ is arbitrary, by (3.11), we get that o2(f) > p. Theorem 1 is proved. O

(Tﬂ—éﬂ—rmjﬁjk
(1—ry)3 )

<Tu—;u—nmf»1k
(1—ry)3 ’
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4. PROOF OF THEOREM 2

Assume f(z)(# 0) is a solution of the equation (1.1). By the equation (1.1), we
get that

(k) (h-1) /
(4.1) —Ag(z2) = ff + Ay ()] ; J;

By Lemma 3(2), there exist a set £ C [0,27) with linear measure zero, and a

+ -4 Ag(2)

constant C' > 0 such that if argz = ¢ € [0,27)\E, then there exists a constant
R = R(p) € (0,1), such that for all z satisfying argz = ¢ and R < |z] < 1, the
following inequality holds:

f9(z)
f(z)

Since the linear measure of H, mH > 0 and the linear measure of &/, mE = 0, we

(4.2)

L (i=1,...,k).

(T(1 - (1 - r>,f>>2r
(1—r)3

can choose a ray arg z = ¢9 € H\E. By the condition of Theorem 2, we know that
there exist constants v = vy(po) and § = §(pg) satisfying 0 < § < v and

(43) A0(a)] = exp { ZEATL,

(A <expd 2D _
(4.4) |4;(2)] < p{(l—]z\)#}’ (Gj=1,...,k—1).
By (4.1)-(4.4), we deduce that for all z satisfying argz = o and |z| = r € [R, 1),
we have

o1 5+o)) [(@a - L1 —r), )"

15) exp {2 < Lol < woemp {2 | TR 20200 )
By (4.5), we get that

7 -3+ o(1) (-0 -, 12"
(4.6) exp {(1—7")“} < kC (f )8 ] .

By (4.6), we get that o2(f) > p. By Lemma 4, we have o2(f) < p. Therefore
oa(f) = . O
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