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A COMPARISON OF RADIAL BASIS FUNCTIONS
IN APPLICATIONS TO IMAGE MORPHING

BORAM JIN® AND YONGHAE LEEP

ABSTRACT. In this paper, we experiment image warping and morphing. In image
warping, we use radial basis functions : Thin Plate Spline, Multi-quadratic and
Gaussian. Then we obtain the fact that Thin Plate Spline interpolation of the dis-
placement with reverse mapping is the efficient means of image warping. Reflecting
the result of image warping, we generate two examples of image morphing.

1. INTRODUCTION

Image morphing is an animated transformation of one image into another. It
consists of two steps; one is warping process that changes and distorts images in
various ways like pulling, pushing in, and so on, and the other is cross-dissolving
process that mixes the colors of the images [1]. When cross-disssolving alone is
applied without warping process, it does not match the locations of feature points
(e.g. nose, mouth, pupils and so on) and generates the double exposure defect [1].
Figure 1.1 illustrates the differences of image morphing with and without warping
process. Image (c) is an intermediate image generated by morphing the two input
images (a) and (b) without warping, and dislocates many feature points. On the
other hand, image (d) is generated by morphing with warping, and matches the
locations of feature points. Warping process is indespensible in image morphing to
maintain geometric alignment throughout cross-dissolving [8].

Several methods have been employed in warping process such as affine trans-
formation, mesh relocation, and radial basis function interpolation. Each method
has advantages and limitations, and could be applied to different situations. Affine

transformation is very simple to use and implement, but can be applied only when
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Figure 1.1. Images (a) and (b) are input pictures, image (c) results
from a cross-disolving of the two input pictures, and image (d) from
a morping.

warping effect is the same all over the images. Mesh relocation has simple speci-
fication of feature correspondence, but is cumbersome to use since a control mesh
is always required for any structure of the image features(8]. Radial basis function
interpolation can efficiently fit function sampled at generally scattered points, and
is quite suitable in matching feature points. Hence we select radial basis function
interpolation as a tool for warping process throughout this paper.

A radial basis function is defined as a function whose value depends only on the
distance from a point. A radial basis function interpolation is simply the linear com-
bination translates of basis functions such as multiquadratics(MQ), polyharmonic
spline, thin-plate spline(TPS), gaussian and inverse multiquadrarics. Basis functions
are classified into two groups; One is vanishes at infinity, and therefore its influence
is local. The other does not vanish at infinity but rather increases unboundedly,
and therefore its influence is global. Gaussian and inverse multiquadratics belong to
the former case. MQ, polyharmonic spline and TPS belong to the latter case. We
select Gaussian, MQ and TPS among them, since they are more accurate, stable,
efficient and easy to implementation than the others [9, 5, 6]. While Gaussian and
MQ have parameters that we need to determine experimentally, TPS leaves no free
parameters.
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In this paper, we experiment warping with three basis functions (TPS, Gauss-
ian, MQ) and compare their output images. Then with the most convenient basis

function among them, we go on to image morphing.

2. RADIAL Basis FUNCTIONS

Here, we briefly review the RBF interpolations. Assume X, ---, X are given
scattered points in R? and their corresponding f1, ---, fy in R are given function
values. Then we consider a function R : R? — R of the form

N
(2.1) R(X) =Y wip(IX — Xi)

i1
that satisfies R(X;) = f; for each . Here ||-|| denotes the usual euclidean norm on
R?, ¢ is a radial basis function and w;, ws, - --wy are corresponding coefficients of
the basis function. From equation (2.1), we construct the following system of linear
equations,
YW =F

where ¥ = [o(]|X; — X;|)] y«n is @ interpolation matrix for the data points, W =
[wlwg-"wN]T is a coefficient vector and F' = [f1f2-~fN]T is a function value
vector. If a basis function ¢ is one of the following two formulae,
MQ: o(r) =V +12
Gaussian : () = e~ (a>0)
then equation (2.1) is uniquely solvable for any distinct points [2].
TPS : o(r) = r?log(r)
For the TPS basis, however, equation (2.1) is not solvable in general[9], and
requires an addition of linear polynomial p(X).

N
(2.2) R(X) =Y wip(|X - Xill) + p(X)

i=1
where p(X) = X\ + Mz + Ay for some constants A, \jand Az. Equation (2.2) is
uniquely solvable by the following augmented linear system.

v Bl[w] [F
BT 0 Al o
where B = [1,z;,y;]. The solution of TPS interpolation is known to minimize

the total amount of bending energy (3], and would be the most commonly used

one among the formentioned choices due to its robustness to oscillation. We solve
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equation (2.1) for basis function MQ and Gaussians; and equation (2.2) for TPS. The
basis function ¢(r) of Gaussian rapidly approaches zero as r increases, so it is said
to be local. On the other hand, the basis functions of MQ and TPS unboundedly
increase as r increases, so they are said to be global.

3. IMAGE WARPING

In this section, we try the image warping based on the RBF interpolations (TPS,
Gaussian and MQ). Unlike analog images, digital images are sampled on uniform
lattice of finite resolution, and are represented as functions on the integer lattice
Z2. Assume a source image us(X) : Z> — R is given, and some feature points
X1, X3, .- Xn are selected on it. The source points X, Xg,--- X are moved to
their respective destinations A;, Ay, -+, Ay. An image warping finds a destination
image up(A) : Z* — R preserving the movement of the feature points, i.e. up (4;) =
ug (X;) for each i.

3.1. Forward or Reverse Mapping There are basically two implementations
for the image warping. One is to find an forward mapping f : R? — R? such that
f(X;) = A; for each i, and the other one is to find a reverse mapping g : R? — R2
such that g(A4;) = X for each i. The mappings are used to generate the destination
image as follows.
Forward mapping up(f(X)) = us(X) for each X € Z?
Reverse mapping up(A) = ug(g(A)) for each A € Z2

The function values f(X) and ¢g(A) may not fall on integer lattice point. In
such cases, the point is rounded to its nearest integer point. The two mappings
seem equivalent, however their effects are quite different. Figure 3.1 compares two
mappings and illustrates that the forwad mapping maps all the four source points
to one destination point, which results in the confusion about what to draw at the
destination. Note that the confusion does not occur in reverse mapping. Further
more, some lattice points of destination image may not be mapped by forward
mapping, which causes some missing holes in its painting. Once again note that
this does not happen in reverse mapping. Figure 3.2 depicts and compares typical
outputs of forward and reverse mappings. Except for the mapping direction, the two
images in the figure 3.2 were obtained in the same condition. The forward mapping
generated many missing holes which can be seen as black circular scratches in the
middle, and created confusions because it maps many source points to the same
destination point.
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Figure 3.1. Images (a) and (b) illustrates forward mapping and re-
verse mapping, respectively. The forward mapping maps all the four
source points to one destination point, which results in the confusion
about what to draw at the destination.

Figure 3.2. Images (a) and (b) were generated by a forward map-
ping and a reverse mapping, respectively. Except for the mapping
direction, they were obtained in the same condition. The forward
mapping generated many missing holes which can be seen as black
circular scratches in the middle, and created confusions because it
maps many source points to the same destination point; for conve-

niences the last source point in the raster scan was selected to resolve
the confusion.

From these reasons, we use reverse mapping throughout this paper.

3.2. Interpolating Location or Displacement Now we consider finding the re-
verse mapping g : R?2 — R? by RBF interpolations. There basically exists a reverse
mapping which results from an RBF interpolation of the locations.

Location interpolation R;(A;) = X; foreachi=1,2,---,N

We define a reverse mapping g; = R;. Using the map g1, we experiment an exam-
ple. For a given image (a) in figure 3.3, we choose Xj, X3, -+ Xg5 in a uniform grid
and set A; = X, for each i. Note that R; is vector-valued, hence the interpolation
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Figure 3.3. Image (a) is a source image. We choose 25 points in

a uniform grid and set them as both of the source and destination

points. 25 points are marked with o. Image (b) is an output image

of map g; using Gaussian(a = 0.001). Note that Image (b) has the

same color as the origin of image (a) far away from the points. Image

(c) is the output image of map go using Gaussian(a = 0.001). It is

the same as source image (a).
algorithm in Section 2 is applied on each component. Since X; = A;, we generally
expect that destination image would be the same as source image. But our expec-
taion is wrong in the case of using a local basis function. Image (b) in figure 3.3 is
the destination image of map g; using Gaussian(a = 0.001). Let us consider a point
A in image (b) far away from all A; in image (a). Since g1(A4) = R1(4) = (0,0),
up(A) & ug((0,0)). So point A has the same color as the origin located at the
bottom left. Hence the map g1 is not a good choice for image warping.

So we consider another reverse mapping which results from an RBF interpolation
of displacement instead of location|7].

Displacement interpolation Ry(A4;) = X; — A; foreachi=1,2,--- ,N

We define a reverse mapping g2 = R2+I. Here, Ry interpolates the displacement
X; — A; instead of the location X;. We experiment the same example as before
with the map g». Since X; — A; = 0, Ry = 0 for all points in image. So the map
g2 =Ry+ I =1 and up = us. So, destination image agrees with source image as
shown in image (c) in figure 3.3; and we have solved the problem of map g;.

Now, we try a warping example illustrated in figure 3.4 with map g2. To move up
the yellow bus, we choose source points X7, Xa,--- Xg on the boundary of the bus;
and we select their corresponding destination points Aj, As,- - , Ag according to the
upward movement of the bus. Once again note that Ra is vector-valued, hence the
interpolation algorithm in Section 2 is applied on each component.

Images (a), (b) and (c) in figure 3.5 are the destination images of map go using -
TPS, Gaussian and MQ), respectively. In each of the images (a) and (c), the whole
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Figure 3.4. This is a source image for warping. 9 source points of the
image are marked with o and their corresponding destination points
are marked with x.

Figure 3.5. Images (a), (b) and (c) are the destination images of
displacement interpolation using TPS, Gaussian{a = 0.001) and MQ),
respectively. In each of the images (a) and (c), the whole image moves
upward with the yellow bus. In image (b), the yellow bus does not
maintain its shape and it mixes with the red bus.

image moves upward with the yellow bus. In image (b), the yellow bus does not
maintain its shape and it mixes with the red bus.

So, we choose global basis functions for warping since we focus on the movement
of the yellow bus.

3.3. Including Boundary Points To fix each edge of the images (a) and (c)in
figure 3.5, we consider a simple method. As illustrated in figure 3.6, we choose
some points on the boundary of the image and add them to both of the source and
destination points.

Then we get two images (a) and (b) in figure 3.7. In each case, the boundary of
the image is fixed and the yellow bus moves upward.



328 BoraM JIN & YONGHAE LEE

Figure 3.6. We choose 24 points on the boundary and add them to
both of the source and destination points. Source points are marked
with o and their corresponding destination points are marked with

Figure 3.7. Including the 24 boundary points, we get images (a) and
(b). They are the destination images of map gs using TPS and MQ,
respectively.

3.4. Numerical Experiments Until now, we have experimented the example of
image warping, as illustrated in figure 3.6. As a result, we get two images (a) and
(b) in figure 3.7 close to our expectation; and they seem to be similar. However,
MQ has a disadvantage to find a proper value of the parameter c, since a destination
image depends on the value of the parameter ¢. For instance, images (a) and (b) in
figure 3.8 are obtained in the same condition except for the value of the parameter
¢; ¢ = 0.1 for image (a) and ¢ = 100 for image (b).
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Figure 3.8. Images (a) and (b) in figure 3.8 are the destination images
of map g, using MQ in the same condition except for the value of
the parameter c. Image (a) and (b) are obtained with ¢ = 0.1 and
¢ = 100, respectively. Since a destination image depends on the value
of the parameter c, image (b) differs from image (a).

From these reasons, we take TPS as the efficient means of image warping, and
will use it throughout this paper.

4. IMAGE MORPHING

In this Section, we experiment image morphing. Morphing transforms one im-
age into another by generating a series of intermediate synthetic images. Here, by
the result of Section 3, we generate the intermediate images using the TPS-RBF
interpolation of the displacement including boundary points.

For given source points X3, X3, - - - Xy and their corresponding destination points
Ay, Asg,--- AN , we construct N lines from X; to A; for all i. Then, for each pa-
rameter ¢t € (0,1), lines intersect with the intermediate image at the intermediate
points I3(t), Ia(t), - -, In(t) as illustrated in figure 4.1. Here, a point I;(t) is cal-
culated as I;(t) = (1 — t) * X; + t x A;. The source image ug is warped into the
image ug(t) by matching the source points X, X, - - Xy to the intermediate points
I(t), Ix(t),--- , In(t). By the same way, the destination image up is warped into the
image up(t) by matching the destination points A;, As,--- , Ax to the intermediate
points. The two warped images are cross-dissolved as [4]

(4.1) u(t) = (1 —t) % ug(t) + t xup(t)
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“Figure 4.1, A line is drawn X; in source image to A; in destination
image. For any t € (0, 1), the intermediate point I; is the intersection
between the line and the intermediate image.

Source image

Figure 4.2. We choose the source image of leopard and the destina-
tion image of woman. Each 34 feature points and 24 boundary points
in both of the source and destination points are marked with o.

Now, we experiment two examples using equation(4.1). One is that a leopard is
morphed into a woman and the other is that an angora rabbit is morphed into a
white lion. We select 34 feature points and 24 boundary points for the first example
in figure 4.2 and we select 36 points feature points and 24 boundary points for the
second example in figure 4.3. Then, we generate the intermediate images of two ex-
amples as shown in figure 4.4 and figure 4.5. Each source image smoothly transforms
into the destination image with the series of intermediate synthetic images.

5. CONCLUSION

In this paper, we have experimented image warping and morphing. As described
in Section 3, we have attempted to determine which method is most close to our
expectation among RBF interpolations. As a result, we obtained the fact that the
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Source Image Destination laage

Figure 4.3. We choose the source image of angora rabbit and a desti-
nation image of white lion. Each 36 feature points and 24 boundary
points in both of the source and destination points are marked with

Figure 4.4. Intermediate images of image morphing from the leopard
_Jn left top to woman in right bottom.

Figure 4.5. Intermediate images of image morphing from angora rab-
bit in the left top to lion in the right bottom.
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TPS-RBF interpolation of the displacement with reverse mapping is the efficient
means of image warping. .

Reflecting the result of image warping, we obtained Equation(4.1) which contains
two steps of image morphing, image warping and cross-dissolving. Then, using this
equation, we generated two examples of image morphing as shown in figure 4.4 and
figure 4.5.
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