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CARATHEODORY’S INEQUALITY ON THE BOUNDARY

BULENT NAFI ORNEK

ABSTRACT. In this paper, a boundary version of Carathéodory’s inequality is in-
vestigated. Also, new inequalities of the Carathéodory’s inequality at boundary are
obtained and the sharpness of these inequalities is proved.

1. INTRODUCTION

In recent years, boundary version of Schwarz lemma was investigated in D. M.
Burns and S. G. Krantz [6], R. Osserman [8], V. N. Dubinin [2], M. Jeong [4, 5], H.
P. Boas [1] and other’s studies. On the other hand, in the book [7], Sharp Real-Parts
Theorem’s (in particular Carathéodory’s inequalities), which are frequently used in
the theory of entire functions and analytic function theory, have been studied.

The classical Schwarz lemma states that an holomorphic function f mapping
the unit disc D = {z: |z| < 1} into itself, with f(0) = 0, satisfies the inequality
|f(2)] < |z| for any point z € D and |f'(0)] < 1. Equality in these inequalities
(in the first one, for z # 0) occurs only if f(z) = Az, |A\| = 1 [3, p.329]. It is
an elementary consequence of Schwarz lemma that if f extends continuously to
some boundary point zg with |z9] = 1, and if |f(20)| = 1 and f’(20) exists, then
|f/(20)] > 1, which is known as the Schwarz lemma on the boundary.

In this paper, we studied “boundary Carathéodory’s inequalities” as analog the
Schwarz lemma at the boundary [8].

The Carathéodory’s inequality states that, if the function f is holomorphic on
the unit disc D with f(0) =0 and £f < A in D, then the inequality

2A |z|
(w.) ) < 720
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holds for all z € D, and moreover
(1.2) |f(0)] < 24.

Equality is achieved in (1.1) (for some nonzero z € D ) or in (1.2) if and only if f(z)

is the function of the form "
f(z) = TZZZW
where 6 is a real number [7, pp.3-4].
Robert Osserman considered the case that only one boundary fixed point of f is
given and obtained a sharp estimate based on the values of the function. He has

first showed that

, 2
(1.3) |f (ZO)‘ P W
and
(1.4) |f'(20)] = 1,

under the assuumption f(0) = 0 where f is a holomorphic function mapping the
unit disc into itself and zg is a boundary point to which f extends continuously and
|f(20)] = 1. In addition, the equality in (1.3) holds if and only if f is of the form

f(z) = ze

where 6 is a real number and o € D satisfies arga = arg zg. Also, the equality in

92—«

1—az’

(1.4) holds if and only if f(z) = ze?, where 6 is a real number.
Moreover, if f(z) = cp2P + cpr12PT + ..., then
1 —[cp]

(1.5) |f'(z0)| = p+ T oy

It follows that

(1.6) ' (20)| = p,
with equality only if f is of the form f(z) = zPe?, 6 real [8].

If, in addition, the function f has an angular limit f(zg) at zg € 0D, |f(z0)| = 1,
then by the Julia-Wolff lemma the angular derivative f’(zg) exists and 1 < |f(z0)| <
oo (see [11]).

The inequality (1.5) is a particular case of a result due to Vladimir N. Dubinin
in (see [2]), who strengthened the inequality |f’(z0)| > 1 by involving zeros of the

function f. Some other types of strengthening inequalities are obtained in (see [9],
[10]).
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We have following results, which can be offered as the boundary refinement of

the Carathéodory’s inequality.

Theorem 1.1. Let f be a holomorphic function in the unit disc D, f(0) =0 and
Rf < A for |z| < 1. Further assume that, for some z € 0D, f has an angular
limit f(z0) at zo, Rf(20) = A. Then

A
(1.7) | f'(20)| = 5
Moreover, the equality in (1.7) holds if and if
2ei?
=2A——
/() 1+ zei?’
wehere 6 is a real number.
Proof. The function
f(2)
1. =4\
(18) o) = 755

is holomorphic in the unit disc D, |p(z)] < 1, ¢(0) = 0 and |p(z9)| = 1 for 29 € OD.
That is,

1f(2) =24 = |f(2)]® — 2R (f(2)24) + 44>
= [P - 4AR (f(2)) + 44%
From the hypothesis, since Rf(z) < 4 and 4ARf(z) < 442, we take
24— f(2)]" = |£(2)? — 4ARf(2) + 4ARf () = | f(2) .

Therefore, we obtain
f(z)
flz) —24

<1

From (1.4), we obtain

24[f'(0)l 2411 () _ 2]f"(20)]

1.9 1< |¢/(20)| = =
) =P = E A
So, we take

A

}fI(ZOH > bR

If | f/(20)| = 4 from (1.9) and |¢'(29)| = 1, we obtain

Zeie

N2) =241
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Theorem 1.2. Let f be a holomorphic function in the unit disc D, f(0) =0 and
Rf < A for |z| < 1. Further assume that, for some 2z € 0D, f has an angular
limit f(z0) at zo, Rf(20) = A. Then
2A2
)} z ! '
24+ (0)]
The inequality (1.10) is sharp, with equality for the function

(1.10) | /(20

z+a
=2Az————
/) 11202 1 22
where a = |f;(£)| is an arbitrary number on [0,1] (see (1.2)).

Proof. Using the inequality (1.3) for the function (1.8), we obtain
2
/
¥(20)| 2 ———77~0
2 T
20l L 2A1f () 44
A T [ f(20) =24 T 24+ [f(0)]

and
2A2

!
> .
Y SR TO]
Now, we shall show that the inequality (1.10) is sharp. Choose arbitrary a € [0, 1].

Let
z+a
=24z——— .
1) Zl + 2az + 22

Then
az?+2z+a

fz) = 2A(1 + 2az + 22?)

2

and y
!
1) = )
F) 1+a

Since |f'(0)] = 2Aa, (1.10) is satisfied with equality. O

An interesting special case of Theorem1.2 is when f/(0) = 0, in which case in-
equality (1.10) implies |f’(z0)] = A. Clearly equality holds for f(z) = 2422¢7 g

1+Z26i9 )

real.

Now, if f(2) = ¢p2P + ¢p412PT! + ..., is a holomorphic function in the unit disc
D and Rf < A for |z| < 1, it can be seen that Carathéodory’s inequality can be
obtained with standard methods as follows:

2A |z|P
P nnialiod I
1< T2
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and
(1.11) lep| < 2A.

The following result is a generalization of Theorem1.1.

Theorem 1.3. Let f(2) = cp2P + cpr12P™ + ..., ¢, # 0, p > 1 be a holomorphic
function in the unit disc D and Rf < A for |z| < 1. Further assume that, for some
20 € 0D, f has an angular limit f(zy) at zo, Rf(z0) = A. Then

A
(112 £ Goll > .
In addition, the equality in (1.12) holds if and if
Zpeia
=2A——.
JG) =247

wehere 0 is a real number.

Proof. Using the inequality (1.6) for the function (1.8), we obtain

o sl s

Therefore, we take

A
‘f/(zﬂ)‘ Z 517-

If | f/(20)| = 4p from (1.13) and |¢'(20)| = p, we obtain
2Pet?
1+ zpeid”

f(z) =24

Theorem 1.4. Under hypotheses of Theoreml.3, we have
A 2A — |cyp|

1.14 ! > = — ).

(1.14) el = 5 (r+ S5

The inequality (1.14) is sharp, with equality for the function

b+ z

= 2A2P
() “1 + bz + bzP + zpt1’

where b = % is arbitrary number from [0, 1] (see (1.11)).

Proof. Using the inequality (1.5) for the function (1.8), we obtain

1— |ap’
1+ ‘ap’

|¢'(20)] > p+

9
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(»)
where |a,| = e I;I(O)’. Since
0] = ‘90(p)(0)| _ ‘f(p)(())‘ _ @
P p! pl2A 24°
we may write
lepl
o LB 2417

14 el = f(z) 24

, A 2A — |¢p
|f (ZO)’ 25 <p+2A+|cz\>'

Thus, we take

The equality in (1.14) is obtained for function

z+5 <b<1,

= 2AzP
) Zl+bz+bzp+zp+1’0_ -

as show simple calculations. ]

Consider the following product:

B(z) = [[-—2

1—agz
k=1 k

B(z) is called a finite Blaschke product, where aq,ag, ...,a, € C. Let the function
f(z) = cpzP + ... satisfy the conditions of Carathéodory’s inequality and also have
Zeros ap, as, ..., a, with order ki, ko,...,k,, respectively. Thus, one can see that

Carathéodory’s inequality can be strengthened with the standard methods as follows:

24 |2|" |B(2)|
(1.15) |f(2)] < Wa
and
(1.16) lepl < 2ATT lal -
k=1

The inequalities (1.15) and (1.16) show that the inequalities (1.1) and (1.2) will be
able to be strengthened, if the zeros of function which are different from origin of
f(2) in the (1.12) and (1.14) are taken into account.

Theorem 1.5. Let f(z) = cp2P + cp+1zp+1 + ..., ¢ #0, p > 1 be a holomorphic
function in the unit disc D, and Rf < A for|z| < 1. Assume that for some z € 0D,
f has an angular limit f(z9) at 29, Rf(20) = A. Let ay,az,...,an be zeros of the
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function f in D that are different from zero. Then we have the inequality

n
2A ar| — e
af e AL
2

P+ +

(117) |f/(20)| 2 2 n
k=120 = k™ 9 ATT Jag] + oyl
k=1

In addition, the equality in (1.17) occurs for the function

P H 1Z:aikkz
f(z) = 24—

9

n
=
k=1

1—arz
where ai, a9, ..., a, are positive real numbers.

Proof. Let ¢(z) be as in the proof of Theoreml.1 and ay, ag, ..., a, be zeros of the

function f in D that are different from zero.

B(Z):Hz—ak

1—arz
k=1 k

is a holomorphic functions in D, and |B(z)| < 1 for |z] < 1. By the maximum

principle for each z € D, we have

p(2)| < |B(2)].

The auxiliary function

—
2
~—
~~
—
2
N~—
[

n
=
1—aiz
k=1 F

is holomorphic in D, and |¢(z)| < 1 for |2| < 1, ¢(0) = 0 and |¢(z0)| = 1 for zg € OD.

Moreover, it can be seen that

209’ (20) / ' 2B’ (20)
R — 20)| > |B'(20)] = ———=.
Besides, with the simple calculations, we take

n

B/ (z0)| = 20B'(z0) _ 3 1— |ag|”

B(z0) |20 — ail*

From (1.5), we obtain

<[] = [0 BT 1)~ 5.
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[¢”©]
p!

where |a,| = . Since

DR e Ol i i O] O
Pl | - n - n ’
r p2AT] lax|  2AT] axl

k=1 k=1

we may write

p+

An ar| — e n
2 kl;[1| k| p’<{ 2A’f/(2’0)‘ _Zl_’akﬁ}'

n - 2 2
2AT] lag| + |ey| |f(20) = 2A1" 7= l20 — axl
k=1

Therefore, we have

n
24 ar| — |c
Y R
2

| (20)| = p+ +

2 n
k=110 = a2 AT Jae] + eyl
k=1
Now, we shall show that the inequality (1.17) is sharp. Let
2 H 1Z aa:z

fo) =24 =t
1+ 2P H Z—ak
k=1

l1—arz

Then

(1—agz

n
p—1 Z—aj 1—|ax|® 2=a; ,p P z—ayg
bz Hl akz+z )Hl alzz 1+2H1—@z
k#i k=1
i=1

" 2
p T 2=%
(1 + z 1—akz>
k=1

n n
p—1 T 2=% 1—|ay|? z—a; p | pTT 2—ak
bz knll—ﬁz + kZ 2 H 1—a; T2 7 z H 1—-arz

1—agz)
11

—2A 5
n
<1 + zpkl;ll 1*";:;)

and
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k=1 k=1 ki k=1
=1
F(1) = 24 =
1_
(1 " kl:[1lgz>
1 ag 1—|6Lk‘ 1—(11 i l_ak
pl;[ s 21(1_“7)21@1;11‘1_“1 1}311_7
=1

—2A

Since aq, ao, ..., a, are positive real numbers, we take

/ _é - 1_|ak|2
=5 <p+zy1—ak|2>'

k=1
n
Since |cp| = 2A[] |ag|, (1.17) is satisfied with equality. O
k=1
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