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A FIXED POINT APPROACH TO THE STABILITY OF THE
QUADRATIC-ADDITIVE FUNCTIONAL EQUATION

SUN SOOK JIN? AND YANG-HI LEEP

ABSTRACT. We investigate the stability of the functional equation
Jlo+y+ 2+ w) +2/(2) + 2 () + 2/ (2) + 2/ (w) - f(z+y)
—f(e42) — fatw) — fly+2) — fy+w)— f(z+w) =0

by using a fixed point theorem in the sense of L. Cadariu and V. Radu.

1. INTRODUCTION

In 1940, S. M. Ulam [18] raised a question concerning the stability of homomor-
phisms:

“Given a group G7, a metric group G2 with the metric d(-,-), and a positive
number €, does there exist a § > 0 such that if a mapping f : G; — G» satisfies the
inequality d(f(zy), f(z)f(y)) < d for all z, y € G then there exists a homomorphism
F: Gy — Gy with d(f(x),F(x)) < e for all z € G177

When this problem has a solution, we say that the homomorphisms from G to Go
are stable. In the next year, D. H. Hyers [7] gave a partial solution of Ulam’s problem
for the case of approximate additive mappings under the assumption that G; and
Go are Banach spaces. Hyers’ result was generalized by T. Aoki [1] for additive
mappings and by Th. M. Rassias [16] for linear mappings by considering the stability
problem with unbounded Cauchy differences. The paper of Th. M. Rassias had much
influence in the development of stability problems. The terminology Hyers-Ulam-
Rassias stability originated from this historical background. During the last decades,
the stability problems of functional equations have been extensively investigated by

a number of mathematicians, see [6], [8]-[14].
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Almost all subsequent proofs, in this very active area, have used Hyers’ method
of [7]. Namely, the mapping F', which is the solution of a functional equation, is
explicitly constructed, starting from the given mapping f, by the formulae
F(z) = limy o0 5 f(2"2) or F(z) = limy, .00 2" f(&). We call it a direct method. In
2003, L. Cadariu and V. Radu [2] observed that the existence of the solution F' for
a functional equation and the estimation of the difference with the given mapping
f can be obtained from the fixed point theory alternative. This method is called a
fized point method. In 2004, they [4] applied this method to prove stability theorems

of the Cauchy functional equation

(1.1) fle+y)—fz) = fly) =0.
In 2003, they [3] obtained the stability of the quadratic functional equation
(1.2) fet+y)+ fle—y) —2f(z) -2f(y) =0

by using the fixed point method. Notice that if we consider f1, fo : R — R defined by
fi(z) = ax and fo(x) = ax?, where a is a real constant, then f; satisfies the equation
(1.1) and f5 holds (1.2), respectively. We say a solution of (1.1) an additive map and
a mapping satisfying (1.2) is called a quadratic map. Now we consider the following

functional equation:

flaty+z+w)+2f(2)+2f(y) +2f(2) + 2f (w) — flz +y)
(1.3) —fle+z)—flatw)— fly+2) - fly+w) - flz+w) =0
which is called the quadratic-additive functional equation. The function f: R — R
defined by f(z) = ax® + bx satisfies this functional equation, where a,b are real
constants. We call a solution of (1.3) a quadratic-additive mapping. In 2004, Chang
et al [5] obtained a stability of the functional equation (1.3) by handling the odd
part and the even part of the given mapping f, respectively. In their processing,
they needed to take an additive map A which is close to the odd part W of f
and a quadratic map () which is approximate to the even part W of it, and
then combining A and @ to prove the existence of a quadratic-additive mapping F'
which is close to the given mapping f.

In this paper, we will prove the stability of the quadratic-additive functional
equation (1.3) by using a fixed point theorem. In the previous results of stability
problems of (1.3), as we mentioned above, they had to get a solution by using the
direct method to the odd part and the even part, respectively. Instead of splitting

the given mapping f : X — Y into two parts, in this paper, we can take the desired
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solution F' at once. Precisely, we introduce a strictly contractive mapping with
Liptshitz constant 0 < L < 1. Using a fixed point theorem in the sense of L. Cadariu
and V. Radu, together with suitable conditions, we can show that the contractive
mapping has the fixed point. Actually the fixed point F’ becomes the precise solution
of (1.3). In section 2, we prove several stability results of the functional equation
(1.3) using a fixed point theorem, see Theorem 2.3 and Theorem 2.5. In section 3,
we use the results in the previous sections to get a stability of the Cauchy functional

equation (1.1) and that of the quadratic functional equation (1.2), respectively.

2. MAIN RESULTS

We recall the following result of the fixed point theorem by Margolis and Diaz.
Theorem 2.1 ([15, 17]). Suppose that a complete generalized metric space (X,d),

which means that the metric d may assume infinite values, and a strictly contractive
mapping J : X — X with the Lipschitz constant 0 < L < 1 are given. Then, for
each given element x € X, either
d(J"z, J" ) = 400, Vn € NU{0},

or there exists a nonnegative integer k such that:

(1) d(J"z, J""tz) < 400 for all n > k;
(2) the sequence {J"z} is convergent to a fixed point y* of J;
(3) y* is the unique fived point of J inY = {y € X,d(J*z,y) < +o0};
(4) d(y,y") < (1/(1 = L))d(y, Jy) for ally €Y.

Throughout this paper, let V be a (real or complex) linear space and Y a Banach

space. For a given mapping f : V — Y, we use the following abbreviation
Df(z,y,z,w) :==f(x +y+z+w)+2f(x) +2f(y) + 2f(2) + 2f (w) — f(z +y)
—flatz) - flat+w) = fly+2) - fly+w) - fz+w)

for all z,y,z,w € V. If f is a solution of the functional equation Df = 0, see (1.3),

we call it a quadratic-additive mapping. We first prove the following lemma.

Lemma 2.2. If f : V — Y is a mapping such that Df(z,y,z,w) = 0 for all
x,y,z,w € V\{0}, then f is a quadratic-additive mapping.

Proof. By (1.3), we enough to show that Df = 0. By choosing x € V\{0}, we get

f(0) :é(Df(a:, z,z,x)+ Df(—x,—x,—x, —x)
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+ Df(2x,2x, -2z, —2z) — 2D f(z,z, —x, —x)) = 0
and
Df(x,y,2,0) =Df(2z,y,z,—x) — Df(2z,y, —x,—x) + D f(2z,y, z, —x)
—Df(2x,z,—x,—x) + Df(2z,z,x,—x) — 2D f (22, z,x, —x)
+Df(x,—z,—x,—2) =0
for all x,y,z € V\{0}. Moreover, it is easy to prove that
Df(x,y,0,0) = Df(x,0,0,0) =0

for all z,y € V\{0}. By the symmetry of the variables x,y, z, w, this implies the

desired result. O

In the following theorem, we can prove the stability of the functional equation

(1.3) using the fixed point theorem.

Theorem 2.3. Let f : V — Y. Suppose that we have a function ¢ : (V\{0})* —
[0,00) such that

(2.1) 1D f(z,y, 2, w)|| < o(z,y, 2,0)

for all x,y, z,w € V\{0}, which has the property

(2.2) v(2z,2y,2z,2w) < 2Lyp(z,y, 2z, w)

forall x,y, z,w € V\{0} and for a fixed positive real number 0 < L < 1. Then there

erists a unique quadratic-additive mapping F : V — 'Y such that

3¢ ()
16(1 — max{L, 1 })

for all x € V\{0}, where ¢ : V\{0} — [0,00) is defined by

(2.3) 1f(z) = f(0) = F(2)] <

(2'4) w(x) = (p({L', T, T, —.%') + 90(_'%'7 -, =, .iL') + 2Hf(0)H
In particular, F is represented by

- (f(2h) + f(=2"x) | f(2"z) — f(-2")
(2.5) F(z) = lim ( e+ w)

for all x € V.. Moreover, if 0 < L < % and o(x,y, z,w) is continuous, then f is

n—oo

itself a quadratic-additive mapping.



A FIXED POINT APPROACH TO THE STABILITY 317

Proof. Tt follows from (2.2) that

y o(2Mx, 2"y, 2"z, 2" w)
im

n—o0 an

=0

for all z,y, z,w € V\{0}. Let S be the set of all mappings g : V — Y with ¢g(0) = 0.
If we consider the mapping f = f — f(0), then f € S. We introduce a generalized

metric on S by
d(g,h) = inf{K € R"| ||g(z) — h(z)|| < K+ (z) forall =€ V\{0}}

where 9 is defined as (2.4). Observe that ¢(z) = ¢(—z) and @ < max{L, §}1(z)
for all x € V\{0}. It is easy to show that (S,d) is a generalized complete metric
space. Now we consider the mapping J : S — S, which is defined by

_ 9(2x) — g(=2x)  g(22) + g(~22)
4 8

Jg(z):

for all x € V. Notice that

Thg(z) = 9(2”$)2;f1(—2”$) n 9(2%);55—2%)

for all n € Nand z € V. Let g,h € S and let K € [0,00] be an arbitrary constant
with d(g,h) < K. From the definition of d, we have
3 1
179(x) = Jh(z)|| = £ll(9(22) = h(22)l| + £ll(9(=22) — h(=22)]
1
5 K(2w) < max {L,27'} Ky(x)
for all z € V\{0}, which implies that

<

d(Jg, Jh) < max{L,27'} d(g,h)

for any g,h € S. That is, J is a strictly contractive self-mapping of S with the
Lipschitz constant max{L, }. Moreover, by (2.1), we see that

1f () = T f ()l 2%6||3Df(x7$793a —z) = Df(—z, —z,—x,x) = 6f(0)]

3

for all z € V\{0}. It means that d(f, Jf) < 3 < 0o by the definition of d. Therefore,

according to Theorem 2.1, the sequence {J" f } converges to the unique fixed point
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F:V =Y of Jin theset T ={g € S\d(f,g) < oo}, which is represented by
F(s) i= lim <f<2 v) 4 f(-20) | fl2nm) — f(=2 w))

2. 4n on+1

o (fQRM) + f(=2") | f(2") — f(=2")
= lim < 9. 4n + on+1 >

n—oo

n—oo

£(0)
2-4m

) 1 Pz 5
B e 2 A (I ey )

which implies (2.3). By the definition of F', together with (2.1) and (2.2), we have

for all z € V, since lim,,_ = 0. Moreover, we get

IDF(z,y, 2, w)|
_ Df(2"x, 2"y, 2"z, 2"w) — Df(—2"x,—, 2"y, —2"z, —2"w)
= lim
n—00 H on+l
Df(2"x, 2"y, 2"z, 2"w) + D f(—2"x, —2"y, —2"z, —2"w)
+ 51 H

for all z,y,z,w € V\{0}. From Lemma 2.2, we have proved that
DF(z,y,z,w) =0
for all z,y, z,w € V. In particular, if f(0) = 0, then we have
| g(w) ~ Th()]| < S Kw(2r) < LKW (z)
for all z € V\{0}. From this, we have
d(Jg,Jh) < L d(g,h)
for any g, h € S and
3¢(x)

for all z € V\{0}. Now let 0 < L < 1 and ¢ be continuous. Since
1
I£(O)| =3[|Df (2"2,2"2,2"2,2"2) + D (2"+'2, 2" o, —2" o, —2"*1a)
+ Df (-2"x,—2"x, —2"x, —2"x) — 2D f (2"x, 2"z, —2"x, —2"z) ||
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1
gg(cp (2"x, 2"z, 2"z, 2"x) + ¢ (2"“56, ontly _ontly, —2"+1x)
+ ¢ (—2"x, —2"x, —2"x, —2"x) + 2¢ (2", 2"z, 2"z, —2"1) )
20)"
S( ) (QO(IL‘,JZ‘,J',ZU)‘FQO(—CII, -, =T, —l‘)

+ ¢(2x, 22, 2z, —22) + 2p(z, , —2, — 1))

for all n € N and for any fixed x € V\{0}, the last term of the above inequality
tends to 0 as n — oo. This implies that f(0) = 0. And we get

Jim p((ar - 2% + az)z, (b1 - 2" + ba)y, (c1 - 2" + e2)2, (di - 2" + d2)w)
. as b co do
< lim (2L)" ( 7> : 2y, ( 7) : et
_ng{.lo( )¢<a1+2n x<b1+2n>y cl—|—2n z d1+2n w
=0- ¢ (a17, b1y, c12,diw) =0

for all z,y,z,w € V\{0} and for any fixed integers a1, az, b1, ba, 1, co,d;,ds with
a1,b1,c1,d; # 0. Therefore, we obtain

BIF(x) ~ f@) < lim (|(Df ~ DE)(@" + 1)z, ~2"z, ~2"z, ~2")|
+I(F = A2 + 1)) +3](f - F)(=2"a)]
+6][(F — f(=2")|| +20|(F — (" + D))

< lim (@((2” + 1)z, 2"z, 2"z, —2"x)

n—o0

3(w((1—2")z) + 3y (27T ) + 24((2" + 1)z) + 69(2"x))
+ 16(1—1L) )
=0

for all x € V\{0}. Since f(0) = 0 = F(0), we have shown that f = F. This

completes the proof of this theorem. O

Remark 2.4. In Theorem 2.3, if o satisfies the additional conditions ¢(z,y, z, w) =
()0<_[B7 Y, =% —’U)) and gD(.%', Y, =, U)) < L/@(Qxa 2y7 227 2’[1)) for all T,Y, 2, w € V\{O}
with 0 < L' < 1, then

1 r T T x r T T x

0 = 1 — D (7,7,777> D ( 7_77_77_7>
15Ol = tim 305 (g g 3 3) + DF (~ = =330

2¢ 2x 2z 2z
+Df< )

on’9on’ 9gn’ on
cum (L5 Y (E
=3\ P o gnognron ) TP\ Ton T Ton T

r X T T
5 e )
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2¢ 2x 2z 2x r x T T
+e(gazm) T % (5 m)

m

< lim T(go(x, z,x, )+ ¢(—x, —x,—x,—)

n—oo

+ (22, 2z, -2z, —22) + 2¢(2, 2, —x, —2)) =0

for all x € V\{0}. Since ¢ satisfies p(z,y,2,w) = ¢(—z,—y,—z,—w) for all
z,y,z,w € V\{0} and f(0) =0, we get

|£(2) = T4@)| =5 BDf(z, 2,2, ~2) = Df (=, ~z, ~, )]

1
< g¢(x)

for all x € V\{0}, where ¢ : V\{0} — [0, 00) is defined as Theorem 2.3. It means
that d(f, Jf) < % < 00 by the definition of d. Therefore the inequality (2.3) can be
replaced by the inequality

o(z,x,z,—x)
I10) ~ Pl < AL 22)

for all z € V\{0}.
We continue our investigation with the next result.

Theorem 2.5. Let ¢ : (V\{0})* — [0,00). Suppose that f : V. — Y satisfies the
inequality | D f(z,y, z,w)| < ¢(z,y,z,w) for all x,y,z,w € V\{0}. If there exists
0 < L <1 such that ¢ has the property

(26) L@(2$’2y722a2w) > 490("5’3/7 va)

for all z,y,z,w € V\{0}, then there exists a unique quadratic-additive mapping
F:V =Y such that

L
(2.7) [f(z) — F(2)| < m

for all x € V\{0}. In particular, F is represented by

28 P =t (27 (7 (5) £ (-5)) + 5 (1 (5) 7 (52))

forallxz e V.

(p(x,z,2,—2) + p(—2, —x, —2, X))

Proof. Since for all n € N and a fixed z € V\{0}

r Tr T X

1
——||D (777’7,7
1)l 3H 7 (5 3 57 3

)+

€T T T €T
T o )
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2¢ 2x 2z 2z r x T T
I <22_2_2> =201 (55505~ 3m) H

<1 (a: r x :c>+ ( T T T a:)

=3\ P\ ow onrgnron ) TP\ Ton Ton Ton T gm
2v 2x 2z 2z r x T

e 33+ (5 )

on’gn’ gn’ on
(go(x, xr,r,x) + o(—x, —x, —x, —T)

n

3-4n
+ 2z, 22, 2z, —2z) + 2p(z, z, —T, — 1))

<

letting n — oo we have f(0) = 0. Let the set (S,d) be as in the proof of Theorem
2.3. Now we consider the mapping J : S — S defined by

190 =9 (5) -9 (-5) +2(s(3) +9(-3))

for all g € S and x € V. Notice that

Pt =2 (0(2) 0 (-5)) + 5 (0(3) -1 (-5)

and J%(x) = g(z) for all z € V. Let g,h € S and let K € [0,00] be an arbitrary
constant with d(g, h) < K. From the definition of d, we have

19@) = sl =3lo (3) =1 (3) | +[e (-3) -1 (-3)|

r Tr T T T T Tr T
S 4K (@(575?57_5) +@(_§7_§7_§7§))
T

S LK ((P( y Ly I, _x) + 90(_'%'7 -z, —.Z‘,.’L‘))
forall z € V. So
d(Jg, Jh) < Ld(g, h)

for any g,h € S. That is, J is a strictly contractive self-mapping of S with the

Lipschitz constant L. Also we see that
1 r x T
1F@ = 5@ = 5| - s (5.5.5-5) |
x

IR )
=5 P ) TP Ty Ty Ty
L

< g (go(m,x,x, _:l:) + 90(_"1"’ —T, —T, l‘))

for all z € V\{0}, which implies that d(f,Jf) < £ < co. Therefore according to
Theorem 2.1, the sequence {J" f} converges to the unique fixed point F' of J in the
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set T := {g € S|d(f,g) < oo}, which is represented by (2.8). Since
1 L
S S

the inequality (2.7) holds. From the definition of F'(z), (2.1) and (2.6), we have

IDF(z,y, 2,w)|
— n—1 r Yy B) _ <_£ _Yy _Z _ﬂ>)
—nh_{{.lo ‘2 (Df (2n’ on’ 9n’ 9n Df on’ 9n’ 9n’ 9n
4n T Yy z w x Y z w
(o) (b))
+2(‘)02”2”2"2”—{_f 2n’ n’ gn’ gn
< 2”+4"< (T L 28 ip(-2 L2 1)
_nl_{{.lo 2 i 2n’2n’2n’2n i 277,’ 2n’ 2n’ on
2" 4 4™ L
S li g(@ (x,y,z,w)—i—go(—x, -Y, —Z,—U)))
n—00 2. 4n
=0
for all z,y, z,w € V\{0}. By Lemma 2.2, F' is quadratic-additive. O

Remark 2.6. If ¢ satisfies the additional condition ¢(z, y, z, w) = p(—z,—y, —z, —w)
for all z,y, z,w € V\{0} in Theorem 2.5, then we get

”f(l‘) - Jf(.l?)“ < 1£6 (50(1‘7 Ly T, —.17) + @(—x, —Z, —.17,.%‘))

for all z € V\{0}. It means that d(f,J f) < £ < oo by the definition of d. Therefore
the inequality (2.7) can be replaced by the inequality

Lo(z,x,z,—x)

(@) - Pl < 2205

for all z € V\{0}.

3. APPLICATIONS
For f:V — Y let us define
Af(z,y) =f(z+y) — f(@) = fy),
Qf(z,y) ==f(z+y)+ flx —y) — 2f(x) — 2f(v)
for all z,y € V. Using Theorem 2.3 and Theorem 2.5, we will show the stability

results of the additive functional equation Af = 0 and the quadratic functional
equation Qf = 0.

Corollary 3.1. Let f; : V — Y, v = 1,2, be given for which there exist functions
¢ V? —[0,00),i = 1,2, such that
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for all x,y € V, respectively. If there exists L < 1 such that
(32) ¢1(22,2y) < 2L (2, y),

for all x,y € V, then we have unique additive mappings F; : V. — Y, i = 1,2, such
that
3(P1(x) +2[/1(0)])

(3.4) Hfl(w)_fl(o)_Fl(x)” < 16(1—maX{L,%}) )
(5.5 Ifa(e) = Fao)] < g 22

for allx € V., where ®;: V — Y, i = 1,2, are defined by
D, () :=0;(22,0) + ¢;(—2x,0) + 2¢;(x, x)

for all x € V. In particular, the mappings F1, Fo are represented by

(3.6) Fi(e) = lim S (22:56),
(3.7) Py(z) = Tim 2"f, (2%)

or all x € V. Moreover, if 0 < L < % and ¢1(x,y) is continuous, then fi is itsel
2

an additive mapping.
Proof. Notice that
Dfi(z,y,2,w) = Afi(x +y,z +w) — Afi(w, z) — Afi(z, w) — Afi(y, 2) — Afi(y, w)
for all x,y,z,w €V and i =1,2. Put
vi(x,y, z,w) = ¢i(x + y, 2z + w) + ¢i(x, 2) + ¢i(x,w) + ¢i(y, 2) + ¢i(y, w)

forall z,y,z,w € V and i = 1, 2, then ¢ satisfies (2.2) and ¢2 holds (2.6). Therefore,
according to Theorem 2.3, there exists a unique mapping Fj : V' — Y satisfying (3.4),
which is represented by (2.5). Observe that, by (3.1) and (3.2),

— lim — [ Af (2", —2"2)|

n—00 2n—|—1
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<1

< g gurr (21, —2)

n

< lim £¢1( x) =0

as well as
) fi(2™x) + f1(—2"x) "
A 2. 47 =y d)l( @) =0

for all x € V. From this and (2.5), we get (3.6). Moreover, we have

Af]_(2n.’1}, 2ny) < ¢1 (2711:’ Qny)
AL - AL

for all x,y € V. Taking the limit as n — oo in the above inequality, we get

< Ln¢1 (33', y)

AFi(z,y) =0

for all z,y € V. In particular, consider the case 0 < L < % such that ¢1(z,y)

is continuous, then 1 (x,y, z,w) is continuous on (V\{0})* and we can say that
f1 = F1 by Theorem 2.3.

On the other hand, according to Theorem 2.5, there exists a unique mapping
F, : V — Y satisfying (3.5) which is represented by (2.8). Observe that

i 2 (5) + 2 (50 | = dim 24 (5 -50) |
< lim 22714y (1 71)

n—00 on ’ on
n

L
< lim 7@52(1‘, —x)=0

n—oo

as well as
n

. n— x - . L
nlLITOlOQ lez (27> + f2 <2n> H < nh—>Holo W@(% —z)=0

for all x € V. From this and (2.8), we get (3.7). Moreover, we have

s (2 ) | =20 (5 2) = St
for all x,y € V. Taking the hmlt as n — oo in the above inequality, we get
AFy(z,y) =0
for all z,y € V. g

Corollary 3.2. Let ¢; : V2 — [0,00),i = 1,2, be given functions. Suppose that each
fi 'V —=Y,i=1,2, satisfies
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forall z,y € V, respectively. If there exists 0 < L < 1 such that the mapping ¢1 has
the property (3.2) and ¢ holds (3.3) for all z,y € V', then we have unique quadratic
mappings F1,Fo : V — 'Y such that

3(®1(x) +4[/1(0)]])

39 I91(0) ~ i) <
)2
(39) 1260~ )] < 62

forallx € V', where ®; : V — Y,i=1,2, is defined by
(I)Z(LU) ::¢i(2$7 O) + 2¢'L(Oa 2'7;) + 2¢Z($7 1‘) + 2¢Z($7 —Z‘) + ¢i(_2x7 0)
+ 2¢i(0, —22) + 2¢;(—x, —x) + 2¢;(—x, x).

In particular, F1 and Fs are represented by

(3.10) Fi(z) = nlLrgo 47" f1(2"x),
(3.11) Fy(z) = nh_}nolo 4" f>(27"x)

for allx € V. Moreover, if 0 < L < % and ¢1(x,y) is continuous, then fi is itself a

quadratic mapping.

Proof. Notice that

D i, 2 w0) =5 (Qfi(w + .7+ w) + Qfile +w,y + 2) ~ Qfilz — 2y — w)
- Qi@ %) - Qfilyw)
for all x,y,z,w €V and i =1,2. Put

vi(x,y,z,w) ::%(tbi(x +y,z+w)+ ¢i(z+w,y+2)+ di(r — 2,y —w))
+ ¢i(x, 2) + ¢i(y, w)
for all z,y,z,w € V and i = 1,2, then ¢; satisfies (2.2) and ¢y holds (2.6). So we
have
IDfi(z,y, z,w)l| < pilz,y,2,w)
for all z,y,z,w € V and i = 1,2. According to Theorem 2.3, there exists a unique

mapping F} : V — Y satisfying (3.8) which is represented by (2.5). Observe that

2"z) — f1(—2" 1
fl( x)2n_£1( :L’) _nILrI;OQn+1"Qf1(O’2nx)‘|

lim =
n—oo
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n

L

n—oo
as well as
|| f1(2"2) = f1(—2"2) : " _
i ‘ 9. 4n < Jim o 41(0:2) =0

for all z € V. From this and (2.5), we get (3.10) for all € V. Moreover, we have

ong, on oy, 2" L
Qfl( T y) < ¢1( " y) < 27¢1($’y)

for all x,y € V. Taking the limit as n — oo in the above inequality, we get

QFl(xay) =0
1

for all z,y € V. In particular, consider the case 0 < L < 3 such that ¢;(z,y)
is continuous, then ¢1(x,y, z,w) is continuous on (V\{0})* and we can say that
fi = F1 by Theorem 2.3. On the other hand, according to Theorem 2.5, there
exists a unique mapping F» : V — Y satisfying (3.9) which is represented by (2.8).
Observe that

x x
_ il ) | = g
f2 <2n) +f2 ( 2n) H
for all x € V. It leads us to get
im 4™ TN (2 E)) = im 2" IN (22 =
Jm 47 (£ (55) — £ (g5)) =0 wnd Jim 2 (£ (5) — £ (-55)) =0
for all x,y € V. From these and (2.8), we obtain (3.11). Moreover, we have

bras (3. £)] = o (G ) < 7ot

for all x,y € V. Taking the limit as n — oo in the above inequality, we get

QF2<x7y) =0
for all xz,y € V. O

477,

Qf2 <0, 2%) H <4"¢o (0, 2%) < L"¢2(0,7)

Now, we obtain Hyers-Ulam-Rassias stability results in the framework of normed

spaces using Theorem 2.3, Theorem 2.5, Remark 2.4, and Remark 2.6.
Corollary 3.3. Let X be a normed space. Suppose that the mapping f : X — Y

satisfies the inequality
IDf(@,y, z,w)l| < OCz[” + [yll” + llz[” + llw][”)

forall z,y,z,w € X\{0}, where # > 0 and p € (—o0,0)U(0,1)U(2,00). Then there

exrists a unique quadratic-additive mapping F : X — Y such that
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20|z ||P if p>2,
so-ral < {ZA0 TeIh
for all x € X\{0}. Moreover if p <0, then f is itself a quadratic-additive mapping.
Proof. It follows from Theorem 2.3, Theorem 2.5, Remark 2.4, and Remark 2.6, by
putting

e(@,y,z,w) == O([|lz]|” + [yl + 2] + [lw][”)
for all z,y,z,w € X\{0} with L =2""' < 1ifp< 1, L =227 < 1ifp> 2, and
L'=2P<1ifp>0. O
Corollary 3.4. Let X be a normd space. Suppose that the mapping f : X — Y

satisfies the inequality
IDf(x,y, z,w)|| < O]z lyl|*[|2]|"[Jw]]*

for all x,y,z,w € X\{0}, where # >0 andp+q+r+s € (—00,0)U(0,1)U(2,00).
Then there exists a unique quadratic-additive mapping F : X — Y such that

9||xHP+q+r+s

Hf@W—F@WfE{ﬁﬁgﬁﬁy ?fp+q+r+s>2
o o L if 0<pt+q+r+s<l
for all x € X\{0}. Moreover if p+q+r+s <0, then f is itself a quadratic-additive
mapping.
Proof. 1t follows from Theorem 2.3, Theorem 2.5, Remark 2.4, and Remark 2.6, by
putting

p(z,y,z,w) = Ol z|Plly]|*][=]"[Jw]]*
for all z,y,z,w € X\{0} with L = 2PFatr+s=L < 1 if p+qg+r+s < 1, L =
227 P=4=5 < 1if p+qg+r+s>2,and L' =27P 97" S < lifp+q+r+s>0 0O
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