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FUNCTIONAL RELATIONS INVOLVING SARAN’S
HYPERGEOMETRIC FUNCTIONS Fr AND F®)

YONG Sup KiM®* AND ANVAR HASANOV P

ABSTRACT. By simply splitting the hypergeometric Saran function Fg into eight
parts, we show how some useful and generalized relations between Fr and Srivas-
tava’s hypergeometric function F can be obtained. These main results are shown
to be specialized to yield certain relations between functions o Fi, 1F1, 0F3, Y2, and
their products including different combinations with different values of parameters
and signs of variables.

1. INTRODUCTION

Investigation of multiple hypergeometric functions is essentially motivated by the
fact that the solutions of many applied problems involving the thermal conductivity
and dynamics, electromagnetic oscillation and aerodynamics, quantum mechanics
and potential theory are obtainable with the help of hypergeometric (higher and
special or transcendent) functions (see [7, 13, 27, 29]). Such functions are often
referred to as special functions in mathematical physics. They are mainly appeared
in the solution of partial differential equations by using harmonic analysis method
[11]. In view of various applications, it is important as well as interesting in itself
to conduct a continuous research on multiple hypergeometric functions. In fact,
in Srivastava and Karlsson’s work [35], there is an extensive list of as many as 205
hypergeometric functions of three variables together with their region of convergence.
It is noted that Riemann’s functions and the fundamental solutions of the degenerate
second-order partial differential equations are expressible by using hypergeometric
functions of several variables (see [2, 4, 5, 6, 14, 15, 16, 17, 18, 19, 28, 31, 38, 39, 40]).

For solutions of the boundary-value problems for the involved partial differential
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equations, we need to investigate certain properties of hypergeometric functions of
several variables (see [20, 21, 22, 23, 24, 30, 36]).
Lardner [25] gave some connections between Bessel functions and hypergeometric

oF3-series, for example,

(1.1) 0F§<;,;,Lz> ::;{Jo(4zi>.+lo<4zi>]

and

L 2 (33 ot
1.2 =oF3 (= =-.1: ——— i Sy AN i
(1.2) Dber(z) = 3<2,2, : 256)’ and bei () 10 3<2,2, : 256)’

where J, and I, denote a Bessel function and a modified Bessel function of order v
(see [1]; also [37]) defined by

(1.3)
z\V 22 z\V 22
JU(Z)ZF(E/Q—)i-l)OFl <—; v+1; —4> and IU(Z)ZI‘((VQ—)i—l)OFl <_; v+1; 4) ’

and ber(z) and bei(x) (x real) denote the Kelvin’s functions (see [12, p. 6]) defined
by

(1.4) ber(x) + ¢ bei(z) = Jp (a: el ”) = Iy (x e’%’r) .

Carlson [8] generalized these results for arbitrary parameters to give the following
results

(1.5) of3 (;,C,C-i' %; Z) = %F (2¢) (22’%)1_26 [12(;1 <4z}l> + Joe—1 (42‘11)]
and

1 1 —2c 1 1
(1.6) oF3 <§,c,c—|— 2;z> = §F(20) (22%) [IQCQ <4z4> — Joe—s <4z4>] )

Saran(1954) initiated a systematic study of these ten triple hypergeometric func-

tions of Lauricella’s set. One of them is presented as follows:

00 a b b
(1.7) Fg (a;b1,b2;c1,c2,c3;2,9,2) = Z (@ mtntp 01) 02) iy 0 )
m,n,p=0 (Cl)m <62>n (63);0 m!nlp!

where C and Z; denote the set of complex numbers and the set of nonpositive
integers, respectively, and (\), is the Pochhammer symbol defined (for A € C) by
(see [34]):

o 1 (n=0)
(An { AA+1) . (A+n—1) (neN:={1,2,3 .}
_TOED ez,

I'(A)
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['(z) is the well-known Gamma function. Obviously, Fg is a new and interesting
generalization of Appell’s function F5 and Fy. The three-dimensional region of
convergence of (1.7) is given by Srivastava and Karlsson [35]: (|z] <7, |y| <s, |z] <
t,r + (/5 ++/1)? = 1), where the positive quantities r, s and ¢ are associated with
radii of convergence.

Here, by simply splitting Saran’s hypergeometric function Fr into eight parts,
we show how some useful and generalized relations between Saran’s hypergeometric
function Fp and Srivastava’s hypergeometric function F®) can be obtained. As a
particular case, some decomposition formulas for the generalized Saran’s hyperge-
ometric function F'®) were obtained by means of the generalized hypergeometric
function and vice-versa(see [9, 10]). The other main results are shown to be special-

ized to yield certain relations between functions Wo and oFi, 1F1, oF3.

2. RELATIONSHIPS BETWEEN SARAN’S HYPERGEOMETRIC FUNCTIONS
Fr AND F®)

In this section we establish some interesting and useful identities associated with
Saran’s functions Fip and F3) . For this purpose we simply separate the summations
in (1.7) into odd and even powers of each of ™, 3", and 2P. In fact, for any complex
c1, ¢2, c3 € C\ Zy, and any finite complex z, y, and z, the series Fp converges
absolutely in the region of convergence and can therefore be rearranged as in the
following eight summations:

i (@)agigjir) (b1)a; @2)2(.]%) 2% 2k
Py (61)21' (02)2]' (c3)qy, (20)1(2)! (2K)!

Fg (a;b1,bo;c1,¢2,¢3;2,y, 2) =

i7 =0 (Cl)2z+1 (02)23 (03)2k (22 + 1! ( ) (2k)!
+y Z Dairj i1 (O1)as (02)a 1411 2% 2k
1) Py Cl) (C2)9541 (€3)g (20)1 (27 + 1) (2K)!
2.1 ’
4z Z (a)2(z+J+k 1 (b1)g; (52)2 (j+k)+1 xzinjZQk
i =0 (c1)g; (€2)g; (€3)gp 41 (20)1(27)! (2K + 1)!
+ay Z (@agijhr1) O )2ir1 (02)a(4n)41 'x2iy2j22k
i 0 (€1)giq1 (€2)g;11 (€3)gp (20 + 1)1(25 + 1)1 (2k)!
T i (a’)2 (i+j+k+1) (b1)2z+1 (b2)2(]+k) 2% QjZQk
i3 =0 (€1)9i41 (c2 )2j (¢3)apt1 (20 + 1)1 (25)! (2K + 1)!
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(@)g(irj (b1)g; (b2)o(; .
tyz Z - 2(i+j+k+1) 2 2(j+k+1) xzzyQJZQk

e 3 (@i jrrn+1 ( 1)‘21+1 (' 2)2.(]+k+'1) iy
i 0 (€1) 9541 (€2)941 (€8) g1 (20 + 1125 + 1)1 (2k + 1)

Now making use of the following well-known (or easily derivable) identities for the
Pochhammer symbol (see [25, 26]):

1
(2m)! = 22m <2> m!, (2m +1)! = 22™ @) m!;

(), = 2°™ (%)m (O‘"2H>m, (@) gy = 22T <a—2kl>m <a;2>m

(m € No := NU{0}), after some simplification, we obtain

2k

Theorem 1. The following relationship between Fr and F®) holds true.

Fg (a;b1,bo;¢1,¢2,c3; 2,9, 2)

3) a at+l .. _. by ba+l. _ . b1 bi1+41, _
_ 29 9 - ) 5 ) ’ 2 ) )
=F — _ 2 _.2 _. c cl—‘r?i 1. c2 ca+l 1
’ ) 202 02 20 2 o
- 2 .2 2
c3 carl 1, T HY 2 :|
27 2 12
1 at2 . b2 batl bi+1 bi1+2. .
aby 3 a+ _ 02 b2 _ —
5 29 ) ) ) ) ) ) )
+ .’L’F( )|: .. . 2 _2 _ C1+% 01+% 3. c2 co+1 1
C1 - ) ) ) 5 39 39y 93 92 197
- 2,2 2
(22) c3 c3+1 1, r=y-,z :|
27 2 12
1 a+2 bo+1 bo+2. b1 bi+1. .
ab2 3) atl a+2 2 o1 —
2 7 92 ) ) ) ) 2 ) )
+ yr — — 2 _ 2 _. ca C1+21 1. cotl cot2 3.
C2 - ) ) y 9T 9 59 2 172 19
- 2 2
c3 c3+l 1, L ,Y 2 :|
20 2 12
1 at2 .. . bo41 bo42 . b1 bi+1. .
a‘b2 3 ot ) T 2 3 2 5T PR 3 ™
+7ZF( )[ 2 _ 2 . 2 . 2 . 012 01+21 1. c2 cotl 1,
C3 : ’ ™ ' 99T 9 919y 29792 19
— 2 9 92 a(a+ 1) b1b2
c3+1 c3+2 3. T,y ,z :| + Ty
2 v 9 179 C1C2
(3) at2 a+3 .. _ . bat+l bo4+2., _ . bi+1 b1 +2. .
2 9 ) 9 ) ’ ) ) ’
F _ . 2 . 2 C1+21 c1+% 3. c2tl cot+2 3.
) ) ) 5 19 19 2 1792 19
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— 1) b1b
‘xQ,yQ,zQ]—i—a(a—'— ) b1 2 0 2

c3 c3+1 1
PRI cics
3) a+2 a+3 .. . botl b2, . bi+1 0142, .
) b b ) ) ) b
F 2 _ 2 _ 2 7_ 2 _. 01+21 Cl+22 3. ¢c2 cotl 1
) ) I 2 2 12 2 2 1
- 2 9 2], ala+1)by(ba+1)
c3tl 32 3,$,yaz]+ Yz
2 v 2 2 C2C3
(3) at+2 a+3 .. . ba+2 ba4+3. _. b bi+1 . .
) b ) b b) ) ) ) )
- 2 _.2. . 2 _.2 _. cj c1+21 1. cotl co42 3.
- ) ) ) 9 T2 59 2 2
- 2 9 9 a(a+1)(a+2)b1b2(b2+1)
atl epi2 3. Ty 20|+ Tyz
2 1 9 19 - C1C2C3
3) a+3 a+4 .. _. ba+2 ba+3. _ . bi+1 bi+2 . .
) b ) b b) ) ) ) b
-F 2 o 2 . 2 . 2 . 01—21 c1—i22 3. c2+l 242 3.
) ) ) 2 12 s 2 92
- 2,2 2
c3+1 c3+2 3. T,y ,z :|7
2 v 2 12"
where F®) is Srivastava’s generalized hypergeometric function (see [35]):
! I 11 "
p@) |~ bubay byyby; by by; - - =
. . . . Lo s Y2
. B g1, g2; ] h17h27h37 hl) h’la
(23) ( / / " "
oo (b1);1 (b2);; (b by by by
B (e 4k 4k itk itk i ik

= ! 1 oy - x y Z
i k0 (91) 1k (92) 4 (h1); (h2); (hs3); (hl)j (1), ilitK!

Conversely, combining the signs of x, y and z in the definition of Ff, from (2.2)

3)

we readily express F®) in terms of Fg’s.

Theorem 2. The following eight relationships between F3) and Fg hold true.

@[ & atl .. _. by bptl. _. b1 bitl . _
PRI ) ’ ) ) PR ) )
8F _ _ 2 _.2 _. ¢ ca+l 1. c2 ca+l 1.
) ’ YD T2 D 29 92 1
- 2 .2 2
(24) c3 c3+l . r=,y-,z

1
2072 12
:FE(JJ,y,Z)+FE(—$,y,Z)+FE‘(1‘,y,—Z)+FE($,—y,Z)

+FE (_x7 —-Y, Z) + FE (—Hf, Y, _Z) + FE (x7 —-Y, _Z) + FE (_x7 —-Y, _Z) )

atl a+2 .. ba ba+1. . bi+1 bi+2 . .
SCLblfL'F(?)) R B 727 22 y T 12 ) 12 ) )
e . . o c1+1 c1+2 3. c2 co+1 1.,
C1 - ) 5 ) 5 1779 19y 29 2 19>
o 2,2 .2
(25) cg c3+l 1, T Y%

2 2
:FE(CU,y,Z)—FE(—IE,y,Z)'i‘FE(‘T,—y,Z)+FE (.T,y,—Z)
_FE (—.’E, _yvz> _FE (_xaya _Z) +FE (.T,—y, —Z) _FE (—.T,—y, —Z);
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at+l a+2 .. . bat+1l bat2. . b1 b1+1 . .
Babyy sy | 5% T B T 3 e =
.. - . _. ¢ c+l 1, co+1l co+2 3.
C2 - ) ) y 9T 9 9 2 29 1
o 2,2 2
(26) c3 c3+1 1. r=,y-,z
2072 12
:FE(%?/,Z)‘FFE(—%%Z —FE(III,—y,Z)+FE(.T,y,—Z)

_FE (—.%', —-Y, Z) + FE (—$, Y, _Z) - FE (.f, -Y, _Z) - FE (—.f, -Y, _Z) ;

at+l a+2 .. . bo+1l bo+2. . b1 bi+1 . .
8ab22F(3) 2072 T 22 ) 22 y 717 12 ) )
.. _ _ . ci ca+l 1, c2 ca+1 1,
€3 . ) ) Y9 T 9 99y 299 19
- 2,2 .2
(2.7) catl 342 3. T, Y52
2 2 12

:FE($,y,Z)+FE(—$,y,Z)+FE(IL’,—y,Z) _FE (.’Z‘,y,—Z)
+FE (—.%',—y,Z> _FE (_xaya _Z) _FE (x7_y7 _Z) _FE (—.f,—y, _Z);

2 at3 .. . bodl bat2. . b1l bit2 .
Safa+)bibory pg [ 457,457 0 = g BpE M s
_ . _. . _. afl af2 3.
c1¢o i ; ; ; atl atz g
5 - 2.9 2
(28) co+1 co+2 3. c3 c3+1 1, r=,y-,z
2 v 2 2y 2072 132

:FE(CC,y,Z)—FE(—IL',y,Z) —FE($,—y,Z)+FE (.T,y,—Z)
+FE (—.’IJ, _yvz> _FE (_xaya _Z) _FE (x,—y, _Z) +FE (_x7_y7 _Z);

2 3 .. . bat+1l ba+2, . bi+1 bi14+2 .
8a (a -+ 1) ble[EZF(E}) %, % S 2; , 2;’ ;= 12 , 12 :
. . . . c+1l c+2 3.
C1C3 .. ’ ’ ’ 2 v 92 19
B — 2,2 .2
(29) co co+1 1. c3+1 c3+2 3. T=,y-,z
2072 12 2 72 12

:FE(CU,y,Z)—FE(—$,y,Z)+FE(IE,—y,Z) _FE (.’L‘,y,—Z)
_FE (—.%',—y,Z> +FE (_waya _Z) _FE (.T,—y, _Z) +FE (—.f,—y, _Z);

2 3 .. . ba+2 ba+3. . b1 bi+1 .
8a(a+1) b2 (b2+1> yzF(3) %’% o R 22+ ) 2; ) _7 517 12 )
.. . . . ¢ ca+1 1,
C2C3 e R g B 717 12 ’ 9
K ¢ 2,2 .2
(210) co+1l co+2 3. c3+1 c3+2 3. r=,y-,z
2 2 ' 2 2 12

:FE(m’,y,z)+FE(—x,y,z)—FE (x,—y,Z)—FE(JE,y,—Z)
—Fg (—.I', -y, Z) — Fg (—.%',y, _Z> + Fp (:C, Y, _Z) + Fg (—CU, Y, _Z);
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a+3 at4 .. . bat2 bat3. )
8a(a+1)(a+2)bib (b2+1)xy po| B2 - g2 kg
511 c1C2C3 - - 5 )
( ' ) bi+1 b1+2 .| _ . . s 5 o
9 ) i .
c1+21 c1+22 3. cotl co+2 3. catl c3+2 3. LHYHZ
2 02 1 2 12 12 2 12 12"

:FE(I',y,Z)—FE(—iL',y,Z)—FE(fL’,—y,Z)—FE(ZL',y,—Z)
+FE (733, *y,Z) +FE (7$7y’7z) +FE (33, -Y, 72) 7FE (733, -Y, *Z)a

where, for simplicity, Fg(x,y, z) := Fg (a;b1,be; c1,c9,¢3; 2,9, 2) .

3. LiMiTING CASES

Here we want to express the triple hypergeometric functions in terms of simpler
hypergeometric functions. For this purpose we begin by providing functional rela-
tionships between a little simpler function of Fg and F3) as in Corollary 1. Indeed,
in order to use the method suggested in [8], employing the following transformations
an~1/e, ©~ex, y~ ey z~czin identities (2.1) and (2.4) to (2.11), and taking

the limit of the resulting identities as € — 0, we obtain

Corollary 1. Fach of the following relationships holds true.
1F1 (bis e1;2) Wa (be; ca, €339, 2)

by ba+1 b1 bi+1 . 2 2 2
_pe| o R o 3 = -2ty 2
- _ _ _ _ ct caa+1 1 co cotl 1 c3 c3+1 1 474 4
) ) Y9 T2 92y 20 2 12y 20 2 92
by ba+1. . bi+1 bi+2 . . .
_'_ble(:')) ) 727 22 s T 1T71T ) ) :
_ . . _. ca+l a+2 3. catl co+2 1 c3 c3+1 1
€1 g ) T2 T2 92y 2 2 021 252 12
(3.1) oy 2
4747 4
.. . bo+1l b2, . b1 bi+1 . . .
+b2yF(3) e T 2T72T7 ™ 717 12 ) ) :
_ _ _ _. ¢ a+l 1, co+1 242 3 c3 c3+1 1
C2 ) ) ) 999 19 2 12 527 99792 19
1,2 y2 22
4747 4
.. . ba+1 ba+2, . b1 bi+1 . . .
—|—b22F(3) e T 22 ) 22 y T 517 12 ) ) .
_ _ o _ cg c1+1 1, «c2 co4+1 1 c3+1 c3+2 3
C3 ) ) » 9 9 197 9 92 1 2 1 9 13
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.. . bat1l bo+42. . bi+1 bi+2 . . .
_|_b1b2$yF(3) e T 22 ) 22 y T 12 ) 12 ) T -
e _ ca+l a+2 3. cot+l co+2 3 c3 c3+1 1
C1C2 - ) ) ) 2 39 19 2 52 921 91 9 19
.CC2 y2 22
4747 4
b1b2$z — b2+1 b2+2. b1+1 b1+2 _ —
3 ) ) ) ) ) ) ’
+——F ) _ _ 2002 oAt 3 e bl 1. catl et 3.
C1C3 ) ) ) 2 2 2 29 2 12 2 0 2 02"
CCQ y2 22
4747 4
bo (b2—|—1)yz
C2C3
. bat+2 bat3. . by bl i 2,2 2
FO| TE T T Ty T 20 2 5 ekl g2 3, Ty 2
e . . _. ¢ ca+l 1, 2 2 72'4’474
. 9 ) I 9T 2 vy co+1 ca42 3.
2 0 2 22
+blb2 (bg + 1) TYz
C1C2€3
e o bat+2 o433, . bi+1 b1+4+2 . . .
F(S) . ) 5 92 ) 2 v 92 ) :
e . . _. a+l a+2 3. cotl co+2 3. c3+1 c3+2 3.
. ) ) ’ 2 2 12 2 2 12 2 2 19
x? y2 22
40404
(3.2)
.. . by b1, . b1 bi+1 . . .
RFG®| TF T 3T T g : ; 2y o2
e . . _. ¢ a+l 1. c2 cot+l 1. c¢3 ca+l1 1. 40 404
: ’ ’ ’ 20 2 22 2 2 2 20 2 02
= [1Fi (bi;e152) + 1 Fy (brs ex; —2)] [Wa (b2; 2, €33y, 2) + Wo (bas c2, ¢35y, —2)
+Wy (ba; e, c3; —y, 2) + Vo (ba; 2, €35 —y, —2) |;
.. . by ba+1. . bi+1 bi+2 . .
8b11‘F(3) - 52, 2;_ ;T lTalT ) K -
c . . _. cafl at+2 3. c2 co4+1 1. 3 c34+1 1.
1 . ’ ) ) 2 v 92 19 29792 12 299 19
1,2 2 2
(3:3) PRy

= [1F1 (bisc1;2) — 1 Fy (brer; —2)] [W2 (bas c2, ¢339, 2) + Wa (bas c2, 359, —2)
+T5 (bo; 2, 3, —Y, 2) + U (bas 2, €35 —y, —2) |

. . bat+1l bo42. . b1 b1+1 . . .
8beF(3) e T 22 ; 2; y T 717 12 ) ™ -
. . _. ¢ a+l 1. cot+l co+2 3. c3 c3+l1 1.
402 - ) ) ) 999 19 2 s 92 3527 9y 92 59 -
(3 ) 2 2 2
x4 y? z
4747 4
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= [1F1 (biscrs ) + 1 Fy (b ers —a)] [®a (s c2, ¢35y, 2) + Wa (bas c2, ¢354, —2)
— Wy (by; c2, ¢35y, 2) — Vo (b2 c2, 35—y, —2) |;
8boz _ bt bat2. o bobitl . 3
F(3) .. _? 27.2’ . 012742 1, ) 02+71 1. c3+1 03+23,
C3 . ) B ’ 9T 9 19y 297 2 2 2 1292 19 -
22 g2 22
(3.5) VR
= [1F1 (bi;c152) + 1B (biser; —2)] [Wa (bo; e, €33y, 2) + Wa (bos c2, ¢35y, —2)
— Wy (bo; c2, ¢35 —y, 2) — W (ba; c2, 035 —y, —2) |;
(3.6)
8b1b2xy
C1C9
3) — e bo+1 bo42., . bi1+1 b1 +2 . . —
FEN T 22 0 B e fe 3. el 42 3. o el 1
I 9 I 2 2 1 2 I 2 ? 90 2 2 ? 92
22 g2 22
4747 4
9 - ; - 8] )
[1Fy (b1; ;@) — 1 Fy (b ex; —)] [Wa (be; c2, €35y, 2) + Vg (bo; 2, €35y, —2)
—Wy (by; 2, ¢35 —y, 2) — Vg (by; 2, €35 —y, —2) |;
(3.7)
8()1b2$2 3 _ . —: b2+1’b2+2; : bi+1 bi+2 . . —
F() _ _ 2 _.2 . 0131 701+22 é c2 624’,1 l c3+1 c3+2
C1C3 ) ) ) 3 s 9 937 27 92 19 2 593
@y 2
4747 4
= [1F1 (biseryz) — 1 Fy (brs s —) | [Wa (bas c2, 35y, 2) + W (b c2, €33y, —2)
— Wy (ba; 2, 33—y, 2) — Wa (b e, 33—y, —2) |
(3.8)
8by (b + 1) yz
CoC3
(3) — . — bo+2 bo+3. . b1 bi+1 . _ _
F .. _7 2 ,_ 2 _7 67127614%1 l’ co+1 c2+2 3. c3+1 03+2 3
. ) ) ) 9559 19 2 v 92 19 2 v 9 13
22 g2 22
474 4
)

) | [V (ba; o, 33y, 2) — Wa (by; c2, ¢3;y, —2

[1F1 (b1 ey ) + 1 Fy (brs ers —x

—Wy (by; 2, ¢35 —y, 2) + Vg (by; c2, c35 —y, —2) |;
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(3.9)
8b1b2 (bg + 1) TYz
C1C2C3
_ _ . ba42 ba+3. . bi+1 b1+42. . _ .
F(3) - ) 2 22 ) 21 ) % ) ) :
— — _ _. a+l a+2 3. cotl co+2 3. c3+1 c3+2 3.
) ) ’ 9 1 9 19> 2 0 2 22 2 0 2 12
2 y2 22
404

r
4
= [1F1 (biseya) — 1 Fy (brs s —a) | [ — Wa (bo; 2, ¢339, 2) + Wo (bas c2, 35y, —2)
+Wy (ba; 2, c3; =y, 2) — Vo (by; 2, €35 —y, —2) |,
where
111 (b1; e1;@) W (bo; c2, ¢339, 2)
= lim Fg <1; bl,b2;01,62,03;saz,5y,52>
(3.10) e=0 €
_ i (01) (b2) 1 "o

X AN
(c1),, (c2),, (03)p m!nlp! y

m,n,p=0
Uy is Humbert’s confluent hypergeometric function of two variables [33, pp. 26, Eq.
(22)].
For further specializations we start with observing the following limits:
Setting by ~ 1/e, y ~ ey, z ~ ez, in (3.1) to (3.9), and taking the limit of the

resulting identities as € — 0, we get
Corollary 2. Each of the following relationships holds true.
1F1 (s e2) oF1 (—5e239) o1 (=533 2)

by b1+1 ¢; 1 +1 1 22
2F3 P ; ; P
2 2 2 2 2" 4

bix bi+1 b1+2 ¢1+1 1 +2 3 a2
+72F3 ) ) ) s Sy T
(3.11) c1 2 2 2 2 '2° 4
g co+1 1 22 Y co+1 02—1—233/2
X lo 3( 72) ) 72716 +C20 3 ) 92 ) 92 52716
s cs+1 1 22 z cs+1 e3+2 3 22
< oFs (== 5 |+ —oFs (= = o ) |5
2 2 2716 c3 2 2 216

bl b1+1'61 Cl-l-l 1'$2>

3.12 - -7
(3.12) 82F3<2, SRR RSt
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1F1 (bs e ) + 1F1 (b e —x)

oF1 (=ic2;9) + oF1 (=5 c2; —y)]

X

)

oF1 (—se3;2) + 0F1 (—;¢3,—2) |

(3.13)

bz bi+1 b1+2 1 +1 Cl+23$2 cog co+1 1 y2

8 2F3 ) ; ; Yo g 0F3 5 e
2 2 2 2 2° 4 2 2 2716

C1
11 22
< oF, (_.Cs C3+,;Z)

1F1 (brses2) — 1 F1 (b e —x)

oF1 (=5 c239) + oF1 (—; ¢ —y)]

X [0F1 (—5e3;2) + oF1 (—5¢3;—2) |;

?

(3.14)
Q¥ p(bbitlaatlla®y o ( o+l ot+23y
0223 27 2 727 2 7274 043 ) 2 ) 2 72716

11 22
XOF3<_.0303+.2>

1F1 (bis ey ) +1F1 (b e —x)

oF1 (=c23) — o1 (—; 2 —y)]

X (o1 (—;c3;2) + o1 (—;e3,—2)|;

)

z by bi+1 ¢ e1+1 1 22 ca ca+1 1 y2
8 23(2’ 9 92’ 2 924 )3

1 2 2
xOF3<—-C‘°’+ c3+2 3.2)

1F1 (bs e ) + 1 F1 (b e —x)

oF'1 (=;¢e2;9) + oF1 (—; c2; —y)]

X [oF1 (—;¢3;2) — oF1 (—5 ¢35 —2) |5

)
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(3.16)
gy o (bl b2 1 e +2 3 a? g 2tl o+ 3.y
ey D3\ T2 T Ty Ty g )BT T T 97 16
11 22
XOF?) _;0737&77;27
2° 2 216

1F1 (bisery ) —1F1 (b e —x)

oF1 (=c23) — o1 (—; 2 —3/)]

X [0F1 (—;5e3;2) + oF1 (=5 ¢35 —2) |;

)

(3.17)
8b1xz e bi+1 01+2 c1+1 1 +2 3.:102 e eyt 1 l.y2
2B\ Ty Ty Ty Ty g )9\ T T 9 16

c1e3
( 341 342 3'z2>

1F1 (bys e ) — 1 Fy (byser; —x)

oF1 (=5 c239) + oF1 (—; 2 —y)]

X |0F1 (—5¢3;2) — oF1 (—5¢3;—2) |5
(3.18)
yz by bi+1 ¢ cr+1 1 a2 o1 cat2 3 42
2F a0 ;77 77;7 0F3 —;77777;7
€263 2 2 2 2 24 2 2 216

< e3+1 ez +2 3'z2>

1F1 (bryers ) + 1 F1 (b e —x)

oF1 (=5 c239) — o1 (—; 2 —y)]

X |oF1 (—5e352) — o1 (—3e35—2) |
(3.19)
bizyz bi4+1 bi+2 c1+1 ¢1+2 3 22 co+1 cg+2 1 92
8 2F3 ) 5 ’ o T 0F3 It T B S
c169C3 2 2 2 2 27 4 2 2 2'16

1F1 (b1 er;2) — 1 F1 (br; e —93)]

X [0F1 (—;¢2;y) + 0F1 (—;¢2;—y)

oF1 (—;5¢e3;2) — oF1 (—; ¢33 —Z)] .
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4. CONCLUDING REMARKS

We note that in a specialized parameters we can easily obtain many interesting
functional relations from the identities established here. For instance, at x = 0 or
z =0 from (2.2) and (2.4) to (2.11) we can get decompositions for Appell’s functions
F, and Fj in terms of Srivastava’s function F®3).

Applying this method to some other special functions, instead of Saran’s hypergeo-
metric function Fp and Srivastava’s hypergeometric function F(3), defined by power

series, interested readers can find certain other unexpected functional relations.
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