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EXISTENCE AND UNIQUENESS OF PERIODIC SOLUTIONS
FOR A CLASS OF p-LAPLACIAN EQUATIONS

YoNG-IN KiMm

ABSTRACT. The existence and uniqueness of T-periodic solutions for the following
p-Laplacian equations:

(¢p(2") + a(t)a’ +g(t, x) = e(t), @(0) = 2(T),2"(0) = (T)
are investigated, where ¢p(u) = |u|P">u with p > 1 and a € C*, e € C are T-

periodic and g is continuous and T-periodic in t. By using coincidence degree
theory, some existence and uniqueness results are obtained.

1. INTRODUCTION

We consider the solvability and uniqueness of the following periodic boundary

value problem:
(1) (p(2")) + a(t)a’ + g(t, x) = e(t)
(2) 2(0) = =(T), '(0) =2/(T),

where ¢p,(u) = |u[P"?u with p > 1 and a € C', e € C are T-periodic and g is
continuous and T-periodic in t. Moreover, we assume that fOT e(t)dt = 0.

By a solution of the problem (1)-(2) we mean a function x € C*([0,7],R) with
¢p(2’) absolutely continuous, which satisfies (1)-(2) a.e. on [0,T].

Note that if p = 2, (1) reduces to the following second order forced Rayleigh

equation:
(3) 2" +at)r’ + g(t,z) = e(t).

The existence and uniqueness of periodic solutions of (1) and (3) when a(t) = C
with C' a constant, have been an important research focus for the study of dynamic

behaviors of nonlinear second order differential equations. See, for example, research
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papers [1-9] and the references therein. Recently, Zhang and Li[8] have obtained the
following results:

Consider the following p-Laplacian equation:

(4) (dp(a)) + Ca’ + g(t, @) = e(t),

where C' is a constant and
T
/ e(t)dt = 0.
0

Theorem A. Assume that there exist K > 0 and M > 0 such that
(A1) (g(t,u1) — g(t,u2))(ur —u2) <0 for all uy,ug,t € R with uy # ua;
(A2) zg(t,x) <0 for allz #0 and t € R;
(A3) 227PMTP < 1 and g(t,z) > —M|z|P~! — K for allz >0 and t € R.

Then (4) has a unique T-periodic solution.

Theorem B. Assume that there exist K > 0 and M > 0 such that
(A}) (g(t,ur) — g(t,u2))(ur —u2) <0 for all uy,ug,t € R with uy # ua;
(AL) zg(t,x) <O for all z # 0 and t € R;
(A%L) 227PMTP < 1 and g(t,z) < M|z[P™1 + K for allz <0 and t € R.
Then (4) has a unique T-periodic solution.
More recently, Wang [7] has improved Theorem A and Theorem B, and has

obtained the following results:

Theorem C. Assume that there exists d > 0 such that
(B1) [g9(t,u1) — g(t,uz)](ur —u2) <0 Yuy, ug, with uy # ug, and t € R.
(B2)zg(t,x) <0 V|z|>dandteR.
Then (4) has a unique T-periodic solution.
In this paper, we discuss the existence and uniqueness of T-periodic solutions of
the periodic boundary value problem (1)-(2) under some general conditions. The

main results of this paper are the following:

Theorem 1. Consider problem (1)-(2). Assume that
(H,) there exist constants d > 0 such that for |z| > d, zg(t,z) < —x? Vt € [0, T);
(Ha) o/(t) > =1V tel0,T].
Then the problem (1)-(2) has at least one T-periodic solution.
Theorem 2. Assume that (H1) and (Hz) in Theorem 1 and (B1) in Theorem C
hold.
Then (1)-(2) has a unique T-periodic solution.
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Remark. In [10], the authors considered a general term f(¢,2’) in (1) instead of
a specific term «(t)z” as in this paper. However, the assumptions (H1) and (H2) of
Theorem 1 in this paper do not follow from the assumptions of the Theorem 1 in
[10] and hence Theorem 1 in this paper is different from and independent of that in
[10].

2. PROOFS OF THEOREMS.

We first introduce some well-known results for p-Laplacian-like operators, which
will be used in the proof of Theorem 1.
Let X = CL[0, T] be the space of all T-periodic C'-functions, i.e.,

X =700, T] = {z(t) € C*([0, T], R) : 2(0) = 2(T), 2'(0) = 2'(T)} .
The norm of a function z € C[0, T is defined by
Jall == oo + 1o,
where [2]oo = maxseo 71 [2(8)] and |2/]oo = maxiepo |2/ ()]
Lemma 1 ([5, Theorem 3.1]). Consider the following problem
(5) (@) = hit,u,w),  u(0) = u(T), (0)=u!(T),

where ¢p(u) = |u|P~?u with p > 1 and h is a Caratheodory function and is T-periodic
int. Let Q. = {x € CL0, T]: ||z|| < r} for some r > 0. Suppose that the following
conditions hold:

(i) For each X € (0, 1), the problem

(6) (¢P(ul))/ = )\h(t, uvu/)v u € CYI’[()? T]

has no solution on 0€,.

(ii) The function H(a) defined by

satisfies H(—r)H(r) < 0.
Then the problem (5) has at least one solution in .

Proof of Theorem 1. Let h(t,z,2") = e(t) — a(t)z’ — g(t,z). Then (6) reduces to

(7) (dp(x) + Xa(t)z’ + Ag(t,x) = Xe(t), X € (0, 1).
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We first show that the set of all possible T-periodic solutions of (7) is bounded. Let
z(t) be an arbitrary T-periodic solution of (7). Integrating both sides of (7) from
t =0tot =T, and using (2) and integration by parts, we obtain

T
/0 [g(t,z(t)) — &' (t)x(t)]dt = 0.

Therefore, there exists s € [0, T] such that g(s,z(s)) — &/(s)z(s) = 0, which implies
that z(s)g(s,z(s)) = o'(s)x?(s). Since o/(s) > —1, we obtain z(s)g(s,x(s)) >
—2%(s). Now (H;) implies that |x(s)| < d. Then for t € [0, T], we have

t T
o(t)] = :U(s)+/ o (7)dr §d+/ 12 (1) d.
s 0
Thus we obtain
= < /
®) oo = s 1201 < -+ 2

)

where |2/|; := fOT |2 (t)]|dt.

To show that |2/| is bounded for all z € CH[0,T], let I = {t € [0, T] : |x(t)| < d}
and I = {t € [0, 7] : |z(t)] > d}. Multiplying both sides of (7) by z(t) and
integrating from t = 0 to t = T, and noting that g(t,z(t))z(t) — 3o/ (t)z(t) <
—12%(t) < 0 for t € I, from (Hy) and (H,), we obtain

Sl Pt = — [ (6p(a’ (1))
=[] [g(t,x(t)z(t) — La/(2)
=\ [p, [9(t,z(t)x(t) — 5o/ () (t)] dt

+A 4, [ tx(t))x (
<A Sy, Lot a(t)a(t) —
T
< [1, [lgt,z@®)z(t)] + 5l ()2 t)] dt + [5 le(t)x(t)|dt
< GaTd + || Td* + |e|oo|z)1

]
t) — Lo/ (0)22(t)] dt — X [ e(t)z(t)dt
)

Lo/ (t)22()] dt — A J e(t)a(t)dt

= M + |e|oo| 1,
where Gy 1= maxyc(o, 71 |2|<a |9(t, 2)| and My := G4Td + %|0/\0on2. Hence we have

(9) |2} < My + |elool]s,
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1
where |2/[, := (fOT |2/ (t) ]pdt> ", But from (8), we have

T T

(10) |z = / |z(t)|dt < / [d+ |2|1] dt = dT + T|a'|,.
0 0

Substituting (10) into (9), we obtain

(11) |2'[b < My + |e|oodT + |e]ooT|a'|1.

By Holder’s inequality,

(12) |2']1 = /OT |2’ (t)|dt < </0T |x’(t)|pdt>; </OT 1th>}1 = T$|x’|p,

where g = z% > 1 is the exponent conjugate to p. Substituting (11) into (12), we

obtain
(13) |:c'|71’ < Tp/qu + |e|oodT® + \e|ooTp|x’|1.

Since p > 1, we see from (13) that there exists a positive constant Ms such that
|2'|1 < Ms. This, together with (8), implies that |z|s < M3, where M3 := d + Mo.

Next we show that |2/(¢)| is bounded. Since 2:(0) = x(T'), there exists ¢; € (0, T),
such that z'(t1) = 0. It follows from (7) that for ¢t € [0, T7,

[0p(@ (D] = | [ (0p(a/ () ds]
~ \ S ale)!(s) + g(s,a(s)) — e(s)] ds
< Jo la@a'0)dt + [ |g(t,z(8))]dt + [ |e(t)]dt

< |Ol|oo|x/|l +GuT + ‘€|ooT

< |alooMa + GuT + || T,
where Gy = max{|g(t,z)|: t € [0, T, |z| < Ms}.
Since |¢,(/(t))] = |2/(t)[PL, letting My := [|o|ocMs + Gy T + |e|ooT]Y PV,
then we have

oo = max |2/(t)] < My.
o'} = maxe ()] < My

Finally let M = Ms + My + 1. Then we have ||z| = |z]|eo + |2/|cc < M. Thus
we have shown that the set of all T-periodic solutions z(¢) of (7) is bounded, i.e.,
()] < M.

Now set Qp = {x € X : ||z]| = |2|oo + |2'|co < M}. Then the equation (7) has
no solution on 90y, for A € (0, 1), which implies that the condition (i) of Lemma 1
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is satisfied. Also, by the definition of H(a), we see that

I I I
H(a) = T/o h(t,a,0)dt = T/o le(t) — g(t,a)] dt = _T/o g(t,a)dt.
Moreover, for x = +M € R, we have x € 9Q); and since M > d, from the assump-
tion (Hi), we see that H(—M)H (M) < 0. This implies that the condition (i¢) of
Lemma 1 is satisfied. Now Lemma 1 implies that problem (1)-(2) has at least one

solution in Q. O

Proof of Theorem 2. We need only to show that under the additional condition
(B1), the problem (1)-(2) has at most one solution.

Suppose on the contrary that (1)-(2) has two distinct solutions z(t) and y(t).
Let u(t) = z(t) — y(t). Since u € CK[0,T], there exists a t* € [0, T] such that
u(t*) = maxyepo ) u(t). Suppose u(t*) > 0. Then '(t*) = 2'(t*) — /(t*) = 0 and
u’(t*) = 2" (t*) — y"(t*) < 0, a.e.. Since z(t) and y(¢) are solutions of (1) and (2),
we get from (1) and the above equality that

(14) 0= (p—1) [l ()" (#)] + [9(t", 2(t")) — g(¢", y(t"))] < 0, a.c.

because the first part of the right side of (14) is non-positive a.e. and the second
part of the right side (14) is negative by (Bp). This contraction shows that z(t) <
y(t) V t € [0, T]. Exchanging the role of x and y, we can show that x(t) > y(t) Vt €
[0, T']. This shows that z(¢) = y(t). Hence (1)-(2) has a unique solution. O
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