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LIGHTLIKE SUBMANIFOLDS OF A SEMI-RIEMANNIAN
MANIFOLD WITH A SEMI-SYMMETRIC
NON-METRIC CONNECTION

DAE Ho JIn

ABSTRACT. We study lightlike submanifolds M of a semi-Riemannian manifold M
with a semi-symmetric non-metric connection subject to the conditions; (a) the
characteristic vector field of M is tangent to M, (b) the screen distribution on M is
totally umbilical in M and (c) the co-screen distribution on M is conformal Killing.

1. INTRODUCTION

In the classical theory of spacetime, while the rest spaces of timelike curves are
spacelike subspaces of the tangent spaces, the rest spaces of null curves are lightlike
subspaces of the tangent spaces [9]. To investigate this, Hawking and Ellis introduced
the notion of so-called screen spaces in section 4.2 of their book [5]. As for any semi-
Riemannian manifold there is a natural existence of lightlike subspaces, in a 1996
book [3] Duggal-Bejancu published their work on the general theory of degenerate
(lightlike) submanifolds to fill a gap in the study of submanifolds. Since then there
has been very active study on lightlike geometry of submanifolds. The geometry
of lightlike submanifolds is used in mathematical physics, in particular, in general
relativity since lightlike submanifolds produce models of different types of horizons
(event horizons, Cauchy’s horizons, Kruskal’s horizons). Lightlike hypersurfaces are
also studied in the theory of electromagnetism [3].

Ageshe and Chafle [1] introduced the notion of a semi-symmetric non-metric con-
nection on a Riemannian manifold. Although now we have lightlike version of a large
variety of Riemannian submanifolds, a general notion of lightlike submanifolds of a

semi-Riemannian manifold with a semi-symmetric non-metric connection has not
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been introduced as yet. Only there are some limited papers on particular subcases
recently studied by Yagar, Coken and Yiicesan [10], Jin [6] and Jin and Lee [7].
Motivated by the notion of a semi-symmetric non-metric connection on a Rie-
mannian manifold, the objective of this article is to study the geometry of lightlike
submanifolds M of a semi-Riemannian manifold M with a semi-symmetric non-
metric connection. In section 2, we recall some of fundamental formulas in the
theory of such a lightlike submanifold and prove some results which will be used in
the rest of this article. In section 3, we find the condition that M has an induced
symmetric Ricci tensor. In section 4, we study irrotational lightlike submanifolds of
a semi-Riemannian space form M (c) with a semi-symmetric non-metric connection
subject to the conditions; (a) the characteristic vector field of M is tangent to M,
(b) the screen distribution on M is totally umbilical in M and (c¢) the co-screen

distribution on M is conformal Killing.

2. SEMI-SYMMETRIC NON-METRIC CONNECTIONS

Let (M, g) be an (m + n)-dimensional semi-Riemannian manifold. A connection
V on M is called a semi-symmetric non-metric connection [1] if, for any vector fields
X,Y and Z on M, V and its torsion tensor T satisfy

(2.1) (Vxg)(Y,Z) = —n(Y)g(X, Z) — n(2)3(X,Y),

(2.2) T(X,Y)=nm(Y)X — n(X)Y,

where 7 is a 1-form associated with a non-zero vector field ¢ by 7(X) = g(X, ().
We say that ( is the characteristic vector field of M. In the entire discussion of this
article, we shall assume ( to be unit spacelike vector field.

Let (M, g) be an m-dimensional lightlike submanifold of M. The radical distri-
bution Rad(TM) = TM NTM* is a vector subbundle of the tangent bundle 7'M
and the normal bundle TM=, of rank 7 (1 < » < min{m, n}). Then, in general,
there exist two complementary non-degenerate distributions S(TM) and S(TM*)
of Rad(TM) in TM and T M+ respectively, which called the screen distribution and

co-screen distribution on M, such that
(2.3)  TM = Rad(TM) ®gp, S(TM); TM* = Rad(TM) ®gpen, S(TM™),

where @1, denotes the orthogonal direct sum. We denote such a lightlike subman-
ifold by (M, g, S(TM),S(TM=)). Denote by F(M) the algebra of smooth functions
on M and by I'(E) the F/(M) module of smooth sections of a vector bundle E over
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M. Let tr(TM) and ltr(TM) be complementary (but not orthogonal) vector bun-
dles to TM in TM)y; and TM* in S(TM)* respectively and let {Ny, ..., N,} be
a lightlike basis of ltr(TM) [3] such that

9(Ni, &) = 6ij,  g(Ni, Nj) = g(X, N;) = g(W, N;) = 0,

forall X € T'(S(T'M)) and W € T'(S(T'M~)), where the set {&1, -+, &} is a lightlike
basis of Rad(T'M). Then the tangent bundle T'M is decomposed as follow:

(24) TM = TM&tr(TM) = {Rad(TM)®tr(TM)} ©orn S(TM)
= {Rad(TM) @ ltr(TM)} ®opin S(TM) @opery, S(TML).

We say that a lightlike submanifold M = (M, g, S(TM), S(TM™)) of M is
(1) r-lightlike if 1 < r < min{m, n};
2)
(3) isotropicif 1 <r=m <n;
(4) totally lightlike if 1 <r =m = n.
The above three classes (2)~(4) are particular cases of the class (1) as follows:
S(TM+Y) = {0}, S(TM) = {0} and S(TM) = S(TM~*) = {0} respectively. The

geometry of r-lightlike submanifolds is more general form than that of the other

co-isotropicif 1 <r =n < m;

three type submanifolds. For this reason, we consider only r-lightlike submanifolds

M, with the following local quasi-orthonormal field of frames of M:
(25) {617 757"7 N17 Ty NT7 FT+17 Ty Fm; WT+17 T, Wn}7

where {F, 41, -+, F,} and {W,4q, ---, W, } are orthonormal bases of S(T'M) and
S(TM+) respectively. We use the following range of indices:

ivjaka"'e{l)"'v’r}v a,b,c,---E{r+1,--«,m},
a, B,y e {r+1,---,n}, A B C,---€{l,---, m}.

Let P be the projection morphism of TM on S(T'M) with respect to the decom-

position (2.3). Then the local Gauss-Weingartan formulas are given by

(2.6) VxY = VxY + ) WX, Y)Ni+ > hi(X,Y)W,,
=1 a=r+1
(27) vXNZ = —ANiX—l-ZTij(X)Nj—i- Z pm(X)Wa,

7=1 a=r-+1
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(2.8) VaWa = Ay, X+ 6aiX)Ni+ Y Oas(X)Wp,
i=1 B=r+1
(2.9) VxPY = ViPY + Y hi(X,PY)4,
=1
(2.10) Vxé& = —ALX =) 0y(X)g,
j=1

for any X, Y € I'(TM), where V and V* are induced linear connections on 7'M and
S(T'M) respectively, the bilinear forms hf and b on M are called the local lightlike
and local screen second fundamental forms on T'M respectively, h} is called the local
second fundamental forms on S(TM). ANN Azi and A, ~are linear operators on

TM and 7ij, pia, Pais Oap and o;; are 1-forms on TM. We say that

hX,Y) =D (X, Y)Ni+ > hi(X, Y)W,
=1 a=r+1

is the second fundamental tensor of M. Using (2.1), (2.2) and (2.6), we show that

(2.11) (Vxg)(Y,2) = —7(Y)g(X,Z) — n(Z)9(X.Y)
=1
(2.12) T(X,Y) = 7n(Y)X — n(X)Y, VXY, ZeT(TM),

and each hf and h?, are symmetric on T'M, where 7' is the torsion tensor with respect

to the induced connection V and n; is a 1-form on T'M such that
ni(X)=g(X,N;), VXeT(TM), ie{l, -, r}

From the facts h{(X,Y) = §(VxY,&) and h3(X,Y) = €g(VxY,W,), we know
that hf and h$ are independent of the choice of a screen distribution. Note that 7;;
depend on the section £ € I'(Rad(T'M)|y) and d(tr(7i;)) = d(tr(7i;)) [4].

Taking Y = ¢&; to h?(X, Y) =g(VxY,&) and hi(X,Y) = €ag(VxY, W), we get

(213)  B(X.&) +h5(X.&) =0, h3(X,&) = —cadbai(X), VX €T(TM),
due to (2.1) and (2.8). From the first equation of (2.13) [denote (2.13);], we have

(2.14) WX, &) =0, hi(&,&) =0, YXeT(TM).
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The above local second fundamental forms are related to their shape operators by

(2.15) hi(X,Y) = g(A;, X,Y) + \ig(X,Y) th (X, &)me(Y),
k=1
f](AEZX,N]) =0, Tij(X)—O'ji(X) :AJnZ(X))

(2.16) eaht(X,Y) = g(A, X, Y) + eatag(X,Y) Z%Z

g(AWaXa N'L) = Ea{pia(X) - Voznz'(X)}a
(2.17) hi (X, PY) = g(Ay, X, PY) + pig(X, PY) + w(PY)n;(X),
i (Ay, X) +n0i(An; X) + pn; (X) + pni(X) = 0,
e,gﬁag = —Eoﬂga, VX,Y € F(TM),
where ¢, = g(Wy, W,)(= *1) denotes the causal character of W, and \;, u; and
Vo are smooth functions given by A\; = 7(&;), ui = w(N;) and vy = eom(Wa).

Definition 1. A vector field X on a differential manifold (M, ¢g) with a metric tensor
g is said to be conformal Killing on M if L, g = —2fg for any smooth function f,

where £, denotes the Lie derivative with respect to X, that is,

In particular, if f =0, then X is called a Killing vector field on M. A distribution
G on M is called a conformal Killing (or Killing) distribution on M if each vector
field belonging to G is a conformal Killing (or Killing) vector field on M.

Theorem 2.1. Let M be an r-lightlike submanifold of a semi-Riemannian manifold
M admitting a semi-symmetric non-metric connection. Then the following asser-

tions are equivalent:

(1) k¢ vanishes identically on M for all i.
(2) Ag, satisfies A7 X = =\ PX for all X € I(TM) and 1.

(3) Rad(TM) is a Killing distribution on M.

(4)

Proof. (1) & (2): If hf = 0 for all i, then, using (2.15); and the fact that S(TM)
is non-degenerate, we have A7 X = —\PX for all X € [(TM). Conversely, if
Af X = -\ PX for all X € I'(T'M), then, from (2.15);, we obtain

V s a semi-symmetric non-metric connection on M.

(2.18) hi(X,Y) th X, &)me(Y), VX,Y eD(TM).
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Taking the skew-symmetric part of (2.18) and using h{ is symmetric, we get
'
> {B(X, &) (Y) = Bi(Y, €)mie(X)} = 0.
k=1

Replacing Y by &; to this and using (2.14)2, we have h?(X7 &) = 0 for all j and i.
From this and (2.18), we have hf = 0 for all 4.
(1) & (3): From (2.11), (2.12) and the definition of £, g, we obtain

(Lyg)(Y,Z) = g(VyX,Z) 4+ g(Y,VzX) - 2n(X)g(Y, Z)

+ i{hi(X»Y)nk(Z) +h (X, Z)e(Y)}, ¥ X, Y, Z € D(TM).
k=1

Taking X = & to this and using (2.10), (2.15); and h{ is symmetric, we have

which proves the equivalence of (1) and (3).
(1) < (4): If kY = 0 for all i, then, from (2.11) and (2.12), we have

(Vxg)(V,Z2) = —n(Y)g(X, Z) = n(Z)g(X,Y), T(X,Y) = n(Y)X = w(X)Y.

Thus V is a semi-symmetric non-metric connection on M. Conversely if V is a

semi-symmetric non-metric connection on M, from (2.11) we have

> (XY )m(Z) + hip (X, Z)mi(Y)} = 0,

k=1
for all X, Y, Z € I'(TM). Replacing Z by & to this, we obtain (2.18). By the
method of (2) = (1), we have h{ = 0 for all i. O

Theorem 2.2. Let M be an r-lightlike submanifold of a semi-Riemannian manifold
M admitting a semi-symmetric non-metric connection. Then the following asser-

tions are equivalent:

(1) AZ, are self-adjoint on (T M) with respect to g, for all i.
(2) hf satisfy h4(X, &) =0 for all X € T(TM), i and j.
(3) A; & =0 for all i and j, i.e., the image of Rad(T M) with respect to Azi

for each i is a trivial vector bundle.

Proof. From (2.15); and the facts g and h¢ are symmetric, we have

r

gALXY) = g(X, ALY) =) {Bi (X, &)mi(Y) — b (Y, &)me(X) ).
k=1
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(1) & (2). If (X, &) = 0 for all X € T(T'M), i and 7, then we have
glALX,Y) = g(ALY, X), VX, Y eT(TM),

for all X, Y € T'(TM), that is, Az, are self-adjoint with respect to g. Conversely, if
Ag are self-adjoint with respect to g, then we have

r

Y (X&) (YY) = hi (Y. &) (X))} = 0,

k=1
for all X, Y € I'(T'M). Replacing Y by &; in this equation and using the second
equation of (2.14), we have hf(X, &)=0forall X e '(TM), i and j.
(2) & (3). Replacing X by &; to (2.15); and using (2.14)2, we have

hi(X,&) = 9(Agg, X), VX €D(TM).
As S(TM) is non-degenerate, we have the equivalence of (2) and (3). O
In the sequel, we call self-adjoint AZZ, the lightlike shape operators of M. In this

case, we say that M is ¢-irrotational. It follows from the equivalence of (1) and (3)
in Theorem 2.2 that the radical distribution Rad(T'M) of an {-irrotational lightlike
submanifold M is always integrable and auto-parallel due to (2.10).

Theorem 2.3. Let M be an r-lightlike submanifold of a semi-Riemannian manifold
M admitting a semi-symmetric non-metric connection. Then the following asser-

tions are equivalent:

(1) Ay, are self-adjoint on T'(T'M) with respect to g for all .

(2) hS, satisfy hi(X,&) =0 for all X €e T'(S(TM)), o and i.

(3) ¢ai(X) =0 for all X e I'(S(T'M)), o and 1.

(4) Ay & =751 €apial(&i)) ie., the radical distribution Rad(T M) is invari-

ant vector bundle under the operators A,

Proof. From (2.16); and the facts g and h?, are symmetric, we have

(219)  g(A4,,X,Y)—g(X, A, Y) Z {¢aj (X — o (Y)n;(X)}.

Replace Y by &; in this and using the fact ¢aj (&) = bai(&;) due to (2.13)2, we have

9(Ay, iy X) = —¢ai(PX) for all X € I'(T'M). Also, from (2.19), we have
g<AWaPXa PY) - g(PX7 AWQPY) = g(AWa§j7 é-k) _g(§j7 Awagk) =0.

(1) & (3). If ¢pai(PX) = 0 for all X € I'(T'M), i and «, then g(&;, Ay, X) —
9(Ay, &, X) = ¢ai(PX) = 0. Thus g(4,, X,Y) = g(X,A, Y) for all X,Y €
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(TM), ie., A,
adjoint with respect to g, then we have Y ;1 {¢ar(X)nk(Y) — dar(Y)ne(X)} = 0
for all X, Y € I'(TM). Replace X by PX and Y by &; in this equation, we have
¢ai(PX) =0forall X e I'(TM), i and a.

(2) & (3). By (2.13)2, we have the equivalence of (2) and (3).

(3) & (4). If ¢pai(PX) =0 for all X € I'(T'M), i and «, then g(4,, &, X)=0.

From this, we have P(A,, &;) = 0. In general, since

are self-adjoint with respect to g. Conversely, if A,, —are self-

AWQX = Z €apia(X)&i + P(AWQX)a

i=1
we get A, & = Z;zl €apja(&i)€j. Conversely if A, & = Z;Zl €apja(&i);, from
the second equation in this proof, we have ¢,;(PX) = 0 for all i and a. ]

In the sequel, we call self-adjoint A, the screen shape operators of M. In this

case, we say that M is s-irrotational.

Definition 2. An r-lightlike submanifold M is called irrotational [8] if Vx&; €
I(TM) for any X € I'(T'M) and &; € I'(Rad(T'M)).

Note that M is irrotational if and only if
L — s N — R
(2.20) hi(X,&) =0, ho(X,&) =dai =0, VX e€T(TM).

If M is irrotational, then A’gi and A, are the lightlike and screen shape operators

of M respectively and M is both f-irrotational and s-irrotational.

Theorem 2.4. Let M be an r-lightlike submanifold of a semi-Riemannian manifold
M admitting a semi-symmetric non-metric connection. If S(TM™*) is a conformal

Killing distribution on M, then there exist smooth functions Bys such that
(2.21) hi(X,Y)=euBag(X,)Y), VX, Y eDl(TM).
In particular, if S(TM*) is a Killing distribution on M, then h% =0 for all a.
Proof. Using (2.1), (2.2) and the definition of £, g, we have
(Lx9)(Y,2) = §(Vy X, Z) + (Y, V2zX) - 2r(X)g(Y, Z).
Using (2.8) and (2.16), we have §(VxWa,Y) = €a{vag(X,Y) — h%(X,Y)}. Thus
(Lw,9)(X,Y) = —2e,h3(X,Y), VX, Y eI(TM).

From this equation we deduce our assertions. ]
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3. INDUCED Ricct CURVATURE TENSORS

Denote by R, R and R* the curvature tensors of the semi-symmetric non-metric
connection V on M, the induced connection V on M and the induced connection V*
on S(TM) respectively. Using the Gauss-Weingarten equations for M and S(T'M),
we obtain the Gauss-Codazzi equations for M and S(TM):

(3.1) g(R(X,Y)Z, PU) = g(R(X,Y)Z, PU)

+ i{hf(X, Z)9(Ay Y, PU) = hi(Y, Z)g(Ay X, PU)}
=1
+ i {hz(Xv Z)g(AWaY, PU) - hZ(Y7 Z)g(AWaX’ PU)}7
a=r+1
(3.2) 9(R(X,Y)Z, &) = (Vxh)(Y, Z) = (Vyhi) (X, Z)
( YWY, Z) + n(Y)hE(X, Z)

+ Z{T,m X)hL(Y, Z) — (YR (X, Z)}

+ Z {bai( X)RY, Z) — di(Y )13 (X, Z)},

a=r+1
(3.3) J(R(X,Y)Z, N;) = g(R(X,Y)Z, N;)
+ Z{hﬁ(X, Z)ni(AN,Y) — BS(Y, Z)ni(An, X) }
j=1
+ Y ARUX, Z)mi(Ay, Y) = Be(Y, Z)mi( Ay, X))
a=r+1
(3‘4) €a Q(R(X,Y)Z, Wa) = (thZ)(Yv Z) - (thZ)(X7 Z)

—m(X)h (Y, Z) +n(Y)hi(X, Z)

+ Z{Pia(X)hf(Y, 2) — pia(Y)RL(X, Z)}

+ Z{% V5(Y, Z) — 050 (Y)R5(X, 2)},
=r+1

(3.5) G(R(X,Y)N;, &) = hi(Y, Ay X) — h§(X, Ay Y) + 2d7;5(X,Y)

+Z{Tzk )7 (X)) = Tire(X) 755 (Y) }
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+ Z {pza ¢a] ) ,Oia(X)Qbaj(Y)}

a=r+1
= WH(X,ALY) — (Y, Ap X) + 2doji(X,Y)

+ Z{Ujk )0k (Y) — 0 (Y)ori (X) }

+ Z {Pia(Y)baj(X) = pia(X)da;(Y)}

a=r+1

+ Y va{dai(V)m(X) = dag(X)mi(Y)}
a=r+1
k=1

(3.6) g(R(X,Y)PZ, PU)=g(R*(X,Y)PZ, PU)
+ > Wi (X, P2)g(ALY, PU) = hi(Y, PZ)g(A; X, PU),
i=1

(3.7) G(R(X,Y)PZ, N;) = (Vxhi)(Y, PZ) — (Vyhi)(X, PZ)

—m(X)h (Y, PZ)+n(Y)hi(X,PZ)

+ D Aoiu(Y)hj(X, PZ) — 0ji(X)h}(Y, PZ)}.
7j=1
Let Ric be the Ricci tensor of M and let R(%2) denote the induced Ricci type

tensor on M given respectively by

Ric(X,Y) = trace{Z — R(Z,X)Y}, VX,Y e(TM),
ROD(X)Y) = trace{Z — R(Z,X)Y}, VX,Y eT(TM).

Using the quasi-orthonormal frame field (2.5), the above equations reduce to

(3.8) Ric(X,Y) Zg (&, X)Y, N) + Y €g(R(Fa, X)Y, F,)
a=r+1

n

+ Zg (N X)Y, &)+ Y €ad(R(Wa, X)Y, Wa),
a=r+1

(3.9) Z R X)Y, N)+ Y eag(R(Fa, X)Y, F,),

=1 a=r+1
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respectively, where ¢, denotes the causal character of F,. Substituting (3.1) and
(3.3) into (3.8) and using (2.13), (2.15) and (2.16), we obtain

(3.10) RO2(X,Y) = Ric(X,Y)+ > h(X,Y)trA, + Y  hi(X,Y)trA,,
i=1 a=r+1
—thA X,Y) ZhSA X,Y)

=1 a=r+1
n

—~ Zg (N X)Y, &) = Y €aG(R(Wa, X)Y, W),

a=r—+1

for all X, Y € I'(TM). This shows that R(%? is not symmetric. The tensor field
R(9:2) ig called the induced Ricci tensor [3, 4] of M, denoted by Ric, if it is symmetric.

M is Ricci flat if its induced Ricci tensor vanishes identically on M.

Theorem 3.1. Let M be an r-lightlike submanifold of a semi-Riemannian manifold
M admitting a semi-symmetric non-metric connection V. Then the Ricci type tensor
R(©:2) of the induced connection ¥V on M of V¥ is symmetric if and only if the 1-form
d(tr(mj)) is closed, i.e., d(tr(r;)) = 0, on any coordinate neighborhood U C M.

Proof. Using (2.16), (2.19), (3.5)1, (3.10) and the first Bianchi’s identity, we get
ROD(X Y) - RO2(Y, X) = 2d(tr(mj))(X, Y), VX, Y e T(TM).
From which, we show that R(2) is symmetric if and only if d(tr(r;;)) = 0. O

Note 1. For any r-lightlike submanifold M of a semi-Riemannian manifold M

admits a Levi-Civita connection, the similar result proved by Duggal and Jin [4].

A semi-Riemannian manifold M of constant curvature c is called a space form

and denote it by M(c). In this case, the curvature tensor R of M is given by

(3.11) RX,Y)Z =c{g(V,2)X —g(X,2)Y}, VX,Y, ZecTl(TM).
In case the ambient manifold M is a semi-Riemannian space form M (c), we have
(3.12) ROD(X,Y) = (m —1)cg(X,Y)
+ ) (X Y)trAy + Y WX, Y)trA,,
=1 a=r+1
—ZMA X,Y) Z hi(A,, X.Y),
=1 a=r+1

for all X, Y e I'(T'M).
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4. TANGENTIAL CHARACTERISTIC VECTOR FIELD

In this section, we may assume that ¢ is tangent to M. Then we show that
Xi =m(&) =0, vy = eqm(Wy) =0 and 735 = 0j; due to (2.15)3, for all ¢, j and .

Proposition 4.1. Let M be an r-lightlike submanifold of a semi-Riemannian man-
ifold M admitting a semi-symmetric non-metric connection. If ¢ is tangent to M,

then there exists a screen distribution S(TM) such that it contains C.

Proof. Assume that ¢ belongs to Rad(TM). Then we have
= m&,  1=3(¢ 0= > g, &) =0.
i=1 i,j=1
It is a contradiction. Thus ¢ does not belong to Rad(T'M). Due to the decomposition

(2.3)1, this result enables one to choose a screen distribution S(7'M) which contains
¢. We call such a S(T'M) the natural screen distribution of M. O

Note 2. Although S(T'M) is not unique, it is canonically isomorphic to the factor
vector bundle S(TM)* = TM/Rad(T M) considered by Kupeli [8]. Thus all S(TM)
are mutually isomorphic. For this reason, in this section we consider only r-lightlike
submanifolds M of a semi-Riemannian manifold M admitting a semi-symmetric

non-metric connection equipped with a natural screen distribution S(TM).

Theorem 4.1. Let M be an r-lightlike submanifold of a semi-Riemannian manifold
M admitting a semi-symmetric non-metric connection. If the characteristic vector
field ¢ is tangent to M, then we have

(4.1) hi(X,¢) =0, VX eIl (TM).

Moreover, if { is tangent to M and M is s-irrotational, then we have

(4.2) hi(X,() =0, VX eI(TM).

Proof. Using the equations of (3.5) and the facts v, = 0 and 7; = 0j;, we get

WY, Ay X) = h5(X, Ay Y) = hi(X, ALY) — hi(Y, AL X)

+ > B (Y, §)mi(An, X) — hi(X, &)mi(An, )},
k=1

for all X,Y € I'(T'M). Using (2.15)1, (2.17);,2 and the fact \; = p; = 0, we have

(AL X)i(Y) = m(ALY)ni(X), VX,Y € I(TM).



LIGHTLIKE SUBMANIFOLDS OF A SEMI-RIEMANNIAN MANIFOLD 223

Taking X = ¢ and Y = ( to (2.15); and using (2.14)1,2, we show that 7(Af &) = 0
for all i. Replacing Y by &; to the last equation and using (2.15)1, we have
h(X,() =m(ALX) =0, VX eT(TM).

Taking the scalar product with W, and IN; to the Weingarten equations R(X,Y)N;
and R(X,Y)W, for M respectively, and then, comparing this two results, we get

eal B3V, Ay X) = hi(X, A, Y) + 2dpia(X,Y)

+ Z Tij (Y)pja(X) — 755 (X)pja(Y)]

+ Z pig(Y)05a(X) — pig(X)0sa(Y)]}
B=r+1
- —(VX(A Y)-Vy(4, X)-A4, [X,Y], N;)
+Z{¢aj )1i(AN; X) = G (X)i (AN, Y)}

+ Z{Qaﬁ )7i(Aw, X) = Oap (X )mi(Aw, X)},
B=r+1

for all X, Y € I'(T'M). Using this, (2.16)2 and (2.17)3, we have
(4.3) ca{lha (Y, Ay X) = ho (X, A Y) + 2dpia(X,Y)

+ Z 73j (V)p30(X) = 735 (X)pja(V )]}

(VX(A Y)-Vy(4, X)-A, [X,Y], N;)

+Z{¢>a3 )i (AN; X) = haj (X)mi(An, Y}
Applying Vx to g(A,, Y, N;) = €apia(Y) and using (2.1), (2.7) and (2.8), we get

9(Vx(Aw,Y), Ni) = eaX(pia(Y)) +7(Ay, Y)i(X) +9(Ay, Y, Ay, X)
- Z eaii(X)pia(Y), VX,V €T(TM).
j=1

Substituting this equation into (4.3) and using (2.16);, we have

7(Ay, X)(Y) = 7(Ay, Y)mi(X), VXY € (TM).
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Replacing Y by &; to this equation and using 7;(§;) = 1, we have
7T(AWQ*X) = W(Awafi)ni(X)v VX e (IT'M).

As M is s-irrotational, taking X = & and Y = ( to (2.16)1, we get m(A,, &) =
—¢ai(€) = 0 due to (3) in Theorem 2.3. Replacing Y by ¢ to (2.16); and using the
above result, we have hy, (X, () = 7(A,, X) =0 for all X € I'(T'M). O

Definition 3. An r-lightlike submanifold M of M is said to be totally umbilical [4]
if there is a smooth vector field H € I'(¢r(T'M)) such that

h(X,Y)=Hg(X,Y), VX, Y € I(TM).
In case H = 0, we say that M is totally geodesic.

It is easy to see [4] that M is totally umbilical if and only if, on each coordinate

neighborhood U, there exist smooth functions A; and B, such that
(44)  B{(X,Y)=Aig(X,Y), hy(X,Y) = Bag(X,Y), VX, Y € I(TM).

Corollary 1. Let M be an r-lightlike submanifold of a semi-Riemannian manifold
M admitting a semi-symmetric non-metric connection such that ¢ is tangent to M.
If M is totally umbilical, then M is totally geodesic.

Proof. As M is totally umbilical, M is s-irrotational by Theorem 2.3. Thus, by
Theorem 4.1, we get h(X,¢) = 0 and h3(X,¢) = 0 for all X € T(T'M). From this
results and (4.4), we have A;7(X) = 0 and B,7(X) = 0. Replacing X by ¢ to this
results, we get A; = B, = 0 for all 4 and a. Thus M is totally geodesic. U

Definition 4. We say that S(T'M) is totally umbilical[3] in M if, on any coordinate
neighborhood U C M, there is a smooth function ~; such that

(4.5) hH(X,PY)=C;g(X,Y), VX,Y eD(TM), i.
In case C; = 0 on U, we say that S(TM) is totally geodesic in M.

Theorem 4.2. Let M be an r-lightlike submanifold of a semi-Riemannian manifold

M admitting a semi-symmetric non-metric connection such that ¢ is tangent to M.
If S(TM) is totally umbilical in M, then S(TM) is totally geodesic in M.

Proof. Taking i = j to (2.17)2 and using u; = 0, we have g(ANi Y, N;) = 0. Applying
Vx to this equation and using (2.1), (2.6), (2.7) and (2.17)2, we have

9(Vx(Ay,Y),Ni) = m(Ay Yni(X) + g(Ay X, Ay Y) + Y mii(X)mi(An,Y),
j=1
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for all X, Y € T'(T'M). Substituting this equation into the following equation

0 = Q(R(X,Y)N“ Nz)
= g(—VX(A Y)-i—Vy(ANiX)—l-ANi[X,Y],Ni)

+Z{Tw )ni(Ay Y Tij(Y)ni<ANjX}

+ Z {pza 771 A Y) pia(Y)m(AwaX)}
a=r+1

= —9(Vx(Ay,Y), Ni) +g(Vy(Ay, X), Ny
+Z{ng Ini(An;Y) — 735 (Y)mi(An, X))}

due to (2.16)3 and the fact v, = 0, we have
T(Ay, X)ni(Y) = n(A Y)ni(X), VX, Y eI(TM).
Replacing Y by ¢; to this equation and using 7;(§;) = d;;, we have
(AN, X) = m(Ay &§)mi(X), VX e (TM).
As S(TM) is totally umbilical in M, replacing PY by ( to (2.17)1, we have

7T(ANJ"X) = g(ANj‘X7 <) = Cjﬂ-(X) - nj(X)v TF(ANigj) = g(ANié-jﬂ C) = *5ij-

From the last two results, we have Cjm(X) = 0 for any X € I'(T'M). Replacing X
by ¢ to this and using 7(¢) = 1, we get C; = 0 for all j. Thus S(T'M) is totally
geodesic in M. O

Theorem 4.3. Let M be an r-lightlike submanifold of a semi-Riemannian space
form M (c) admitting a semi-symmetric non-metric connection such that ¢ is tangent
to M and S(T'M) is totally umbilical in M.

(1) If M is s-irrotational, then we have ¢ = 0.

(2) If M is (-irrotational, then M is locally a product manifold M, X My,_,
where M, and M,,—, are leaves of the integrable distributions Rad(TM)
and S(TM) respectively.

Proof. (1) As S(T'M) is totally umbilical in M, we have h! = 0 by Theorem 4.2.
Thus (3.7) reduce to g(R(X,Y)PZ, N;) =0 for all X,Y,Z € I'(T'M). Substituting
this result and (3.11) into (3.3) and using (2.16)2 with v, = 0, we get
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(4.6) c{g(Y, PZ)ni(X) — g(X, PZ)ni(Y)}

= Z{hﬁ(X, PZ)ni(AN,Y) — h5(Y, PZ)ni(An, X)}
=1

3 el (X PZ)pia(Y) — (Y, PZ)pia(X)}.
a=r+1

Taking X = ¢ and Y = PZ = ( to this and using (4.1) and (4.2), we have ¢ = 0.

(2) As A, is self-adjoint, we have Af {; = 0 due to (3) in Theorem 2.2. From
this and (2.10), we show that Rad(T'M) is an auto-parallel distribution on M.
As S(T'M) is totally umbilical in M, we have h} = 0 and VxY = V%Y for all
X, Y e I'(S(T'M)) due to (2.9). Thus S(T'M) is also an auto-parallel distribution
on M. By the decomposition theorem of de Rham [2], we have M = M, x M,,_,
where M, and M,,_, are leaves of Rad(T'M) and S(T'M) of M respectively. O

Theorem 4.4. Let M be an r-lightlike submanifold of a semi-Riemannian manifold
M admitting a semi-symmetric non-metric connection. If S(T M) is a conformal
Killing distribution on M, then S(TM™) is a Killing distribution on M.

Proof. As S(TM*1) is a conformal Killing distribution on M, by (2.21) and (2) in
Theorem 2.3, we show that M is s-irrotational. Thus we have h%,(X, () = 0 for all
X € I'(TM) by Theorem 4.1. Taking X =Y = ( to (2.21), we have B, = 0. Thus
h = 0 for all a. This implies S(TM™) is a Killing distribution on M. O
Theorem 4.5. Let M be an (-irrotational r-lightlike submanifold of M (c) admitting

a semi-symmetric non-metric connection such that ¢ is tangent to M. If S(TM) is
totally umbilical in M and S(TM™*) is conformal Killing, then M is Ricci flat.

Proof. As S(T'M) is totally umbilical, we have hf = 0. From (2.17);, we get

(A7) Ay X =-n(X)C+ > mi(Ay X)§, VX eT(TM),

j=1
(4.8)  trAy = Y €ag(Ay, Fa, Fa) + Y g(Ay &k Ni) = 04> mi(Ay &)
a=r+1 k=1 k=1

As S(TM*1) is conformal Killing, we get ¢ = 0 and h{, = 0 by Theorem 4.3 and
Theorem 4.4. Also as M is (-irrotational, hf(X,&;) = 0. Thus (4.6) reduce to

D ARS(X, Z)mi(An,Y) = (Y, Z)ni(An, X)} = 0,
j=1
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for all X, Y, Z € T'(TM). Replacing Y by & to this result, we have
T

(4.9) Z{hf(XaY)m(ANj&) — h5(&, Y)ni(An, X)} =0, VX, Y eT(TM).
j=1

Substituting (4.7) and (4.8) into (3.12) and using (4.9), we have

ROD(X)Y) = Y {R{X,Y)trA, —hi(A, X,Y)}
=1

= Z {hf(Xa Y)’?k(Aszkz) - hf(}/v fk)nk(ANzX)} =0.
i k=1

Thus M is Ricci flat. OJ

Theorem 4.6. Let M be an r-lightlike submanifold of a semi-Riemannian space
form M (c) admitting a semi-symmetric non-metric connection such that ¢ is tangent
to M. If S(TM) is totally umbilical in M and S(TM™) is a conformal Killing

distribution on M, then the following assertions are equivalent:

(1) M is flat, i.e., the curvature tensor R of M satisfies R = 0.
(2) The local lightlike second fundamental form hf of M satisfies hf =0.

(3) The induced connection V of M is a semi-symmetric non-metric connection.

Proof. First, using (3.1)~(3.4), (4.7) and the fact ¢ = h$, = 0, we show that

RX,Y)Z = Y {hi(Y,2)A, X —hi(X,Z2)A, Y}
=1

_ Z{hf()(, ZYni(Y) — hi(Y, Z)ni (X) ¢
=1

T
+ > {B(Y, Z)mi(Ay, X) = hi(X, Z)mi(Ay, Y)
i=1
(1) & (2). If hf = 0 for all 4, then we have R = 0. Conversely, if R = 0, then,
taking the scalar product with ¢ to the last equation and using \; = 0, we have

T

Z{hf(X, Zyni(Y) = hi(Y, Z)ni(X)} = 0.

Replacing Y by & to this, we obtain

T

(4.10) W (X,Y) = hE(Y, &)mi(X).
=1
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Taking the skew-symmetric part of this equation, we have

r

k=1

Replacing Y by &; to this and using (2.14)2, we have hg(X, &) = 0 for all X €
[(TM), i and j. Substituting this into (4.10), we have hf = 0 for all 4.

10.

(2) < (3). The equivalence of (2) and (3) follows from Theorem 2.1. O
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