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COMMON FIXED POINT THEOREM FOR MULTIMAPS
ON MENGER (£-FUZZY METRIC SPACE

BHAVANA DESHPANDE ®* AND SURESH CHOUHAN P

ABSTRACT. In this paper, we obtain a common fixed point theorem for multivalued
mappings in a complete Menger L-fuzzy metric space. L-fuzzy metric space is a
generalization of fuzzy metric spaces and intuitionistic fuzzy metric spaces. We
extend and generalize the results of Kubiaczyk and Sharma [24], Sharma, Kutukcu
and Rathore [34].

1. INTRODUCTION

Fuzzy sets theory was formalised by Zadeh [49] in 1965 and developed a basic
frame work too. It is a powerful hand set for modeling uncertainty and vagueness
in various problems arising in the field of science and enginereing. Many researchers
studied its properties and applications.

There has been a great effort to obtain fuzzy analogues of classical theories.
Among other fields a progressive developments is made in the field of fuzzy topol-
ogy. The concept of fuzzy topology has important applications in quantum particle
physics. In particular in connections with both string and e(*) theory, (Naschie([10],
[11], [12], [13]). The fuzzy topology proves to be very useful tool to deal with such
situations where the use of classical theories breaks down. Some most important
problems in fuzzy topology is to obtain an appropriate concept of fuzzy metric space,
intuitionistic fuzzy metric space, L-fuzzy metric space. Fuzzy metric space has been
investigated by many authors from different points of view. Recently, George and
Veeramani [17] improved the notion of fuzzy metric spaces introduced by Kramosil
and Michalek [25]. Many authors have studied the fixed point theory in these fuzzy
metric spaces ([1], [3], [5], [14], [15], [19], [20], [22], [23], [27], [28], [35]-[41]).
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Intutionistic fuzzy metric notion is useful in modeling some phenomena where it
is necesary to study the relationship between two probability functions as observed
in Gregori, Romaguera and Veeramani [16]. Fixed point theory in intuitionistic
fuzzy metric spaces have been studied by ([7], [32], [42]-[46]) and many others.

The concept of L-fuzzy metric space is introduced by Saadati et al. [33] which
is a generalization of fuzzy metric spaces [17] and intuitionistic fuzzy metric spaces
([29], [30], [43], [44], [45]). Saadati [32] proved fuzzy Banach and Edelstein fixed
point theorems in L-fuzzy metric spaces for modified definition of Cauchy sequence
in George and Veeramani’s sense [17].

Fixed point theorem and coincidence point theorem for multimaps in different
spaces have been studied by Kubiaczyk and Sharma [24], Sharma and Kubiaczyk
[47], Sharma, Kutukcu and Rathor [46], Krzyska and Kubiaczyk [26] and Deshpande
[6].

In this paper, we prove a common fixed point theorem for multimaps in the
settings of Menger L-fuzzy Metric Spaces. We extend and generalize the results of
Kubiaczyk and Sharma [24], Sharma, Kutukcu and Rathore [46].

2. PRELIMINARIES

Definition 1 ([18]). Let £=(L, <) be a complete lattice and U a non-empty set
called universe. An L-fuzzy set A on U is defined as a mapping A : U — L. For
each u in U, A (u) represents the degree (in L) to which u satisfies A.

Lemma 1 ([8]). Consider the set L* and the operation <p« defined by
L = {(ml,xg) (1, m2) € 0,1 and 1 + 29 < 1}

and (z1,22) <+ (y1,y2) < x1 < y1 and x2 > ya for every (x1,z2), (v1,y2) € L*.
Then (L*,<p~) is a complete lattice.

Classically, a triangular norm 7" on ([0, 1], <) is defined as an increasing commuta-
tive, associative mapping 7' : [0,1]* — [0, 1] satisfying T (1, z) = « for all z € [0,1].
These definitions can be straight forwardly extended to any lattice £ = (L, <pr).
Define first O = inf L and 1, = sup L.

Definition 2 ([33]). A triangular norm (t-norm) on £ is a mapping 7 : L? — L
satisfying the following conditions:

(i) (Vz € L) (T (x,1z) = z)(boundary condition)

(i) (V(z,y) € L?) (T (z,y) = T (y, x))(commutativity)

(iii) (V(z,y,2) € L¥) (T (2,7 (y,2)) =T (T (2,y) , 2))(associativity)
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(iv) (V(x, 2y, y) €L4) (x<paandy<py =7 (z,y) <p T («,y))

(monotonicity).

A t-norm 7 on L is said to be continuous if for every z,y € £ and any sequences
{z,} and {y,} which converges to z and y we have
nILH;O T (zp,yn) =T (z,y).
For example, 7 (z,y) = min(z,y) and 7 (x,y) = xy are two continuous ¢-norm on
[0,1]. A t-norm can also be defined recursively as an (n + 1)-ary operation (n € N)
by 7' =T and

T" (2ay, 2@, > rn) =TT (@), 2@ Tm) s Tnt1))

for n > 2 and z;) € L.

A t-norm 7 is said to be of Hadzic type if the family {7"},cn is equicontinuous
at x = 1., that is,

Ve € L\{OL71£}35 S L\{Oﬁ,lﬁ} ra >y N(é) — ’T”(a) >7, N(G) (n > 1).

Ty is a trivial example of a t-norm of Hadzic type, but there exists t-norm of

Hadzic type weaker than 7y, [20] where

Tu(w,y) = {

x if z<puy,
y if y<pa

Definition 3 ([33]). A negation on £ is any strictly decreasing mapping N': L — L
satisfying N'(0z) = 12 and N (1) = Oz. f N(N (z)) = z for all z € L, then N
is called an involutive negation. The negation N on ([0,1], <) defined as, for all
xz € [0,1], N () =1 — =z is called the standard negation on ([0, 1], <).

Definition 4 ([33]). The 3—tuple (X, M, 7) is said to be an L-fuzzy metric space
if X is an arbitrary (non-empty) set, 7 is a continuous ¢-norm on £ and M is an
L-fuzzy set on X? x (0,+00) satisfying the following conditions for every = y,z in
X and ¢, s in (0, 4+00) :

(i) M (z,y,t) >1 Of;

(ii)) M (z,y,t) = 1. for all ¢ > 0 if and only if z = y;

(ili) M (z,y,t) = M (y,z,1);

(iv) T M (z,y,s) , M (y,2,t)) <p M (z,2,5s+1);

(v) M(x,y,.): (0,00) — L is continuous.
If the £-fuzzy metric space (X, M, T) satisfies the condition:

(vi) limy— 0o M(z,y,t) = 17,
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then (X, M, T) is said to be Menger L-fuzzy metric space or for short a M L-fuzzy

metric space.

Let (X, M,T) be an L-fuzzy metric space. For t € (0, +00), we define the open
ball B (x,r,t) with centre z € X and radius r € L\ {0, 1.}, as

B(z,rt)={ye X : M(x,y,t) >, N (r)}.

A subset A C X is called open if for each x € A, there exist t > 0 and r €
L\{0g, 1.} such that B (z,r,t) C A. Let 7o denote the family of all open subsets
of X. Then 7p is called the topology induced by the L-fuzzy metric M.

Example 1 ([31]). Let (X, d) be a metric space. Denote 7 (a,b) = (a1b1, min(az +
by, 1)) for all a = (a1,az2) and b = (b1, be) in L* and let M and N be fuzzy sets on
X2 x (0, c0) defined as follows:

MM,N(x’yvt) = (M(:U,y,t),N(x,y,t)) = < 1 d(i‘,y) > )

t+d(z,y) t+d(z,y)

Then (X, Mr,n,7) is an intuitionistic fuzzy metric space.
Example 2. Let X = N. Define 7 (a,b) = (max(0,a; + b1 — 1), (a2 + by — azb2))
for all a = (a1,az) and b = (b1, bo) in L* and let M(x,y,t) on X? x (0,00) defined

as follows:

for all z,y € X and ¢t > 0. Then (X, M, 7) is an L-fuzzy metric space.
Lemma 2 ([17]). Let (X, M, T) be an L-fuzzy metric space. Then M (x,y,t) is

non-decreasing with respect to t for all x,y in X.
Definition 5 ([33]). A sequence {z,}, oy in an L—fuzzy metric space (X, M, 7T) is

called a Cauchy sequence if for each € € L\ {0z} and t > 0, there exists ny € N such
that for all m >n >ngp (n > m > ng),

M (T, T, t) >0 N ().

The sequence {w,},y is said to be convergent to x € X in the L-fuzzy metric
space (X, M,T) (denoted by 2, M x) if M (zp,z,t) = M (z,2,,t) — 1z when-
ever n — + oo for every t > 0. An L-fuzzy metric space is said to be complete if and

only if every Cauchy sequence is convergent.
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Definition 6 ([28]). Let (X, M,7) be an L-fuzzy metric space. M is said to be

continuous on X x X x (0,00) if
lim M (2, Yn, tn) = M (x,y,1)
n—oo
whenever a sequence {(z, yn,tn)} in X x X x (0,00) converges to a point (z,y,t) €
X x X x (0,00), that is,
lim M (zy,z,t) = lim M (yn,y,t) = 1.,
n—oo n—oo
and lim M (z,y,t,) = M (z,y,t).
n—oo
Lemma 3 ([33]). Let (X, M, T) be an L-fuzzy metric space. Then M is a contin-

uous function on X x X x (0,00).

Lemma 4. Let {y,} be a sequence in an M L-fuzzy metric space (X, M,T). Suppose

(21> M (ynv Yn+1, kt) > M (yn—h Yn, t)
forallt >0 andn =1,2,--- and k € (0,1). Then {yn} is a Cauchy sequence.

Proof. To prove that {y,} is a Cauchy sequence, we prove that (2.1) holds for all

n > ng and for every m € N.

(2.2) M (ym Yn+m, t) > N (6) .

Here we use induction method. From (2.1), we have
M (Yn, Ynt1,t) 2L M (ynfla Yn, %)
>L M (Yn—2,Yn-1, 72)
>p - 20 M (yo,y1, 27) — 1z as n — oo.
Thus for ¢ > 0 and {e € L/{0z,, 1. }} we can choose ny € N such that
M (Yns Ynt1,t) 21 N (e) .

Thus (2.2) holds for m = 1. Suppose that (2.2) holds for m. Then we shall show
that it also holds for m + 1.
M (Yns Yntmt1,t) 2 T <M <yn7yn+ma ;)J\/l (yn+m,yn+m+1, ;))
> N (e).
Hence (2.2) holds for m + 1. This completes the proof. O

Lemma 5. Let (X, M,T) be an ML-fuzzy metric space. If there exists k € (0,1)
such that

M (l’,y, kt) ZL M (:L'ayvt) 5
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then © = y.
Proof. Since M (z,y, kt) > M (z,y,t), we have
M (z,y,t) > M (:c, v, kflt) .
By applying the above inequality repeatedly we have
M (z,y,t) > M (:U,y, k‘_lt) > M (m,y, k:_2t) > M (:U,y, k‘_3t)
> > M (:U,y,k:*"t) -+ (neN),
which tends to 1z as n — oo. Thus M (z,y,t) = 1., for all t > 0 and we get x = y.
This completes the proof. ]
We introduce the following concepts for multivalued mappings in £-fuzzy metric
space (X, M,T) :

Definition 7. We denote by CB (X)), the set of all nonempty bounded and closed
subsets of X. We have

MY (y,B,t) =sup{M (y,b,t)},
beB

Mo, (A, B,t) = inf { inf {MV (a,B,t)} inf {MV (A, bx,t)}}

acA beB
for all A, Bin CB(X) and t > 0.

3. MAIN RESULTS
Theorem 1. Let (X, M,T) be a complete M L-fuzzy metric space. Let S,T : X —
CB (X) satisfying
Mg (Sz, Ty, kt) > inf{M (z,y,t) , MV (x, Sz, t) , MV (y,Ty,1),
MV (2, Ty, (2—a)t), MV (y,Sz,t)}.

Then S and T have a common fized point.

(3.1)

Proof. Let xg be an arbitrary point in X and z; € X be such that z; € Sxy and
M (zg, 21, kt) > MV (20, Sz, kt) — €.

Let z9 € X be such that zo € Tx; and
M (x1, 29, kt) > MY (21, T21, kt) — g

Inductively, xo,+1 € X is such that z9,4+1 € Sxap,

€

M (x2n7 L2n+15 kt) > MY (x2n7 STon, kt) - 92n’
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and onp49 € X is such that zo,492 € Twony1 and

e

M (Zan+1, Tanta, kt) > MY (2an41, Trony1, kt) — CRTESE

Now we show that {x,,} is a Cauchy sequence. By (3.1) forall¢ > 0 and o = 1—¢
with ¢ € (0,1), we write

M (x2n11, Tont2, kt)

€

>1 MV (2opy1, T2xon 41, kt) — 92n+1
£

> Mg (Swan, Txony1, kt) — 92n+1

> inf{M (22, Tont1,t) , MV (T2, Sxon,t) , MV (22041, TZ2n11,1),

€
MY (225, Ton 41, (2 — a)t) , MY (z2n41, ST20, 1)} — 92n+1

> inf{M (22p, Ton+1,t) , M (22n, Tant1,t) , M (Zan41, Tant2, 1),

€
M (z2n, Tont2, (1 + @) 1), M (Tant1, Tong1, 1)} — oIl

> lnf{M (x2n7 Ton+1, t) y M (1'2717 T2n+1, t) s M (x2n+17 Ton+2 t) y

£
T (M (z2n, Tant1,1)), M (Tant1, T2n41,t) , 1o} — CPIESE

Letting ¢ — 1 and using the facts that 7 is a continuous t—norm and M is

continuous function on X x X x(0, co), we obtain

. €
(3.2) M (22011, 22n42, kt) 21 nf {M (220, 22041, 1), M (22011, T2n42, )} = Sy
Similarly we can obtain
(3.3)
€

M (@2n+2, Ton+s, kt) 21 Inf {AM (22041, T2n42,8) , M (2242, 22043, 1)} = 5o

Thus from (3.2) and (3.3), it follows that

9

M (@nt1, Tnta, k) 2 f AM (@0, Tpa1,8), M (241, Tna2, O} = 5o

forn=1,2,---.
Thus for positive integers n and p we have
M (xn—l-lv Tn+2, kt)
t €

>, inf {./\/l (Tn, Tpg1,t) , M (wn+1,xn+2, k:l’> } ~ Gt
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Letting p — oo we get

3

M (i1, Tns2, kt) >0 M (T, Tngr,t) — ont1

Since € is arbitrary making € — Op, we obtain
M (xn+1> Tn+2, kt) >, M (I’n, Tn41, t) .

Therefore by Lemma 5, {x,,} is a Cauchy sequence, so it converges to a point z € X.
Now by (3.1), with a = 1, we have
MV (zon42, 82, kt) >, M (Sz, Txons1, kt)
> inf{M (z, zop41,t) , MV (2,S52,t) , MV (x2p+1, TTop+1,1) ,
MV (2, Txopy1,t) , MV (x2n41,52, 1)}
>r inf{M (z,xon41,t) , MV (2,Sz,t) , M (2241, TTon+2,t),
M (z, Txons1,t) , MV (22141, 52, 1) }.

Letting n — oo, we obtain
MV (2,8z2,kt) > inf {1, MV (2,82,t), 12,12, MV (2,52,) }.
This gives
MV (2,82, kt) > MV (2,82,1),

using Lemma 5 we get z € Sz. Similarly we can show that z € T'z. g

Remark. It follows from Definition 7, [2] and [4].

(i) MV (A, y,t) is nondecreasing with respect to ¢ for all z,y in X.

(il) MV (A, y,t) is left continuous.

(iii) MV (A,y,t) = 1., for all t > 0 if and only if y € A.
Theorem 2. Let (X, M,T) be a complete M L-fuzzy metric space. Let T,, : X —
CB (X) (n € N) and contnuous mapping I : X — X, be such that T,,(X) C I(X)

where I commute with T), for every n € N and there exists k € (0,1) such that
gy M T Doy ) 2 M (L T, M (B Ti 6. M (1. Ty )
| MY (T2, Tyy, (2 = ) 1), MY (Iy, Ty, 1)}

forallz,y in X, a € (0, 2) and t > 0O for every i, j € N (i # j). Then there exists
a common coincidence point of T, and I, that is, there exists a point z in X such
that I, e N Tpz, n € N.
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Proof. Let xg be an arbitrary point in X. Then there exists 1 € X such that Ix; €

Tyzo. Let y1 = Ixy. From (3.4) we have

M (20,91, kt) = M (xg, [21,kt) >, MV (20, T120, kt) — %
Now there exists zo9 € X is such that Ixy € Tox,. Let Yo = Tx9 and
M (y1, 92, kt) = M (Ixy1, [z, kt) >1 MV (y1, Toxy, kt) — %
Inductively, we construct a sequence {y,} in X such that,

M (s Y1, k) = M (T, Tz, kt) 21 MY (g, T, bE) = o
Now we show that {y,} is a Cauchy sequence. By (3.4) forallt > 0and o« = 1—g¢q

with ¢ € (0,1), we write

M (yna Yn+1, kt)

e

> MV (yn, Tn+1l'n, k?t) 2n
e
>L MV (T Lp— 17Tn+1$n; kt) 2n

>L inf{M (I-fnfl’ I.%’n, t) 5 MV (Ixnfla Tnxnfla t) y MV (Ixm Tn+1xna t) )

MY (Izn_1, Tps1n, (2 — a)t) , MY (Izn, Tatn_1,t)} — Qin
> inf{M (Ixp—1,[xp, t) M (Ixp_1,[2n,t) , M (2, [TH11,1),
M (Izp_1, Izns1, (1 + k), M (I, T2p, )}—2%
(

2L ll'lf{M (ynfla Yn, t) aM (ynflayna ) ; Yns Yn+1, ) s
M (ynflayna kt) ’ 15)} —27

Letting & — 1 and using the facts that 7 is a continuous t-norm and M is a

continuous function on X x X x (0, 0c0), we obtain

. g
(3.5) M (Yns Yni1, kt) > inf {M (yn—1,Yn,t) , M (Yns Yns+1,1)} — on

for n = 1,2,--- and so, for positive integers n and p and € € L/{0,, 1, }, we have

. t €
M (yn7yn+17 kt) ZL lnf {M (yn—hyn?t) 7M <yn7yn+17 :I{?p> } - 27

Since € is arbitrary making ¢ — 0, and M(yn, Yn+1, — ) — 1, asn — oo, we obtain

P
M (yna Yn+1, kt) > M (ynfla Yn, t) .

Therefore by Lemma 4 {y,} is a Cauchy sequence. Since X is complete, {y,}
converges to a point z € X. Now by (3.5) with a = 1, we have
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MV (Ifl'n,TmZ, k‘t) >L MV (TnIZ’n_l,TmZ, ]Ct)

> inf{M (I1zy—1,Tz,t) , MV (IIxp_1,Tplzn_1,t), MV (Tz,TH2,1),
MY (ITzp_1, Tz, t) , MV (12, Ty Ix,_1,t)}
>pinf{M (I1zp_1,12,t) , M ([ Izy_1, 112, t) , M (I2,Thz2,t),
M (ITxp—1, Tz, t), MY (Iz, I Ixp,t)}.

Since limy, oo M (I Ixp_1,12,t) = 12, limy oo M (I1zp_1, I 1zp,t) = 1., we have

lim MY (I1zy—1,Tinz,t) = MY (Iz,Tyz,t).

n—oo

Hence for any m € N, we write
MY (12, Tz, kt) > MY (1z,Tz,t).

This implies by Lemma 5, that 1z € T,z and therefore IzNT,z, n € N. O
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