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APPELL’S FUNCTION F; AND EXTON’S TRIPLE
HYPERGEOMETRIC FUNCTION Xy

JUNESANG CHOI?* AND ARJUN K. RATHIEP

ABSTRACT. In the theory of hypergeometric functions of one or several variables,
a remarkable amount of mathematicians’s concern has been given to develop their
transformation formulas and summation identities. Here we aim at presenting ex-
plicit expressions (in a single form) of the following weighted Appell’s function Fi:

Az 1z ) (j=0,+1, ..., +5)

142z 1422
in terms of Exton’s triple hypergeometric Xg9. The results are derived with the help
of generalizations of Kummer’s second theorem very recently provided by Kim et
al. A large number of very interesting special cases including Exton’s result are also
given.

(14+22) "1+ 2z)_b I (c, a,b;2c+7;

1. INTRODUCTION AND PRELIMINARIES
The generalized hypergeometric series ,Fy is defined by (see [12, p. 73]):

W @i G (@) (o) 2"
ﬁl,...,ﬁq;z nz:;)(ﬁl)n(ﬁq)nn'
:qu(a]_) <oy Qp; /Bla "‘75(1; Z)7

where (), denotes the Pochhammer symbol or the shifted factorial, since

qu
(1.1)

()p=n! (neNy:=NU{0}; N:={1,2,3,---}),

which is defined (for A\, v € C), in terms of the familiar Gamma function I', by

Tty 1 (vr=0; Ae C\{0})
(1.2) ()\)V.—W— AA+1) - (A+n—1) (r=neN; AeC),
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it being understood conventionally that (0)p := 1 and C the set of complex numbers.
Here p and ¢ are positive integers or zero (interpreting an empty product as 1), and
we assume (for simplicity) that the variable z, the numerator parameters aq, ...,
ap, and the denominator parameters 31, ..., B, take on complex values, provided

that no zeros appear in the denominator of (1.1), that is, that

(1.3) (B €C\Zg; G =1,...,9),

where Z; denotes the set of nonpositive integers. Thus, if a numerator parameter
is a negative integer or zero, the , Iy series terminates in view of the known identity

(see, for example, [15, p. 7]):

(—1)kn! <.
(1.4) (—n)p = m (0= k<n; k,neNy),
0 (k> n).

The special case of (1.1) when p = 2 and ¢ = 1 is usually called Gauss’s hypergeomet-
ric function or series. It should also be remarked here that whenever hypergeometric
and generalized hypergeometric functions reduce to express in terms of Gamma func-
tions, the results are very important from the applicative point of view. Therefore,
the classical summation theorems such as those of Gauss, Gauss’s second, Bailey
and Kummer for the series o F; and Dixon, Watson, Whipple and Saalschiitz for the
series 3F5 and their rather recent extensions and generalizations (see [7], [8], [9], [10]
and [11]) play an important role in the theory of hypergeometric and generalized
hypergeometric series. For applications of the above-mentioned classical summation
theorems, we refer to [2], [5], [6], [10], [11], [12] and [13].

Moreover, it is well known that, the product of two hypergeometric series can
be expressed as a hypergeometric series with argument z, then the coefficient of ™
in the product must be expressible in terms of Gamma function. With this theory,
Bailey [2] obtained the following Kummer’s second theorem (see, for example, [12]):

a;

(15) 6_% 1F1 x :()Fl

a;

e
a+%; 16

by using Gauss’s second summation theorem. It is noted that Rathie and Choi [14]
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derived the result (1.5) by making use of Gauss’s summation theorem. Very recently
Kim et al. [5] generalized the Kummer’s second theorem to give explicit expressions

for

(1.6) ez 1 (j=0, %1, ..., £5),

which will be given in Section 3.

On the other hand, just as Gauss function 2/} was naturally extended to ,F, by
increasing the number of parameters in the numerator as well as in the denominator
and the enormous success of the theory of hypergeometric series in single variable
has stimulated the development of a corresponding theory in two and more vari-
ables. Thus the four Appell functions in two variables were introduced. Here we are
interested in the following Appell function Fj (see [1]):

(1.7)
oo X / m o, n
Fi(a,b,b;c; 2, y) = Z Z m+n m (V) x—% (max {|z|, ly|} < 1).

m+n m!

For more details about these Appell functions and their generalization, we refer to
the extensive work by Srivastava and Karlsson [16]. Also, in the course of manipu-
lating certain integral representations of Lauricella functions of three variables and
Saran’s functions (see [16]), Exton [4] encountered a number of triple hypergeomet-
ric functions of the second order whose series representations involve such product
as (a)2m+2ntp and (@)omintp- In fact, Exton [4] investigated the generalizations
of the Horn’s functions Hs and H4 and introduced a set of twenty triple hyperge-
ometric functions X to Xg9. In the same paper [4], Exton gave certain integral
representations of Laplace type for these functions together with some elementary
properties and some transformation and reduction formulas. Here, in this paper, we

are interested in the following triple hypergeometric function Xg defined by

(e}

C 2m+n n+2p ™y 2P
Xg(a,b,c,a:,y, ZZZ Wﬁﬁ

(1.8) m=0 n=0 p=0 m+n+p

({lzl < 4 121 < 4, Wl < 3 + 3/ A= AaDT — 42D })
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and its Laplace type integral is given by
Xo (a, b;c; 2, y, 2)

1 /°° /°° st a1 b1
= e s Sa t 0F1
L(a)T(b) Jo 0

This paper is organized as follows. In Section 3, we establish explicit expressions

1.9 ;
(1.9) rs>+yst+zt?| dsdt.

c;

(in a single form of general results) of (1.6) obtained earlier by Kim et al. [5] by
using a different method. In Section 4, we present explicit expressions (in a single

form of general results) of

4z 4z
1422 1422

(1+22)"%(1+22)""F <c, a,b;2c+j; > (j=0, %1, ..., £5).

The results will be derived with the help of those given in Section 2. In Section 4,
we express a large number of Appell functions Fj in terms of Exton’s triple hyperge-
ometric function Xg. The results easily established here are simple, interesting and

(potentially) useful.

2. RESuLTS REQUIRED

In our present investigation, we require the following results [5]:
(2.1)

—2n, a;
2 b1 .2
200+ 7 ;
) T(1-a) (3), (a+[%])
= Aj(a,n) : : " :
F(a+%+%\j|) F(l—a— %D (aJr%) <a+%+%)
and
(2.2)
—2n —1, a;
21 .2
200+ 5 ;
5 .
 Bian) (=) Da+1) (3), (1+a+[4])
20+ j F<a+%+%|j|> I‘(—a— [;D (a—i—%—i—%)n (a+%+1>n
where n € Ng, j = 0, £1, ..., £5, [z] is the greatest integer less than or equal to

x and its modulus is denoted by |z|, and the coefficients A;(c,n) and Bj(c,n) are

given in the following table.
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TABLE
L J] A;(a,n) | B;(a, n) |
5] —4(l—-a-2n)2+21-a)(1—a—2n) | 4(a+2n)?—-2(1 —a)(a+2n)
+(1—a)? +22(1 —a — 2n) +(1 — a)? + 34(a + 2n)
—13(1 —a) — 20 +(1— ) +62
4 20+ 14+ 2n)(a+3+2n) —ala+3) 4(a+2n + 3)
3 —a—4n — 2 —3a—4n—6
2 —a—1-2n —2
1 -1 1
0 1 0
-1 1 1
-2 l1—a—2n 2
-3 l1—a—4n 3—3a—4n
—412(1-2a—n)B—-—a—-2n)—(1-—a)d—a) 4(1 — a — 2n)
5] 40 —-a-2n)?-2(1-a)(1 —a—2n) 4(a+2n)? +2(1 — a)(a + 2n)
—(1-a)?+8(1-a—2n)+7a—-7 —(1-a)?-16(a+2n)+a—1

3. GENERALIZATIONS OF KUMMER’S SECOND THEOREM

In this section we establish the following generalizations of the Kummer’s second
theorem (1.5):

2 c; B L(e) (1 —c)
R 20+j,4x]_1“(c+%+%’.7’ F(l_c_[%p
(3.1) o0 (C+ [%D =
'mZOA”(C’m) m) (c+%)m (C+%+%>m

2z I(—c)T(1+¢)
P ()

where m € Ny, j =0, £1, ..., £5, [z] is the greatest integer less than or equal to
x and its modulus is denoted by |z|, and the coefficients A;(c,m) and Bj(c, m) are

given by replacing o and n in the Table by ¢ and m, respectively.
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Proof. Denoting the left-hand side of (3.1) by S and expressing both functions as
series, after a simplification, we have

2m+2n m+n

5= ZZ 20—1—] m!n!

m=0 n=0

Using the following well known formal manipulation of double series (see [12, p. 56]

and [3, Eq. (1.4)]; for other ones, see also [3]):

(3.2) Z Z A(n,m) = Z A(n,m —n),

m=0 n=0 m=0 n=0

after a little simplification, we obtain

m n ( ) 2m+n M
5=y Z -
—n)In!
Kovar St 2c+j (m —n)!n!
Using the result (1.4) for (m — n)!, after a little simplification, we get
— (2¢+j)n n!
n=0
Expressing the inner series as in (1.1), we have
o .
_gym gm —m, c;
S=> =2man — 201 :
m=0 me: 2c + Js

Now, separating the summation into even and odd powers of x and making use of

the following identities:

1
(2m)! = 22™ <2) m! and (2m +1)! = 2" <3) ml,

we obtain
o 22m —2m, c;
5= mz::O %)mm' = 20+j;2
0 22m —2m -1, c;
—2x W;) 7(%)m — oI 2t 2

Finally using the results (2.1) and (2.2), after a little simplification, we easily arrive
at the right-hand side of (3.1). This completes the proof of (3.1). O

Special Cases of (3.1). Here we illustrate some of the very interesting special

cases of (3.1) already-presented by Kim et al. [5] (in a slightly changed form) which
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will be used in the subsequent section:

(3.3)

C; ;
e 2" 1F1 x| = ol 1 :C2] ;
2c; c+3;
[ C; 1 [ - | 2r [ ; 1
3.4 e F 4| = oF z? F 22| ;
(3.4) 141 941 0Ll c—i—%, e 411 c+%’
[ C; 1 [ 0] 2r [ ; 1
3.5 2 F 4x F 2| + 22|
(3.5) 141 %1 0l'1 0_57 5 1041 C+%;
c; ; 2 [ ;
—2z 2 2
e 4z | =oF; T F T
141 9% +2: 0r1 . %; P C+%; ]
(3.6) -
42 1,
1)(2c+3) "} 5.0 |0
(c+1)(2c+3) c+3;
C; ; 2 ;
67211F1 4| =oF 1 z2 + I oF1 1 z?
20—2, 0—57 C_]. 6—57
(3.7) )
4x 5
=+ F z2|;
c=DEc—1)" " et ]
(3.8)
c; ; 62 —;
—2z 2 2
e F 4z | = oF T
i 2c+3; e %; 2c+3%" C—i-%,
82

(c+2)(2¢+ 3) of1

2| 1623 2
c+3; (c+2)(2c+3)(2c+5) !

-5
s
c—i—%; ]
(3.9)
c; ) 6x )
—2z 2 2
F do| = oF F
141 20—3;96 01 C_%;a: +2c—301 C_%;x]
822 1623 ;
B 2 F 20
D= e T s e D(2e-3)° 1L+ “’]

Remark 1. The identity (3.3) is the well known Kummer’s second theorem (see
(1.5)) and the results (3.4) to (3.9) are closely related to it.
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4. MAIN RESULT

The main result of this paper to be established is as follows:

4 4z
14+22)"%(1+22) P F b:2c+j: ——
(4200 (1427 Fi (00,05 204 55 s g )

1 /‘” et gt { I(¢)T(1 o)
(4.1) L(a)T(b) Jo Jo I‘(c+ 4+ 1 |J|) (1_6_[j+1D

-izsj(c,m) Hcﬂgbm(mw)m }dsdt,

where m € Ny, j =0, £1, ..., £5, [z] is the greatest integer less than or equal to
x and its modulus is denoted by |z|, and the coefficients A;(c,m) and Bj(c, m) are

given by replacing o and n in the Table by ¢ and m, respectively.

Proof. Denoting the left-hand side of (4.1) by L and expressing the Appell’s function

F} as a series given in (1.7), after a little simplification, we have

I = Z Z m+n 4m+n ™" F(m + (I) F(Tl/ + b)
(2¢+ J)manm!n! (14 2z)mte (14 2z)n+0

Using the Euler’'s Gamma function I'(z) defined by

(4.2) I'(z) := /000 et hat (R(z) > 0),

we get

o0 T
/ e % gLy = ﬂ.
0

an

Applying this formula to L, we obtain

o 2 > e
I !
m=0 n=0 2C+‘7 mtn 10

/ / s(142x)—t(14+22) gmta—lyntb=1 4. 00
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Using (3.2) and changing the order of summation and integration, after a little

/ / s(142x)—t(1422) Sa—l 2fb—l

(:Bs)m 2t\"
— | dsdt.
Z 2c+] —n)!n! \xs sdt

m=0 n=0

simplification, we get

Using the result (1.4) for (m — n)!, after a little simplification, we have

o oo
/ / s(142)—t(1422) ga—1 b1
0 Jo

(©)m — (—2)" (m)n
S e 3 R

Using binomial theorem for the inner sum, we obtain

/ / —s(1+2a: t(1+2z) a— 1tb 1

4m
— (ms) (1 + Zt) dsdt
xs

/ / e85t ga— 1tb 1 72(:rs+zt)

)m am

Using the definition (1.1) for the inner sum, we get

/ / e85t ga— 1tb 1 fZ(strzt) )

Finally, the use of (3.1) for the 1 F} leads to the right-hand side of (4.1). This
completes the proof of (4.1). O

)
A(xs + 2t)| dsdt.

2c+j;

Special Cases of (4.1). Here we illustrate some of the very interesting special

cases of our main result (4.1) as follows:

4x 4z
14+22)%(1+22) b F b: 2
s (1+22)7%(1+22) 1<ca ¢ T om’ 1+22>

1
=Xy (a, b; c—i—i;wQ, 21z, 22>;
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(4.4)
(1+22)"(1+22)""F <c, a,b;2c+1; 47:6, 42)
14+2x" 1422
= X <a b'c—i-}'as2 2xz 22>— 2ax X9<a—|—1 b'c—i-§'a:2 2xz 22>
) ) 27 7 ) 2C+1 ) ) 27 b )

2b 3
— 20—51X9 (a, b+1; c+§; z2, a2, z2>;

(4.5)

4x 4z
1+22)"%(1+22)F b:2%—1; ——— —
(+.T) (+Z) 1(6,0,, ; 4C 71+2.’1§'71+2Z>
2ax

2c—1

1 1
= Xy <a, b;c—i;:ﬂQ, 2xz, z2> + Xo <a+1, b; c+§;x2, 2xz, 22>

2bz
2c—1

1
Xy <a, b+1; c+§; 2, 22z, z2>;

4x 4z
14+22)%(1+22) F b:2c+2; ——
L+ 20) 0 (14290 B (e 0 bi 202 1 1y )

3 2 3
(4.6) = Xy <a, b; c+§; 22, 2z, 22) - c—(ll—xl X9 <a—|—1, b; c+§; 22, 2xz, zz)

2bz
c+1

3
Xo (a,b—}—l;c—l—2;m2, 2xz, 22>

4a(a + 1)z? X, ( ’

(c+1)(2c¢+3)
8abzrz
T er et 3)

4 1)z2

M)@ a,b+2;c+§;x2,2xz,22 ;
c c

(c+1)(2¢c+3) 2

5
a+2,b;c+ =; 2% 2z, z2>

5
Xy (a—l—l,b—l—l;c—i—z;xQ, 2xz, z2>

4x 4z
1+22)7%(14+22) F b:2c—2; —— ———
( + l’) ( + Z) 1 <C7 a, 03 4C ) 1+2.I‘ 1+2Z>

2ax
c—1

1 1
(4.7) = Xy <a, b; 0—5; z2, 22z, z2> + X9 <a+1, b:c— = 22, 2xz, 22>

2
2bz
c—1

_l’_

1
Xo (a,b+1;c—2;x2, 2xz, 22>
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4a(a + 1)x?

1
— X 2. b 2.2 09 2
+(c—1)(2c—1) 9(a+ , ,c+2,x, $z7z>

+(C_f;(gj_l)Xg(a+1,b+l;c+2;x272xz’z2)
4b(b+1)z2 1
+(C_(1;20)i1)X9<a,b+2;c+2;z2, 22z, z2>;
(4.8)
4z 4z
1+2 1+22)"F b:2+3;
(1+20)7 (1422)” 1<c o by 2043 1+2z)
3 6 5
= Xy <a,b;c+2;x2, 21z, 22)_20T3X9(a+17b§0+2;$2,2$2, Z2>
6bz 5
%13 9<a,b—i— ,C—‘r2,x,xz7z)
8a 1)z
(C+(;+20+3 Xo <“+2 b; C+ ; a?, 2wz, 22>
16ab 5
<c+2a2mcz_'_3 X9 <a+1 b+1 C+2 .’L'2’ 2302, 22>
8b(b+ 1)z
(C+(2+2C+3 <CL b+2 C+ 372, 2.’13‘2, 22);
16a(a + 1)(a + 2)a° T, 2
- X 3. b L. 9
(c+1)(20+3)(20+5) gsla+s, ,C+2,:U, Tz, 2
48ab(a + 1) 7, )
B 2,b+1; 2
(c+1)(2c+ 3)( 2@+5 (‘H‘ + c—|—2 ;X 2wz, 2
48ab(b+ 1)z 7, ,
N X 1,b+2; 2
(c+1)(2¢+3)( 2c—|-5 9(“"‘ + c—|—2 cxt, 2wz, 2
16b(b + 1)(b + 2)z° ) 2
B X b+3; —~ 2 .
e+ D(2et3)2e45) 2 \@°F C+ s a?, 2wz, 27 )
(4.9)
4x 4z
1422)7%(1+2 _bF S9e_ 3. v P2
(1+22)7% (1 +2z) 1<c,a,b7 =31 o 1+2z)

3 6
:X9<a7b;c_2;$272x2,22) ar (a+17b;6_

2c—3

1 9
—_ 2
2 ) x ) xz, z >

6bz

+20—3

X9 (a;b—l-l;c—

1
- 952, 2xz, 22

47
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8a 1)z
( (iL +2 Xg <a—i—2 b;c— = ;2% 2xz, 22>
c— c—3
16abzz 1
X, 1, b+ 1; ;% 20z, 22
+<C_1 2c— 9<a+ b+1;c— 23T xz,z)
8b(b+ 1)z
+( (1+2 X9<a b+2;c—=; z?, 2xz, 22);
c— c—3

16a(a + 1)(a + 2)2*

(c—=1)(2¢—1)(2c—
48ab(a + 1)x22

(c—1)(2¢ —1)(2¢ —3)

48ab(b + 1)x2>

+ (C— 1)(2(0_ 1))(20_3) X9 (a—i—l, b+2; c+
16b(b+ 1)(b + 2)23

(c—1)(2¢—1)(2¢—3)

1
3 X9 <a+3,b; c+§;x2, 2xz, z2>

1
Xy <a+2,b+1;c+2;$2, 21z, 22>

Lo s 2
Z. 2
2,35,3;2,2)

1
X9 (a,b+2; c+§;332, 2xz, 22>.

Proof. Here we choose to prove only (4.6). The same argument will establish the
other results. Setting j = 2 in (4.1), we have

4x 4z
T:=(1+2 14+22) P F 2
(1422)7%(1+ 22)~ 1<cab c+2 ' Troa 1+2z>

1 /Oo /Oo —s—t ca—14b—1 ,—2(zs+zt)
= e TS T T e TR
L(a)T®) Jo Jo

Using (3.6) for the 1 F1, we obtain

1 /°° /°° st a1 b1
= = e s t 0F1
L(a)T(b) Jo 0

2(xs + zt)
c+1

c;
A(zs+ zt)| dsdt.

2c+2;

c+

I

(x5 + 2t)?
c+ %;

4(zs + 2t)? [ 5
ol

—_— ZCS—i—ZtQ
(c+1)(2¢+3 g,( )

o1

} ds dt.

Now, separating the integral into six integrals and interpreting each of those integrals

in terms of Xg in (1.9), we easily arrive at the right-hand side of (4.6). This completes
the proof of (4.6). O

Remark 2. The result (4.3) is a known identity due to Exton [4] and the identities
(4.4) to (4.9) are closely related to it. We conclude by noting that if set z = = in

(4.3) to (4.9), we also get seven (presumably new) interesting identities.
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