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PROPERTIES OF HYPERHOLOMORPHIC FUNCTIONS
ON DUAL TERNARY NUMBERS

HvYUN SOOK JUNG? AND KWANG HO SHON P *

ABSTRACT. We research properties of ternary numbers with values in A(2). Also,
we represent dual ternary numbers in the sense of Clifford algebras of real six di-
mensional spaces. We give generation theorems in dual ternary number systems in
view of Clifford analysis, and obtain Cauchy theorems with respect to dual ternary
numbers.

1. INTRODUCTION

In quaternion algebras, Brackx [1], Deavours [3] and Sudbery [17] obtained some
results of quaternion variables. Brackx, Delanghe and Sommen [2] and Giirsey and
Tze [5] researched general theories of quaternions. Naser [12] investigated hyper-
conjugate harmonic functions on Clifford analysis. And Nono [13, 15] obtained
properties of hyperholomorphic functions of a quaternion variable and domains of
holomorphy by the existence of hyper-conjugate harmonic functions. Noéno [14]
represented one quaternion variable z = xg + iz + jzo + kxs by a pair z = 21 +
z2j of two complex variables z; = x¢ + ix1 and 29 = x5 + ix3, and established
the identification 7 = C? between the quaternion field 7 and the complex space
C2. And Noéno [16] introduced the notion of hyperholomorphy of quaternion valued
functions f(z) = f1(2)+fa(2)j of a quaternion variable z = 21+ 29j in C? and proved
that any complex valued harmonic function f;(z) in a domain of holomorphy D in C?
has a hyper-conjugate harmonic function f(z) such that f(z) is hyperholomorphic
in D. In 2006, Giirlebeck and Viet [4] obtained some results for complete systems of
monogenic rational functions. And Kula and Yayli [8] investigated properties of dual

split quaternions and screw motion in Minkowski three-space. We [6, 7] obtained
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some properties of regeneration in complex, quaternion and Clifford analysis and
researched the properties of solutions of inhomogeneous Cauchy-Riemann system of
quaternions and Clifford analysis in ellipsoid. In 2012, we [9] investigated properties
of hyperholomorphic functions in Clifford analysis. In 2013, we [10, 11] researched
properties of hyperholomorphic functions and hyper-conjugate harmonic functions
of octonion variables, and regularities of functions with values in C(n) of matrix
algebras. The main purpose of the present paper is to give generation theorems
in ternary numbers and dual ternary numbers in view of Clifford analysis. A dual
ternary number is described as a ternary number with dual numbers as coefficients.
Dual numbers are written in the form z = a + b, where ¢ is the dual identity that

commutes with e, e and has the property €2 = 0 (¢ is nilpotent).

2. PRELIMINARIES

The skew field T' = R? of ternary numbers a = Z?:o ejr; is a three dimensional
non-commutative real field generated by three bases ey = id., e; and ey are as

follows:
er = e% = -1

We identify the element e; with the imaginary unit v/—1 in the complex number
system. The algebra
2
A2):={a= Zejxj |z €eR;7=0,1,2} =T
j=0
is a non commutative subalgebra of R3. We can identify A(2) with R3. We let
2 2

(1) a= Z ejr; and b= Zejyj.

§=0 J=0
Let Q be an open subset of R? |, U(a) = Ejzzoejuj (a)and V' (b) = E?zoejvj(b) be func-
tions defined on Q with values in A(2), where a = (xg,z1,z2), b = (yo,y1,y2) in (1),
uj(a) and v;(b) (j = 0,1,2) are real valued functions with variables zo, 1, z2, Y0, Y1
and ys. We consider that the numbers yg, y1 and y» are related numbers with respect
to the numbers xg, x1 and x2, respectively. And also, we consider the functions vy, vq
and vy are related functions with respect to the functions ug, u1 and us, respectively.
We consider the following differential operators:
0 0 0 0 0 0 0 0

A" s “8m POy 0B 0w "oy 0w
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Then, the operator
0? 2. o
JADA* Z Oz ;2

is the usual real Laplacian A,, which is a typlcal elliptic differential operator with
constant coefficients on R3 with respect to the variables zg, z1 and z». And consider

differential operators:

) P B B B o a9 0
e +e (8721/0_ layl 873/2):8714—’_6873’

P P P P P p) B )
= om0 T T 0 Gy T e T 20, T aa T Son

Then, we have the following for dual ternary operators:

2 0 2. g2 2 52
DD*=D*D = + 2¢( )=) %
;8 2 dx;0y; jzzzoarjz
where
00 0y

or;  Oxj 8y]

Definition 1. Let €2; be an open subset of R3?. A function U(a) = Z?:o ejuj(a) is
said to be hyperholomorphic in 4 if

(a) uj(a) (j =0,1,2) are continuously differentiable in ;

(b) 3% @U(a) =0 in Q.

Equation (b) of Definition 1 operates on U(a) as follows:

) 29 2
aA*@U = (Zej%)@(zej“j)

7=0 7=0
L (9UO 8u1 6u2 8u0 811,1 871,0 8UQ
T 81’0 + 618 i) te 8 1) tel axl 8331 te 83?2 81’2

ou ou ou ou
= S " 9m o T ;+a (1))+62(87c[2)+67;2)‘
The above equation (b) of Definition 1 for U(a) is equivalent to the following
system of equations:
o) Ou _ 0w Ow Ou_ 0w O __ow
Oxg Ox1 Oxze’ Oxg 0x1’ Oxo 0z
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Theorem 1. Let U(a) be a hyperholomorphic function in a domain €1 of R® and
let

k1 = dx1 A dxe — e1(dzg A dzg) + ea(dxg A dxy).

Then for any domain G C €y with smooth boundary bG have

/ k1 ® U(a) =0,
bG

where k1 @ U (a) is the dot product of ternary numbers of the form ki on the function
Ul(a).

Proof. By the rule of the multiplication of ternary numbers, we have

koU = (d.%'l ANdzro — eq (dx'o AN dI'Q) + 62(dx0 VAN dwl))(UQ +ejup + €2U2)
= wugdxi A dxo + erurdzy N dro + equodxy N dre — equgdry A dro

Furdrg A dre + esugdrg A dry — usdxg A dxy.
Therefore, we have

0 0 0

= 00 o A dn A s + 3 2% g A diy A divs + €32 2 dig A dary A davs
al‘o 83:0 3$0
8u0 aul 8u0
—e1=—dx1 N\ dxo N drg + ——dx1 N\ dxg N\ dzg + ea——dxa A dxg N dxq
856‘1 8951 axg
— %d:lig A dxzo N dxq
Oxo
Oug Oup Ous Ou;  Oug
=(————-—"5)d d d — 4+ —)d d d
(8950 o 8552) xo Adzy A x2+61(8x0+8x1) xo A dzy A dx
8u2 8u0
—= + —)dxzo A dxq A dxo.
+ 62(ax0 + aIg) uide) T 9

By the equation (2), we have d(k; ® U(a)) = 0. By Stoke’s theorem, we have

/ k0 Ula) = / d(k1 © U(a)) = 0.
bG G

3. PROPERTIES OF DUAL TERNARY NUMBERS

Dual ternary numbers are constructed as the Clifford algebra of real six dimen-

sional space with a degenerate quadratic form. The base elements of dual ternary
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numbers can be identified with e; and eo of the ternary numbers and the dual iden-
tity €. Then the dual ternary number z = xg + e121 + eaxa + (Yo + e1y1 + e2y2) is

written as
2

2
Z:Z Zejy] =a + ¢eb.

7=0 7=0
The conjugate number z*, the absolute value |z| and the inverse 27! of z = a + b

are given by the following:

2 = w9 — e1x1 — eaxz + (Yo — e1y1 — eay2) = a* +eb”,

*

2 2 2
_ z
o? = 22" =) 2+ 2 ) ay=) &0 = ek
j=0 i=0 j=0

where §; = z; + €y;, a* and b* are conjugate numbers of a and b, respectively.

Definition 2. Let Q be an open subset of C3. A function W (a,b) = U(a)+eV (b) =
Z?:o ejuj(a) + 6(2?10 e;v;(b)) is said to be hyperholomorphic in €Y if

(a) uj(a) and v;(b)(j = 0,1,2) are continuously differentiable in €;
(b) D* ® W(a,b) = 0 in Q.

Equation (b) of Definition 2 operates on W (a,b) as follows:

2 2 2 2
* 0 0
Dow = (g ejT—i—eg ejf>®(§ ej'U/j—i-Eg e;v;)
P A = B =0

0 0 +e 9 +e(=— 0 +e 0 +e 0
ozo  or | Poms ' oy | oy oy
(up + eruy + egug + (Vg + e1v1 + eav2))
Ouo 8u1 8U2 8’&0 8’&1 8u0 8u2
aiwo—f-elaixo—i-@ai—l-@laizl 87$1+ 87@"2 67:@
81}0 61)1 82}2 800 8’01 avo 6112
+5(87x0+6187$0+6280+ (97.%1 871—'— 871'2 871'2
a’LLU 8u1 6U2 auO 8u1 au() 8’&2

)

N TS e A e tepat - 22
g o T oy T oy oy 2oy 0w
_ 8U0 6u1 GUQ 8u1 6u0 8u2 au(]

= me or 9z "oz ton) TG0 T 92y

Ova | Ow | Duz , Jug
aﬂfo axg 8y0 8y2
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Therefore, the equation (b) of Definition 2 for W (a,b) is equivalent to the following

system of equations:

Oug Oup Ous Ouy OJug Ous Oug

drg  dxy  Ory’ dwg  Oxi’ drg  Owy

81)0 871,0 81)1 (91}2 8u1 8UQ

dxy By Or1  drz Oy | Oyo’

8’01 81)() 8U1 8u0 . 8@2 6v0 8u2 8u0

3 —t — 4 — 4+ — =0, —= + — + —= =0.
®) Iz * oz * dyo * oy " Oz * Orz  Oyo  Oyo
We add the following condition of integrability:
87)0 81)1 81)2 82}1 avo avg 81)0
4 — =t —, — 4+ — =0, — 4+ — =0.
( ) 8%0 8331 + 8.%2’ 81’0 + 61:1 ’ a{lio + axg

We let
dxy = dxg N dxy Adxs A dyg A dyr A dys.

Theorem 2. Under the condition of integrability (4), let W (a,b) be a hyperholo-

morphic function on a domain Q of C3 and
k?g = d];(_) — eldgA/l + GQdQA/Q + 6(d.’AEQ — eldil =+ €2di2),

where d&:j is the dxj-removed form on dxy, and dg;j is the dyj-removed form on dxy
(j =0,1,2). Then for any domain G C Q with smooth boundary bG,

/ ky ® W(a,b) =0,
bG

where ky ©® W(a,b) is the dot product of ternary numbers of the form ko on the
function W (a,b).

Proof. By the rule of the multiplication of ternary numbers, we have

ka @ W = (dyo — exdyr + eatp + e(dzo — erday + eadaa))(uo + exu + eaus
+e(vg + e1v1 + eavs))
= uodyo + erurdyo + eausdyo — eruodyr + urdys + eauodys — uadys
+e(vodyo + ervidyo + eavadyo — ervody: + vidyr + exvodys — vadys

+uod5:0 + €1U1d£AL'0 + 62U2di’0 — €1UQdZAL'1 + uldful + €2U0d.,:U2 — U/Qd;L'Q).



Therefore,

d(ka © W)
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(aiodx0+-aildx1+-832dx2

+5(£Odyo + aayldyl + a(;dyz))(kz © W)
8(—223dxy + gzidazy + g;fda:y + g;zda:y - ggdacy
FNE PN TP TP T
ey Py O, B
_5((8“0 —i—%—i—% _Our Oup %)dmy

dyo  Or1  drg  dy1  Oya Do

8u1 8u0 6u1 8u0
TGy Ty dw 0w Y

8u2 8u0 8u2 8u0

(9UQ

6902
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dxy

By the equations (3) and (4), we have d(ky ® W (a,b)) = 0. By Stoke’s theorem, we

have

/ ko ® W (a,b) :/ d(ky ® W(a, b)) = 0.
bG G
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