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A NOTE ON THE INTEGRAL POINTS ON SOME HYPERBOLAS

HansAEM Ko?® AND YEONOK Kim P*

ABSTRACT. In this paper, we study the Lie-generalized Fibonacci sequence and the
root system of rank 2 symmetric hyperbolic Kac-Moody algebras. We derive several
interesting properties of the Lie-Fibonacci sequence and relationship between them.
We also give a couple of sufficient conditions for the existence of the integral points
on the hyperbola h* : 22 —azy + 3> =1 and by : 2% — azy + y° = =k (k € Z=0).
To list all the integral points on that hyperbola, we find the number of elements of
Q.

1. INTRODUCTION

Let A be a symmetric Cartan matrix A = (_2a ') with a > 3 and g = g(A)
denote the associated symmetric rank 2 hyperbolic Kac-Moody Lie algebra over the
field of complex numbers. Let II = {ap, a1} denote the set of simple roots with A
its root system. A root o € A is called a real root if there exists w € W such that
w(«) is a simple root, and a root which is not real is called an imaginary root. We
denote by A", A’¢, A" and AT the set of all real, positive real, imaginary and
positive imaginary roots, respectively. We also denote by A:Tk the set of all positive
imaginary roots of the algebra g(A) with square length —2k. In [2], A.J.Feingold
show that the Fibonacci numbers are intimately related to the rank 2 hyperbolic
GCM Lie algebras. In [5], S.J.Kang and D.J.Melville show that all the roots of a
given length are Weyl conjugate to roots in a small region. These information help
in determining the sufficient conditions for the existence of integral points on the
hyperbola by, : 22 — azy +y?> = —k (k € Zq).

In this paper, we give some results on the Lie-Fibonacci sequence and symmetric

hyperbolic Kac-Moody algebra of rank 2.
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In section 2, we derive several interesting properties of the Lie-Fibonacci sequence.
And then we give the following results:

1. If n increases, then the ratio of two successive Lie-Fibonacci number approaches

a—2+m’ o ( 1 )(a—Q—i—\/m)

2 a—2 2

(which is the golden ratio if a = 3).
2. Two successive Lie-Fibonacci numbers Fé“) and Fé‘i)l are relatively prime.

In section 3, we give some definitions and known results on the Kac-Moody
algebras and the study of their elementary properties. We derive the relations among
the Lie-Fibonacci numbers. We also give some sufficient conditions for the existence
of integral points. We find the number of elements of €, for some k. Lastly, we give

the following theorem:

Theorem. Let 22 —azxy+y* = —(a—2)7? for a > 3 and v € Z~q be the hyperbola.
Ifa+2 =12, and a — 2 is a square free integer, then 1Q(q—2)12] = 2.

This procedure finds all the integral points on these hyperbolas far more easily

than the traditional number-theoretic algorithm.

2. LIE-FIBONACCI SEQUENCE

In this section, we introduce the Lie generalized Fibonacci sequence {Féa)}, and
generalize the several interesting properties of the Fibonacci sequence {F},}.

Define a new sequence {Féa)} by the recurrence relations

Y = F% =1,
® Filo = aFy) —Fy),
By = Pyl —Fy) (n>0).

Clearly {F}{i)} = {F,}, the Fibonacci sequence defined by:

(2) Fo=0, 1 =1, Fhpo=F,+ Fpp1.

We call this sequence {Féa)}, the Lie-Fibonacci sequence, and F,&“) the Lie-
Fibonacci number.

It is well known that there are many interesting identities for the Fibonacci
sequence. In this section, we derive several similar identities for the Lie-Fibonacci
sequence. Among the several known results concerning Fibonacci numbers, we quote

below some interesting ones:
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Proposition 2.1 ([7]). Let {F,} be the Fibonacci sequence. Then we have the
followings.

(a) Fi+ F3 + Fs + -+ + Iop1 = Fop.

(b) Fy+ Fy+ -+ Fop = Fopyy — 1.

(C)F1+F2+ A+ F,=Fh0— 1.

(d) By —F+F—Fy+- -+ ()" F, = (-1)""F,_ + 1.

(e) F1 +F} 4+ +F2=F,F, 1.

To prove several identities for the Lie-Fibonacci sequence , we need the following

Proposition.

Lemma 2.2 ([8]). For any positive integer n, we have
(a) FQ((Z);rS ?1;2(31 _(72(2)1'
(b) Fop' + Fopiy = Foplo.

() FS )+ (a—2)F = B .

We deduce from Proposition 2.2 the following theorem.

Theorem 2.3. Let {F,S“)} be the Lie-Fibonacci sequence. Then we have the follow-

(a) I\ + F 4 Fgf“) 4o+ B =
(b) B + B o+ By = (R, = 1),

() K + F{” -+ FY) | = L (B, — 1),

(d) F + (a— 2)F2( V4 FY 4 (a-2)F" +- 4+ B +(a—-2)FY = F", - 1.
() {1 — Ay + By — F}" + -+ FY | — FQ(Z) = L0-F ).

(1) (FY)2 + (a = 2)(Fy)? + B + - 4 (a = 2) (FAV)? = Fy Fip,, where

1 if nis even
I, =
0 if nis odd .

(8) (Fi)? = PSR, — FOFY. .

Proof. Since FQ(Z)H FQ(Z)+2 — F{% we have

2n

FO9FRY v+ + B

(3) = K"+ (F{® — F}") + (F" = F{*)) -+ (Fy) — F§;) )
O af
— F(a)
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which proves part (a). For part (b), using Proposition 2.2(e), we have:

B+ FY 4 4. 4 o
1

@ = ET A (B - B+ (B - B )
1 a

the desired result. Using parts (a) and (b), we have

RO+ B Ey)

(5) =P+ FO+ FY 4 B )+ (Y + B 4+ B

R S o R o L R A

1

= (k- 1),

which proves part (c). In a similar manner, we can derive parts (d),(e) and (f). O

It is well known that two successive Fibonacci numbers F,, and Fj,; are dis-

joint. The following Theorem shows that the Lie-Fibonacci numbers have the same

property.

Theorem 2.4. Let {FT(LG)} be the Lie-Fibonacci sequence. Then two successive Lie-
Fibonacci numbers F2(Z) and FQ(Z)H are relatively prime.

Proof. Clearly, Fl(a) and Fz(a) are relatively prime. Let d be a gcd of FQ(Z) and
FQ(ZZH (n > 1). Since F2(Z)+2 = Féz) + FQ(ZZH, d divides FQ(ZLQ On the other hands,

F2(Z)+2 = aFQ(Z)—l—FéZ)fQ. Thus d also divides FZ(ZZQ and FQ(ZZ1 Continuing this process,

we arrive at d = 1. OJ

Let {F),} be the Fibonacci sequence. Robert Simson stated that
Fo1Fnp1 — Fg =(-1",

for every positive integer n, as it is to see, by induction on n.
To generalize the Simson’s identity concerning the Fibonacci sequence, we need

the following Proposition.

Proposition 2.5 ([7]). (Generalization of Binet formula) Let {F,(La)} be the Lie-

a++vVa?—4
2

Fibonacci sequence, and let o = be a zero of 1 — (a® — 2)a? + x*. Then

we have the following:
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1 9 n
(@) 9 = 2 (a—12\" (G~
2n a2 —4 a—2 a—?2
B 1 a—24++vVa? -1 Qn_ a—2—+Va?2 -4 2
" (a—2)"Va2 —4 2 2 ’
1 n
() F@ =L (-02\"_ (G
ntl ™ 4 a—2 a—2

1 a—2+vaZ=a\""" fa—2—va—1\"
:<a—2>na2—4< 2 ) ‘( 2 > |

Theorem 2.6. Let {FT(La)} be the Lie-Fibonacci sequence and n € Z~qo. Then we
have:

() i Fley — (= 2)(F3))? = 1.

(b) (0~ 2 FVFy), — (Fi)? = —1.

() FVES, - B2 B = (—1)
Proof. Let 3= l o/ —1 and @ = (3 — 1. Then we have
a’
E%12m4 (a—2)(Fy;

- a_z+ﬁ a—2—va—i\""
C(a—2)"WaZ—4 B 2

(<a2+\/7>2n+1(a2m>2n+1)
(a—2)" a2 2

C(a-2) a—2++Va?—4 2n7 a—2—+Va? -4 2\’
“ (a—2) a? —4 2 2

= (a — 2)2"}1((12 — 4) (0/4” _ (O/B/)Qn_l (512 + 0/2) —|—,6/4n _ 0/4n + 2(0/5,)2n _ ﬁ,4n)
— /B/ 2n—1 . / L

B (G—Q(;"E(GQ —4) (o + 6% —2a'5)
_(2 _ a)Qn—l )

T (@a—2)2 (a2 —4) (
1

o — ﬂ/)

)
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which proves part (a). In a similar manner, we can derive parts (b) and (c). O

n+l approaches L+ V5
F, PP 2
golden ratio. The following Theorem shows that the Lie-Fibonacci sequence {FT(La)}

It is well known that as n increases the ratio

, the

has similar properties.

a+ Va2 -4

Theorem 2.7. Let {Fr(La)} be the Lie-Fibonacci sequence, and let o = 5

Then we have

Fy _a—2+Va?=1 _

(a) lim,— F2(a) = 5 a—1.
n
(b} lim F, (1 a-2+Va 4\ _ 1 @—1)
oo FQ(‘ZL_1 a—2 2 a—2 ’
n
B
In particular, lim,_ 27(1;)1 = 1+2\/g’ the golden ratio.
F2n
F(a)
Proof. Let p, = 27(1:)2. Then we have
F2n
-,
n
Fy)
1
6 = a-—
( ) Pn—1
B 1
= a— 1
a— e
Pn—2
Therefore,
1
lim P, is a zero of x =a — —,
n—oo x
and hence,
Va2 _4
lim P, = 2 Y& %
n—oo 2
Let @)
FQ;IL-‘FI
n
Then we have
B~ By
q?’L F(a)
2n
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Therefore,
lim ¢, = a—7a2—4 -1
n—oo 2
_a—2+ Va2 —4
5 )
which proves for part (a). In a similar manner, we can derive part (b). O

3. EXISTENCE OF INTEGRAL POINTS ON THE HYPERBOLAS

In this section, we study the root system of the rank 2 hyperbolic Kac-Moody
algebras g(A) with symmetric generalized Cartan matrix A = (_Qa ') with a > 3.
Let W be the Weyl group of g(A), generated by simple reflections 1 and ry.

We identify an element
(7) a = za) + yag € Q with an ordered pair (z,y) € Z x Z.
We call aroot av € Z < Z the positive integral point if x,y € Z>(. Define a symmetric
bilinear form (-|-) on h* by the following equation:
(8) (ar]ar) = (az]a2) =2,  (faz) = —a.

Then for a = zay + yao, we have (a|a) = 2(2? — azy + 32).

It is well known that there is a one-to-one correspondence between the set of real
roots of g(A) and the set of integral points on the hyperbola z2 —azy+y? = 1. Since
there is no root « such that (a|a) = 0, the imaginary roots of g(A) correspondence
to the set of integral points on the hyperbolas by, : 22 —azy +y? = —k for k > 1. In
other words, for each k > 1, there is a one-to-one correspondence between the set
of all imaginary roots o with square length (« | @) = —2k and the set of all integral
points on the hyperbola by.

We introduce the sequences of integers {B,,} for n > 0 by the recurrence relations
9) By =0, By =1, and B2 =aBp41 — B, for n>1.
Clearly, we have
(10) F“ =B, and F",=B,— B, 1.
The following Proposition is well known.
Proposition 3.1 ([3]). A”¢ = {(By, Bnt1), (Bn+1,Bn) | n > 0}. Furthermore,
AT = {(Fyj, Fojy2), (Fajyo, Foj)|j € Z>o}
for a = 3.
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For a positive integer k, let ATk be the set of all positive imaginary roots a of
g(A) with square length (a | @) = —2k. That is, Afl'jk is the set of all positive integral
points on the hyperbola h;. The following Proposition gives a nice description of

the set of positive imaginary roots of length —2k.

Proposition 3.2 ([5]).

‘™ ={(m,n), (n,m), (mBj41 — nBj,mBjis — nBji1),
(mBj2 —nBjy1,mBj1 —nBj), (nBjp1 —mBj,nBjra —mBji1),
(nBjt2 — mBji1,nBj11 —mBj) | (m,n) € Qi },

where

AN
=

Qk:{(m,n) GZZO XZ>O}2;/E4 Sm_ k :am \/(CL : )m k}
a/ —

Since F\*) = By, and F\”, = B, — B,_;. Proposition 3.1 and Proposition 3.2
can be rewritten as follows:

Proposition 3.3. Let {F,sa)} be the Lie-Fibonacci sequence. Then
(a) The set of all nonnegative integral points on the hyperbola
L azy + y2 =1
is {(F\Y, FD ) (B F\Y |n € Zs0}
2n ' 2n+2/0 \F2n420 2 207s-

(b) The set of all nonnegative integral points on the hyperbola
2? —azy +y* = —(a—2)
s {(1,1), (s B9 ), (B9 B ) [ € Zso)
is {(1,1), (Fy - 15 Fopn)s (B Fop”y) [0 >0+
Proof. (a) is immediate consequence of Proposition 3.1 and definition of the Lie-
Fibonacci sequence. For (b), after simple calculation, we have Q; = {(1,1)} and
hence
A = {(1,1), (F) B ), (i, B ) [ € Zso}.
O

To list all the integral points on those hyperbolas, we also find the number of

elements of €.

Proposition 3.4. ([7]) Let 2? — axy + ay®> = —k be the hyperbola and let k = t~*
be any positive integer where t is a square free integer and v € Zso. If (v,9) € Qi

for some positive integer &, then
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2
—4
a—2§t§a for a >3,
where
1 2VE k am — +/(a? — 4)m? — 4k
Qk:{(m,n)6A+7k‘m<m< a_27n: \/ 5 .

Since W is infinite, Q. # 0 implies that there are infinitely many integral points
on the hyperbola 2% — axy + y? = —k. Proposition 3.3 tells us that €, have crucial
information for the set of integral points on the hyperbola z? — azy + %> = —k. We

have the following Lemma.

Lemma 3.5. Let 22 — axy + ay® = —k be the hyperbola. If k < a — 2, then there is

no integral point on that hyperbola.

2V k k

Proof. Since there is no integer m with L <m< , we have Qp =0,
Va2 —4 a—?2

and hence we get the desired result. O

The following Proposition is obtained by the definition of ).

Proposition 3.6. Let 22 —axy+y? = —(a—2)7? be the hyperbola fora >3 and ~ €

nva -+ 2 va+2
Zsg. If v < ——, then 1 < |Q,_ < n. Furthermore, v < ——,
>0 f’y at+2-—2 —| (a 2)’)/2’— v \/m_Q
then |Q(a_2),y2 =1.

Proof. Clearly, we have (v,7) € (,_9),2, and hence,
’Q(Q—Z)"/Q’ 2 1

Consider the set

; 2
Q(a—2)72 = {(m, n) S AT]{ } 7 <m<vy,n

_am— /(&> = 4m? —4(a — 2)7° }

Va -+ 2
Since
2y <n imoli < nyva—+ 2
— n implies _,
T Vat2 PR S Var2-2
2y
at most n positive integers exist between and -y, we get the desired result.
P 5 Vata TC e

]
Example 3.7. Let 22—7xy+y? = —5 be the hyperbola. Then we have Q5 = {(1,1)}.

Therefore,
im 7 7
A = (1), (B ED D, (B ED ) e 1)
= {(1,1), (1,6), (6,1)(6,41), (41,6),------ .
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Example 3.8. Let 22 — 32y + y2 = —? be the hyperbola. Since a = 3,

v < \/S\/f 5 implies |(,_9),2| = 1, thus we have [Q(,_9),2| = 1 for 1 <y < 9.
Therefore,
Qa—2)2 ={(7,7)} for 1 <y <9,
and hence

A" ={o(y,7) |0 € W}
For the case of a = 4, similarly we have, \Q(a_2)72 |=1 for 1 <~ <5,
Lemma 3.9. Let 22 — axy +y?> = —(a — 2)y? for a > 3 and v € Zq be the
hyperbola. If a 4 2 = 42, then | Qa—2)2| = 2.

Proof. Clearly, (v,7) € Q(q—2)42- If we substitute 72 for a + 2, then we have v > 3

and

. Y oy e
Qa2_4—{(m,n)eATk\QSmS%n_am V(a g )(m )7}‘

Thus we have {(2,a), (7,7)} C Qu2_4, and hence we get the desired result. O

Theorem 3.10. Let 22 — axy +y> = —(a — 2)7? for a > 3 and v € Z~o be the
hyperbola. If a + 2 = 2, and a — 2 is a square free integer, then | Qa—2)42| =2
Proof. If (m,n) € Q,_g),2 for some n € Z~¢, then we have m? —4 = (a—2)I? for
some | € Z>. Since a—2 = v —4, and m < «, we have 42 —4 > m? —4 = (v2 —4)I?,
and hence either [ = 0 or [ = 1. This implies that either m = 2 or m = v, and hence
Qo2_y = {(27a)7(777)}' O
Example 3.11. Let 22 — Tzy + y?> = —5- 32 be the hyperbola. Then we have

Q7-32 = {(Qa 7)7 (37 3)}7
and hence

im 7 7 7 7 7 7 7 7
AJr = {3(F2(n)—17 F2(n)+1)’ 3<F2(n)+17 FQ(n)—1)7 (2F2(n)+2 - 7F2(n)7 2F2(n)+4 - 7F2(n)+2)ﬂ

7 7 7 7 7 7 7 7
(2F2(n)+4 - 7F2(n)+2’ 2F2(n)+2 - 7F2(n)>(7F2(n)+2 - 2F2(n)7 7F2(n)+4 - 2F2(n)+2)7

(TED, = 250 o, TR,y —2F0) [n > 1}

Corollary 3.12. There are many integral solutions x> —azxy+y? = 4—a® for a > 2.
Theorem 3.13. Ifa # 2 (mod 4), then there is a one-to-one correspondence between

the set of integral points on the hyperbolas x> —azxy+y? = 1 and (a+2)2%—(a—2)y? =
4.



A NOTE ON THE INTEGRAL POINTS ON SOME HYPERBOLAS 147

Proof. (a+2)z'* — (a—2)y'* = 4 is obtained from 22 — azy +y* = 1 by substituting

(z,y) =32’ +y, =2/ + ), that is (2/, ¥/) = (z —y, = +y).

If z,y are integers, then clearly 2’ and v’ are also integers. On the other hand,
we need to show that (z/,y') € Z x Z implies that (z,y) € 2Z x 2Z or (z,y) €
(2n+1)Z x (2n+ 1)Z. If a = 4k, then (4k 4+ 2)2’*> — (4k — 2)y’*> = 4. That is
(2k + 1)2'* = (2k — 1)y’* + 2. This implies 2’ and 3 are both even or both odd.

Similarly, we can show in the other cases: ¢ =1 (mod 4) and a = 3 (mod 4). O
Example 3.14. Since the set of all nonnegative integral points on the hyperbola

22 —Sry+y* =1

is {(0,1), (1,0), (1,5), (5,1), (5,24), (24,5), (24,115), (115,24),------ }, and
{(-1,1), (1,1), (—4,6), (4,6), (—19,29), (19,29), (—91,139), (91,139),------ }
is the set of integral points on the hyperbola

Tx? — 3y? = 4.

Corollary 3.15. There are infinitely many integral points on the hyperbola
(a+2)2? — (a—2)y* =4 (a >3, a %2 (mod 4)).
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