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FIXED POINT THEOREMS VIA FAMILY OF MAPS IN WEAK
NON-ARCHIMEDEAN MENGER PM-SPACES

DEEPAK SINGH? AND AMIN AHMED P*

ABSTRACT. C. Vetro [4] gave the concept of weak non-Archimedean in fuzzy metric
space. Using the same concept for Menger PM spaces, Mishra et al. [22] proved the
common fixed point theorem for six maps, Also they introduced semi-compatibility.
In this paper, we generalized the theorem [22] for family of maps and proved the
common fixed point theorems using the pair of semi-compatible and reciprocally
continuous maps for one pair and R—weakly commuting maps for another pair in
Menger WNAPM-spaces. Our results extends and generalizes several known results
in metric spaces, probabilistic metric spaces and the similar spaces.

1. INTRODUCTION

In 1974, non-Archimedean probabilistic metric space and some topological pre-
liminaries on them were first studied by Istratescu and Crivat [25] (see also [23],
[24]). The existance of fixed points of mappings on non-Archimedean Menger spaces
have been given by Istratescu (][26], [27]) as a result of the generalizations of some
of the results of Sherwood [11] and Sehgal and Bharucha-Reid [28]. While Achari
[12] studied the fixed points of quasi-contraction type mappings in non-Archimedean
PM-spaces and generalized the results of [11], [26] and [28]. In 1982 Sessa [21] in-
troduced the notion of weakly commuting maps as a generalization of commuting
maps in metric spaces. In 1986, Jungck [6] introduced the concept of compatible
mapping and proved some common fixed point theorems of compatible mappings in
metric space. He shows that weakly commuting mappings are compatible but the
converse is not true. This compatibility condition has further been weakened by

introducing the notion of weakly compatible mappings by Jungck and Rhoades [5].
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In 1997, Cho et al. [30] introduced the concepts of compatible maps of type (A),
in non-Archimedean Menger PM-spaces and proved some interesting results of com-
mon fixed point. In fact compatibility and compatibility of type (A) are equivalent
under some conditions.

Pathak et al. [8], [9], [10] introduced compatible maps of type (B), type (C) and
type (P) in metric spaces. Singh et al. [2] introduced the notion of semi-compatible
maps in fuzzy metric spaces. In fact in particular, the semi-compatible maps is
equivalent to the compatible maps and compatible maps of type (A) or («) and of
compatible maps of type (B) under some conditions on the maps.

Pant [17] introduced the concept of R-weakly commuting maps in metric spaces.
Later on Cho et al. [30] generalized this idea and gave the concept of R-weakly com-
muting maps of type A,. Vasuki [18] proved some common fixed point theorem for
R-weakly commuting maps in fuzzy metric spaces. In 2009, Khan and Sumitra [13]
introduced the concept of R-weakly commuting maps in non-Archimedean Menger
PM-spaces and proved a common fixed point theorem for three pointwise R-weakly
commuting mappings in complete non-Archimedean Menger PM-spaces. Several au-
thors have already studied fixed point theorems in Non-Archimedean Menger PM-
spaces for more details, we refer the reader to Singh et al. [1], Khan and Sumitra
[14], [15], Rashwan and Moustafa [16] and Singh et al. [19]

In the present paper we prove the fixed point theorem using the pair of semi-
compatible and reciprocally continuous maps for one pair and R—weakly commuting
maps for another pair in Menger PM-spaces. Further we obtain a common fixed
point theorems for six maps and one corollary for four maps via rational inequality.

Our result generalizes and extends many results in the existing literature.

2. PRELIMINARIES

Definition 2.1 ([3]). A triangular norm A (shortly t-norm) is a binary operation on
the unit interval [0,1] such that for all a,b,c,d € [0, 1] and the following conditions

are satisfied:

() Ala,1) =g

(ii) A, b) = A(b; a);

(iii) A(a,b) < A(e,d) whenever a < ¢ and b < d;
(iv) A(A(a,b)),c) = A(a, A(b,c)).

Definition 2.2 ([3]). A distribution function is a function F : (—o0, +00) — [0, 1]
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that is if it is left continuous on R, non-decreasing and such that F(—o0) = 0,
F(+o0) =1.
Let A be the set of all distribution functions and denoted by H(¢) the function

defined as 5
0 ift<o0
H“*:{1 if t>0,

if X is a non empty set, F : X x X — A is called probabilistic distance on X and
F(z,y) is also usually denoted by F .

Definition 2.3 ([25],[26]). An ordered pair (X, F) is said to be non-Archimedean
probabilistic metric space (shortly N.A. PM-space) if X non-empty set and F is
a probabilistic distance satisfying, for all z,y,z € X and s,t > 0, the following
conditions :

(i) Fz,y;t) =1 z=y;
(ii) F(z,y:t) = F(y,a;1);
(i) F(z,y;0) = 0;
(iv) F

iv) F(x,y;t) =1, F(y,z;s) =1 = F(x, z;max{s,t}) = 1.

Remark 2.4. Every Metric space (X, d) can always be realized as a PM-space by
considering F : X x X — A defined by F(z,y) = H(t — d(x,y)), for all x,y € X
and for all ¢t > 0. So PM- space offer a wider framework than that of metric spaces

and are general enough to cover even wider statistical situations.

The ordered triple (X, F,A) is called a non-Archimedean Menger probabilistic
metric space (shortly Menger NAPM-space) if (X, F) is a NAPM-space, A is a t-
norm and the following condition is also satisfied:

(v) F(z,z;max{t,s}) > A(F(x,y;t),F(y, z;s)), for all x,y,z € X and t,s > 0.
Recently Mishra et al. [22] defined the WNAMP-spaces as follows.

If the triangular inequality (v) is replaced by the following:

(WNA)  F(a, 2:1) = max{A(F(z, yst), Fly, 21/2)), AF(@,y:£/2), Fly, 25 1)},
for all x,y,z € X and t > 0,
then the triple (X,F,A) is called a weak non-Archimedean Menger probabilistic
metric space (shortly WNAPM-space). Obviously every Menger NAPM-space is
itself WN A-space.

Remark 2.5. Condition (WNA) does not imply that F(y, 2;t) is nondecreasing and
thus a Menger WNAPM-space is not necessarily a Menger PM-space. If F(y, z;t)

is nondecreasing, then a Menger WNA-space is a Menger PM-space.
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Definition 2.6 ([20],[30]). An N.A. Menger PM-space (X, F,A) is said to be of
type (C’)g if there exists a g € ) such that

9(F(z,zt)) < g(F(z,y3t)) + 9(F(y, z:t))
for all z,y,z € X,t > 0, where Q = {g|g : [0,1] — [0,00) is continuous, strictly
decreasing with g(1) = 0 and ¢(0) < oc.

Definition 2.7 ([20],[30]). A N.A. Menger PM-space (X, F, A) is said to be of type
(D)g if there exists a, g € €2 such that g(A(t1,t2)) < g(t1)+g(t2) for all t1, ¢ € [0, 1].

Remark 2.8 ([22]). If a Menger WNAPM-space is of type (D)y, then (X, F,A) is
of type (C')4. On the other hand, if (X, F, A) is WNAPM-space such that A(r, s) =
max(r + s — 1,0), for all r,s € [0,1], then (X, F,A) is of type (D), for g € 2 and
gt) =1—1t,t>0.

Throughout this paper (X, F,A) is a complete Menger WNAPM-space with of
type (D), with a continuous strictly increasing t-norm A. Let ¢ : [0, +00) — [0, +00)
be a function satisfying the condition:

(®); (¢) is upper semi-continuous from the right and ¢(t) < ¢ for ¢t > 0.

Example 2.9. Let X = [0,00), A(a,b) = ab for every a,b € [0,1]. Define F(z,y;t)
by: F(z,y;0) =0, F(z,z;t) =1forallt >0, F(z,y;t) =tforz #yand 0 <t <1,
F(x,y;t) =t/2 for x #yand 1 <t <2, F(z,y;t) =1 for x # y and ¢t > 2. Then
(X, F,A) is a Menger WNAPM-space, but it is not a PM-space.

Definition 2.10 ([22]). Two self maps A and B of a Menger WNAPM-space
(X,F,A) are said to be semi-compatible if g(F (A, Bx,, Bz;t)) — 0 for all ¢t > 0
whenever {z,} is a sequence in X such that Az,, Bx, — z for some z in X as

n — 400

Definition 2.11 ([22]). A pair of self maps (4, B) of a Menger WNAPM-space
(X,F,A) are said to be reciprocally continuous if g(F(ABxzy, Az;t)) — 0 and
g(F(BAx,, Bz;t)) — 0 for all ¢ > 0, whenever there exists a sequence {z,} in

X such that Az, — z, Bz,, — z for some z in X as n — 400

Lemma 2.12 ([20]). If a function ¢ : [0, +00) — [0, +00) satisfies the condition (P)
then

(i) For all t > 0,limy_o@"(t) = 0, where ¢™ (t) is the nth iteration of ¢(t).

ii) If {t,} is a non decreasing sequence of real numbers and t,i1 < ¢(tp) n =
1,2,..., then lim,_ot, = 0. In particular, if t < ¢(t), for each t > 0, then t = 0.
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Lemma 2.13 ([30]). Let {yn} be a sequence in X such that limy—.oo F' (Yn, Yn+1;t) =
1 for each t > 0. If the sequence {yn} is not a Cauchy sequence in X, then there
exists €9 > 0,ty > 0, and two sequences {m;} and {n;} of positive integers such that
(i) mi > niy 1 andn; — o0 as i — 00
(i) F(YmisYni; to ) <1 — €0 and F (Ym;—1,Yni; to ) > 1—€0,i=1,2,...
Proposition 2.14. Let A and B be two self maps of a Menger WNAPM-space
(X, F,A). The following conditions hold:
(a) if B is continuous, then the pair (A, B) is compatible of type (A —1) if and
only if (A, B) is semi compatible.
(b) if A is continuous, then the pair (A, B) is compatible of type (A — 2) if and
only if (A, B) is semi compatible.

Proposition 2.15. Let A and B be two self maps of a Menger WNAPM-space
(X, F,A). Assume that (A, B) is reciprocally continuous, then (A, B) is semi-
compatible if and only if (A, B) is compatible.

Proposition 2.16. Let A and B be two self maps of a Menger WNAPM-space
(X, F,A). If the pair (A, B) is semi compatible and reciprocally continuous and
{zn} is a sequence inX such that Ax,, — z, Bx, — z for some z € X asn — +o0,
then Az = Bz.

We define the R-weakly commuting maps for Weak non-Archimedean Menger

PM-spaces;

Definition 2.17. Two maps A and S of a weak non-Archimedean Menger PM space
(X,F,A) into itself are said to be R-weakly commuting if there exists some R > 0
such that g(F(ASxz, SAz;t)) < g(F(ASx,SAx;t/R)) for every x € X and ¢t > 0.

3. MAIN RESULTS
We prove the following lemma:

Lemma 3.1. Let S and T be self mappings of a complete Menger WNAPM-space
(X,F,A) of type (D)g, and {A,},2 | be a family of self mappings satisfying the
following conditions:

(i) Ai(X) € T(X), 4;(X) < S(X) ;

(ii) for all x,y € X and t > 0,
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g(F(Aiz, Ajy;t)) <¢lmax{g(F(Sz,Ty;t)),g(F(Sxz, Aiz;t)), g(F(Ty, Ajy;t)),
S(F(S2, Ajus ) + g(F(Ty, Aizs 1)),

(3.1) VIF(Asy, Ty;0).9(F(Ty, Sz;1)),

g(F(Ty, Ajy;t))g(F'(Ajy, Sz;t)) N
g(F(Sz, Ty;t)) ’

where the function ¢ : [0,4+00) — [0,400) satisfies the condition (®).

Fori=2n—-1,j=2n,(n € N) and i # j, for any vo € X, then the sequence
{yn} defined for alln =1,2,3,..., by

Yon = Aont1(72n) = TTon+1, Yon—1 = A2n(T2n-1) = ST20, n=1,2,3,...
is a Cauchy sequence in X provided that limy, ccg(F(Yn, Ynt+1;t)) = 0 for all t > 0.

Proof. In view of (i) one can define the sequence {y,}. Since g € €, it follows that
limy, 00 F'(Yn, Yn+1) = 1 for each ¢ > 0 iff (if and only if ) lim,, 00 g(F (Yn, Ynt1;t)) =
0 for each ¢t > 0. By Lemma 2.13 if {y,,} is not a Cauchy sequence in X, there exist
€0 > 0,tp > 0 and two sequences {m;} and {n;} of positive integers such that:

(a) m; >n;+ 1 and n; — o0 as i — o

(b) 9(F(Ymy» Y3 t0) > 9(1— €o) and g(F(Ym,—1, Yn,ito) < (1= €0) i =1,2,3, ...
Since g(t) =1 —t, we have

9(1= €0) < g(F(Ymis Ynis t0)) < 9(F (Ymis Ymi—15t0)) + 9(F (Ym,; -1, Yns3 o))
< 9(F (Ymy» Yms—15t0)) + 9(1— €p)
As i — oo, we have
(3.2) L g(F (Ym,» ynii o)) = 9(1= €o)

on the other hand, we have

(33) g(l_ 60) < g(F(ymiaym;tO)) < g(F(ynz’ Yn;+1; tO)) + g(F(ym¢¢ym+1;t0))'

Now consider g(F'(Ym,, Yn;+1;t0) and assume that both m; and n; are even. Then

by (i) of Lemma 3.1, we have

(F(A2n+1(Tmi), A2n(Tn,+1); o))

9 (Ymi, Yni+15t0)) = g
S ¢[ma’x{g(F(Sl‘mﬂT$nz+la tﬂ))7g(F(Sxm17 A2n+l($mi);t0))7
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(F(Tzn;+1, A2, (Tn;+1); to)),
(g(F'(STm;, A2n(Tn,41)5t0)) + 9(F(Top41, A2ni1(Tm,; )i to))),

\/Q(F(AZn(an-l) Txp,415t0)).9(F (T2n, 41, STm,; o)),
J(F (Txp, 41, Azn(Tn41);5 t0))-g(F (AQn(xni-&-l)vSfEmi?tO))}]
( (Swmwani-l—l;tO))

<pmax{g(F(Ym;—-1,Yn;;0))s 9(F (Ym,; -1, Ymi3 o)),

9(f Wns> Ynit1; to)),

1
§(Q(F(ymlflaynz+1at0)) +9(F(yn17ym”t0)))a

Q

N |

\/g(F(yni—H?ym;tO))ag(F(ymaymi—IQtO)),
g(F(ynﬂyTLr‘r17t0))g(F(ynl—l-l)yml—l?tO))}]
9(F(Ymi—1,Yn;3 t0))

that is

g(F(ymﬂyn,-‘rlvtO)) ¢[max{g(1 - 60) g(F(ymi—17ymi;tO))7
g(f(ym7yni+1;t0))7

S {900 = €0) + 9(F (s 15 00))) + 9 (st 10)) ).

VI(F Yn, 11, Ynii 10))-9(1 — €0),
9E Wni> Ynit+13£0))-(9(F Wnit1, Ynii to)) + 9(F Uni> Ymi—13t0))) N
g(1 = €o)
Putting this value in (3.3), using (3.2) and taking i — oo,
g(1 —eo) < dp[Maz{g(1 —€),0,0,9(1 — €),0,0}]
< ¢g(1 — o) < g(1 — €o),

which is a contradiction. Hence the sequence {y,} is a Cauchy sequence in X. [

Theorem 3.2. Let S and T be self mappings of a complete Menger WNAPM-space
(X,F, ) of type (D)g, and {An},2, be a family of self mappings satisfying (i) and
(ii) of Lemma 3.1 and suppose that:

(ili) the pair {A;, S} is reciprocally continuous and semi-compatible and {A;, T} is
R-weakly commuting.

Then the mapping {An}, S and T have a unique common fized point.

Proof. Since A;(X) C T(X), for any z¢ € X, there exists a point 1 € X such that
Aq(xo) = Txq. Since A;(X) C S(X), for this 1 we can choose a point xp € X such
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that Aa(z1) = Sze and so on. Inductively, We can define a sequence {y,, }in X, such
that

(3.4) yon = Aopri(xon) = Txont1,  Yon—1 = Aon(z2n—1) = Sx2p, n=1,2,3...

If we prove that, for all t > 0, g(F(Az2n+1(2n), A2n(xn—1);t)) = 0 then by Lemma
3.1, we can conclude that the sequence {y,} is a Cauchy sequence in X, for this

taking (i) of Lemma 3.1, we have

9(F (Yon, Y2n—1:1)) =g(F (A2n11(2n), A2n(¥2n-1);t))
<¢max{g(F(Szon, Tron—1;1)), g(F(Sw2n, A2ny1(x2n);t)),
9(F(Txop—1, Azn(T2n-1): 1)),
)

%(Q(F(Sl‘zn,flzn(mnq) ) + g(F(Tx2n—1, A2ny1(x20)5t))),

V9(F (Ao (v2n-1), Tron—1;1)).9(F(Tx2,—1, St2,); t),

)
9(F (Tzan—1, Aon(2n-1); 1)) 9 (F (A2n(T2n-1), ST2n31))
(F(Sxop, Tron—1;t))

=o¢[max{g(F(y2n—1,Y2n—2:1)), 9(F(y2n—1,y2n;t)),

%(Q(F(y%—l’y%—l;t)) + 9(F(y2n—2,y2n;t))),

VI (y2n—1, y2n—2;t))-9(F (Y2n—2, Y2n—1; 1)),
9(F(y2n—2, y2n—1;1))-9(F (Y2n—1, Y2n—1;1)) N
9(F(y2n—1,y2n-2;1))

1

9(F(y2n—2,y2n—1;1)),

Q(F(anay%—l;t)) S(f)[maX{Q(F(y%—l,y2n—2§t))ag(F(?/2n 1, Y2n; ) )

)
L (P (nzs y2m1:0)) + 9(F (g2nor, 123 ),

2
: 9(F(y2n—1,y2n—2;t))g(1)
V(. y2n:1)))? 9(F(y2n-1,Y2n—2;t)) J

9(F(yan—2,y2n—1:1)),

Case I : If g(F(y2n,Y2n—1;t)) > 9(F(y2n—1,Y2n-2;1)),

then g(F (yan, Y2n—1;1t)) < ¢9(F (y2n, Y2n—1;t)) which is a contradiction.

Case I1 : If g(F(y2n, y2n—1:1t)) < 9(F(Y2n—1, y2n—2:1)),

then get g(F (y2n, yon—1;1)) < ¢g(F(Y2n-1, y2n—2;1)).

Similarly we can obtain g(F(yon+1,¥2n;t)) < ¢9(F (y2n, yan—1;t)) for all t > 0 and
n=1,2,3, .., thus we get g(F (g, ns156)) < G9(F (Y1, 4 t)),

limy, 00 9(F(A2n+12n, A2n(Tnt1);t)) =0,  limp—ocg(F(y2n, Y2n-15t)) =0 for all
t > 0 which implies that {y,} is a Cauchy sequence in X by Lemma 3.1. Since X is
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complete, then the sequence {y, } converges to a point z in X and so the subsequences
lim Agpi1(zopn), lim Agy(xant1), lim Szg, and lim Txo,41 of seq. {y,} also
n—oo n—oo n—oo T— 00

converge to the limit z.

Since the pair (4, 5) is reciprocally continuous,
(3.5)  limpoog(F(A;Sxon, Ajz;t)) — 0 and g(F(SA;za,, Sz;t)) as n — oo.

By semi compatibility of (A4;, S) we get g(F(AiSxan, Aiz;t)) — 0 that is A;z = Sz.

Now taking condition (i7) of Lemma 3.1 with x = z and y = z2,4+1
g(F(A’LZ7 ijQ’rH—l; t)) §¢[max{g(F(Sza Tx?n-f—l; t))7 g(F(SZ7 AZZ7 t))v
9(F(Txony1, Ajronii;t)),

1
§(Q(F(SZaij2n+1§t)) + g(F(Tx2n11, Aiz; 1)),

\/g(F(Aj(TwnH)a Txont1;t))-9(F(Trant1, S25t)),

9(F(Aj(w2n41), Toon+1;1)).9(F (52, Ajwansii;t)) N
g(F(Sz,Tropy1;t))

which on letting limit n — oo
9((Aiz, z;t)) <¢[max{g(F(Sz, 1)), 9(F (52, 5z1)),,9(F(z, 2 1)),

S0P (Aez, 20)) + g(F (2, iz )}, V9P (2, A ) g(F (2, 510),
(P (2. 2:0) 9(P(As=. T2it))
o(F(Aiz, 1))

g((Aizvz;t)) < ¢[Max{g(F(Aiz,z;t)),0,0,Q(F(Aiz,z;t)),0,0}]

i.e. Ajz =z hence A;z = Sz = 2.

Since the pair (A;,T) is R—weakly commuting, so
9(F(AjTron 41, TAjzont1;t)) < g(F(Ajzont1, Trony1;t/R))
which gives
lim AjT$2n+1 = lim TijQn_H =Tz
n—oo n—oo

(as T' is continuous).
We have to show that Tz = z. To do this contrary suppose that Tz # z. Then by
(77) of Lemma 3.1
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9(F(Aiz, AjTxon;t)) <¢lmax{g(F(Sz, TTxon;t)), g(F(Sz, Aiz;t)),
9(F(TTxon, Aj(Txan);t)),

S (9(F(82, A T35 ) + g(F(TTan, Aiz; 1),

\/g i(Txop), TTwoy;t)).9(F(TT 22, Sz;t)),
9(F(Aj(Txon), TTxon;t)).9(F(Sz, AjTwo,;t)) )
g(F(Sz,TTxapn;t))

which on letting limit n — oo

9((2,Tz;t)) <plmax{g(F(z,Tz1)),g(F(z, 21)), g(F(Tz Tzt)),
9(

1{Q(F(Z Tzit)) + g(F(T2, 2 0)}, v/ (9(F (T2, Tz )).9(F (2, Tz ),
g(F(Tz,Tzt)).9(F(z,Tzt))
g(F(z,Tz;t)) 1

e, g(F(z,Tzt)) < ¢g(F(z,Tz;t)) < g(F(z,Tz;t)), which is a contradiction. Thus
z is a fixed point of T". Similarly we can show that z is a fixed point of A;. Hence
Ajz = Ajz = Sz = Tz = z. Thus z is a common fixed point of A;, A;, S and T.
The uniqueness of the common fixed point follows from inequality (i7) of Lemma
3.1. O

Corollary 3.3. Let A1, A3, S and T be four self mappings of a complete Menger
WNAPM-spaces (X, F,A), of type (D)4, and satisfying:

(i) A1(X) C T(X), As(X) C S(X):

(ii) the pair {A1, S} is reciprocallay continuous and semi-compatible and { A2, T}

18 R-weakly commuting,

(iii) for allz,y € X andt >0,

9(F(Ax(x), A2(y);t)) <¢max{g(F(Sz,Ty;1)), g(F(Sz, Az;t)), g(F(Ty, Agy;t))
1

5 (9(F(Sz, Azys 1)) + g(F(Ty, Arz;t))),

(3.6) Va(F(Asy, Sy; 1)).g(F(Azy, Ty; t)),
9(F(Asy, Tx;t)).g(F (Azy,Ty;t))}]

9(F(Sz,Ty;1)) '

Then Ay, As, S and T have a unique common fized point in X.

Lemma 3.4. Let P,Q, A, B, S and T be self mappings of a complete Menger WNA P M-
spaces (X, F, ), of type (D)g, and satisfying;
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(i) P(X) € ST(X), Q(X) € AB(X);
(ii) for all xz,y € X and t > 0,

g(F(Pz,Qy;t)) <¢[Max{g(F(Qy, STy;1)), 9(F(Px, ABx;t)), g(F(ABz, STy;t))

S (9(F(ABz, Qu:t)) + a(F(Pr, STy: 1)),

(3.7) V9(F(ABz, STy; t)).g(F(STy, Px;t)),
g(F(ABz, Px;t)).g(F(Pz,STy;t)) N

9(F(ABz,STy;t))

where the function ¢ : [0,400) — [0,400) satisfies the condition (P).
For any xy € X, then the sequence {yy,} defined for alln =0,1,2,..., by

Pxo, = ST (xon4+1) = Yn, Qxop41 = ABopia =yYnt1 n=0,1,2,..

is a Cauchy sequence in X provided that limy—oog(F (Yn, Yn+1;t)) = 0 for all t > 0.

Proof. In view of (i) of Lemma 3.4 one can define the sequence {y,}. Since g € Q,
it follows that
limy, 00 F'(Yn, Yn+1) = 1 for each ¢ > 0 if and only if lim, oo g(F(Yn, Yn+1;t)) = 0
for each ¢t > 0. By Lemma 2.13, if {y,} is not a Cauchy sequence in X, there exist
€0 > 0,t9 > 0 and two sequences {m;} and {n;} of positive integers such that:
(a) m; >n; + 1 and n; — o0 as i — o0
(b) 9(F (Ym;» Yo, t0) > g(1— €o) and g(F (Ym,—1,Yn;ito) < (1— €0) 1 =1,2, ...

Since g(t) = 1 — t, we have

(F(ymi7ymi_1;t0>) +g(F(ymi_1’yni;t0))

g(l_ G()) < g(F(ympynﬁtO)) <g
< g(F(ymwymi—l;to)) —|—g(1— Go).

As i — oo, we have
(3-8) Jim g(F (ymy, Ynii to)) = 9(1= €o)-
On the other hand, we have

(39) g(l_ EO) < g(F(ym“yni;tO)) < g(F(yniJ Yni+1; tO)) + g(F(ymwym-‘rl;tO))’

Now consider g(F(Ym,,Yn,+1;%0) and assume that both m,; and n; are even.

Then by (i7) of Lemma 3.4, we have
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9(E (Ymy> Yniv15 o)) =g(F(P(xmi), Q(Tn,11); to))
§¢[max{g(F(Q$mi7ST$H¢+1;to))vg(F(mewAmei;tO))a
g(F(Amei’ STl'niJrl; to)),

1
§(Q(F(ABmmw ST$H¢+1;7§0)) + g(F(STxni+17P$m¢); to)),

\/g(F(AmeiaST{ETLH—Hto))'g(F(ST$n¢+lvmei;t()))7
g(F(Amei?P:Umi;tO))'g(F(merFlvSTan-l;tO))}]
9(F(AB&p,, STxn,41; to))
<omax{g(F(Yn,+1, Yn;; t0)), 9(F (Ym,» Ym;—1; to)),
g(f(ymz—hynlat()))a
1
\/g(F(ymzflaynzatO))g(F(ynlvyml,to))a
g(F(ymwymlflvtO))g(F(ynzaymzato))
: }]
g(F(ymi—lyynivtO))

that is

g(F(ymwym-l-l;tO)) §¢[max{g(F(ym+laym;tO))7g(F(ymwymi—l;tO))>g(1 - 60)7
%(Q(F(ymi—bym;to)H 9(E (Ynis Yni+15t0))+ 9(F (Yns» Ymsi t0))),
V(1 —€0)g(1 — e0),
g(F(ymiv Ym;—1; tO))'g(l - 60) }]
g(1 —e€o) ’

Putting this value in (3.9), using (3.8) and taking i — oo,

g(1 —e) < p[Maz{g(1l —€),0,0,9(1 —€),0,0} + 0]
< ¢g(1 —eo) < g(1 — o),
which is a contradiction. Hence the sequence {y,} is a cauchy sequence in X. [
Theorem 3.5. Let P,Q,A,B,S and T be self mappings of a complete Menger

WNAPM-spaces (X, F,N), of type (D)g, and satisfying (i) and (ii) of Lemma 3.4
and suppose that:

(i) AB = BA,ST =TS, PB = BP,QT = TQ;

(iv) the pair { P, AB} is reciprocally continuous and semi-compatible and {Q, ST'}
18 R-weakly commuting.

Then P,Q,A,B,S and T have a unique common fixed point in X.
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Proof. Since P(X) C ST(X) for any zp € X, there exists a point z; € X such that
Pzxy = STz = yo, and since Q(X) C AB(X), for this 1 we can choose a point
T9 € X such that Qz1 = ABxzo = y1. Inductively, We can construct the sequences
{yn}in X, such that

Pxop, = ST (xon+1) = Yon, QTont1 = ABopio =yony1 n=0,1,2,...

Now since Pxo, = ST (z2n+1), if we prove that, for all t > 0, lim,—ccg(F (Yn, Yn+1;1t))
= 0 then by Lemma 3.4, we can conclude that the sequence {y,} is a Cauchy se-

quence in X, for this taking (i7) of Lemma 3.4, we have

9(F (Y2n> Y2n+15t)) =g(F (Pron, Qrani1;t))
<¢[Mar{g(F(Qz2nt1,STr20+4151)), g(F(P2n, ABxos;t)),
g(F(ABl‘Qn, STZL‘Qn+1; t)),

1

§(Q(F(AB!L‘2n, Qr2n11;t)) + g(F(Pxay, STw2,115t))),
V9(F(ABay, STont13t)).9(F(STxon 41, Pron;t)),
( (AB$2n7Px2n; )) ( (P«TQnaSTxZn-l—l;t))}]

g(F(ABl'Qn, ST{/CQn_H; t))

9(F (Y2n, Y2n+1; 1)) <gmax{g(F(y2n+1, y2n;t)), 9(F (Yon, Y2n—1;1)),

SO0 1, v0s150)) + 9 (s 205 1),

VI(F Yan—1, Y203 1)) -9(F (y2n, Y2n; 1)),
9(F (y2n, y2n—1:1))-9(F (y2n, y2n: 1)) W,
9(F(y2n—1,y2n;t))

Case I: If g(F'(yan—1,y20;t)) < 9(F(y2n, Y2nt15t)),
then g(F (yan, Y2n+1;t)) < ¢9(F (Y2n, Y2n+1;t)), which is a contradiction.
Case IT: If g(F(y2n—1,Y205t)) > 9(F(y2n—1, Y2n; 1)),
then we get g(F(y2n, y2n+1:t)) < 09(F (y2n, Y2n—151)).
Similarly we obtain that g(F(y2n+1,¥2n+2;t)) < 0g9(F(Yon, yon+1;t)) for all t > 0
and n = 0,1,2,..., thus we get g(F(yn,Yn+1;t)) < ¢g(F (Yn,yn—1;t)) for all t > 0
and n = 0,1,2,... which implies that {y,} is a Cauchy sequence in X by Lemma

9(F(y2n—1,Y2n+1;t)),

3.4. Since X is complete, then the sequence {y,} converges to a point z in X also,
its subsequences
lim Pzo,, hrn ABuxo, ) ] hm QTon+1 and hm STxop4+1 of seq. {y,} also converge

n—oo
to the hm1t z.
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Now since the pair (P, AB) is reciprocally continuous, therefore we have
(3.10) g(F(PABxzo,, Pz;t)) — 0 and ¢(F(ABPxo,, ABz;t)) as n — oc.

By semi compatibility of (P, AB), we get g(F(PABx2,, ABz;t)) — 0 that is ABz =
Pz.
Now taking (ii) of Lemma 3.4 with x = z and y = x9,+1 we have

9(F(Pz, Quantr;t)) <omax{g(F(Quant1, STx2n+15t)), g(F(Pz, ABz;t)),
g(F(ABZ, ST."L‘Qn+1; t)),
S (0(F(AB2, Quanss30) + g(F (P2, 5Ta20:1:1))),

V9(F(ABz, STxa,41;t)).9(F(STxon11, Pz; 1)),
g(F(ABz,Pz;t)).g(F (Pz,STxgnH;t))H
9(F(ABz, STxzop41;t))

which on letting limit n — oo

9(F(Pz,zt)) <¢lmax{g(F(z,zt)), g(F(Pz, ABzt)), g(F(ABz, 2 t)),

S(0(F(ABz, 1) + g(F (P2, 1)),

\/g F(ABz,z;t)).g(F(z, Pz;t)),
g(F(ABz,z;t)).g (F(Pz,z;t))}]
g(F(ABz, z;t))

i.e., Pz =z. Thus ABz = Pz = z. Again taking x = Bz and y = xo+1
9(F(PBz,Qrap11;t)) <omax{g(F(Qr2nt1, STw2041;t)), g(F(PBz, (AB)Bz;t)),
( ((AB)Bz, STx2n+151)),
( (F((AB)Bz, Qzant1;t)) + g(F(PBz, STxon4151))),

\/g (F((AB)Bz, STxop41:1)).9(F(STxon 41, PBz;t)),
g(F((AB)Bz, Pz;t)).g(F(PBz, STxo,.1:t)) |
g(F((AB)Bz,STx2p41;t))

on letting n — oo, we get

9(F(Bz, z;t)) <plmax{g(F(z, z1)), g(F(Bz, Bz;1)), g(F(Bz, 2;1)),

S O(F (B2, 1)) + g(F(B2, 1)),
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Vg(F(Bz, zt).9(F(z, Bz;t)),
g(F(Bz,Bz;t)).g(F(Bz,z;t)) N
9(F(Bz, zt)) ’
ie, g(F(Bzz;t)) <¢[max{0,0,9(F(Bz,z2;t)),0,9(F(Bz, z;t)),0}].

Thus z = ABz = Pz = Bz implies z = Az = Pz = Bz. Now since P(X) C ST(X),
there exists u € X such that z = Pz = STu. Taking (i7) of Lemma 3.4 with = z2,
and y = u we get
9(F(Pzan, Qu; t)) <¢[max{g(F(Qu, STu;t)), g(F(Pran, ABxan;1)),
9(F(ABxay, STu;t)),

S 9(F(ABa2, Quit)) + g(F (P, STust),

V 9(F(ABxa,, STu;t)).g(F(STu, Pxay;t)),

9(F(Pxay, ABxop;t)).9(F(Qu, STu;t))}]
g(F(ABxay, STu;t)) '

Taking n — oo we get

9(F(z,Qu;t)) <plmax{g(F(Qu, z;t)), g(F(z, z:t)), g(F(z, 2t)),
S0(F (. Quit)) + g(F (2. 1),
\/g (z,2:1)).9(F(z,z;t)),
9(F(z,21)).9(F (Qu,Z;t))}]
g(F(z,21)) ’
ie., g(F(z,Qu;t)) <¢.9(F(Qu, z;t)).

Now since the pair (Q, ST') is R—weakly commuting, so by definition

9(F(QSxapt1, STQxon+1;t)) < 9(F(Qzont1, STxon41;t/R))

which gives lim QSTxo,+1 = lim STQx2,+1 = Qz (as @Q is continuous).
n—oo n—oo
Now we claim that z is also a fixed point of @, taking (i7) with x = z and y = Qza,

g(F(Pz,Q(Qxay);t)) <¢max{g(F(Q(Qxan), STQxan;t)),g(F(Pz, ABz;t)),
g(F(ABz, STQzap;t)),
S ((F(AB2,Q(Qan); 1)) + 9(F (P2, STQan; 1),
\/g F(ABz,STQxon;1)).9(F(STQzop, Pz;t)),
g(F(ABz, Pz;t)).g(F (Pz,STQa:Qn;t))}]
9(F(ABz, STQx2n;t))
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on letting n — oo, we get
9(F(z,Qz;1)) <¢lmax{g(F(Qz, 5Tz 1)), g(F(z, 2 1)),
9(F (=, ST=1)), 5 (9(F(2,Qz:1)) + g(F(=, ST=:1),

V9(F(z,8T21)).9(F(STz, 2 t)),
9(F(2,21)).9(F(2,5T%;t)) N
g(F(z,8T%t))
9(F(z,Qzt)) <¢[max{0,0,9(F(Qz,21)),9(F(Qz, 21)), g(F(Qz, 2 t)),0}]

ie, g(F(z,Qzt)) < ¢0.9(F(Qz,z;t)) implies Qz = z. Thus Qz = z = STz.
By taking x = z, y = STxa,

g(F(Pz,QSTxan;t)) <pmax{g(F(QSTxaoy, STSTxan;t)), g(F(Pz, ABz;t)),

S (9(F(AB=, QSTas0;1)) + g(F (P2, STSTrsi 1)),
Vg(F(ABz, STSTxo,;1)).g(F(STST 29y, Pz;t)),
g(F(ABz, Pz;t)).g(F(Pz,STSTxap;t)) N
g(F(ABz,STSTzop;t)) '
Taking limit n — oo and using (ST)Tz = (T'S)Tz =T(STz) =Tz, QTz =TQz =
Tz we get

9(F(z, Tz 1)) <pmax{g(F(Tz, 21)), g(F (2, 2;1)),

9(F (2, T2:1)), 3 (9(F (2, T5:0)) + 9(F (=, T= 1)),

V9(F(z,Tz1).9(F(Tz, zt)),
9(F (2, 2:1)).9(F (2 ,Tzst))}]
9(F(z,T2t))
9(F(z,Tz;t)) <¢.g(F(Tz, zt))

ie. Tz =2 Thus STz = Sz =z, hence z = Az = Bz =Sz=Tz = Pz = Qz
implies z is a common fixed point of A, B, S, T, P and ). The uniqueness of z holds
from inequality (i7) of Theorem 3.5. O
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