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SCALAR CURVATURE DECREASE FROM A HYPERBOLIC
METRIC

YUTAE KANG? AND JoONGSU Kim P *

ABSTRACT. We find an explicit C'*°-continuous path of Riemannian metrics g: on
the 4-d hyperbolic space H*, for 0 < ¢ < ¢ for some number ¢ > 0 with the following
property: go is the hyperbolic metric on H*, the scalar curvatures of g, are strictly
decreasing in ¢ in an open ball and g; is isometric to the hyperbolic metric in the
complement of the ball.

1. INTRODUCTION

For any Riamannian manifold (M¥,go), k¥ > 3 and a ball B C M, is there a
C*°-continuous path of Riemannian metrics ¢, 0 < t < e on M such that the scalar
curvatures of g; are strictly decreasing in ¢t on B and that g, = go on M\B? This
family, if exists, may be called a scalar curvature melting of go in B. This question
is actually a small step toward Lohkamp’s conjecture on ricci curvature version [6,
Section 10].

If there is a scalar curvature melting g;, then the scalar curvatures satisfy

ds(gt)
dt
on B. As g; is deforming only inside a ball, it is more relevant to the linearization

lt=0 <0

L, of the scalar curvature functional on the space of Riemannian metrics restricted
to a domain. According to Corvino [3, Theorem 4|, a scalar curvature melting of
g seems to exist when the formal adjoint Ly (as defined on the space of functions

which are square integrable on each compact subset of B) is injective. Although this
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injectivity condition holds for generic metrics by Theorem 6.1 and Theorem 7.4 in
[1], it is not easy to check which metrics satisfy this.

In the previous works we have studied explicit scalar curvature meltings of Eu-
clidean metrics and one positive Einstein metric [4, 5]. In this article we study the
hyperbolic metric g, i.e. the metric with constant curvature —1. The derivative of
the scalar curvature functional dsg, (defined on a whole manifold M) is surjective,
but we do not know whether the above (locally defined) L7 is injective or not. In
any case, a merit of our construction is that it is explicit and provides a large scale
melting.

We shall first construct a family of Riemannian metrics on the 4-dimensional
hyperbolic space H* whose scalar curvatures decrease on a precompact open subset
and are hyperbolic away from it. Then by conformal change of the metrics, we
spread the negativity inside the subset over to a larger ball. In the process, we find
a natural choice of parameter ¢ to get ¢g;. In this way we get a scalar curvature

melting;

Theorem 1.1. There exists a C°°-continuous path of Riemannian metrics g on
H*, for 0 < t < & for some number ¢ > 0 with the following property: go is the
hyperbolic metric on H*, the scalar curvatures of g; are strictly decreasing int in an

open ball and g; is isometric to gg in the complement of the ball.

2. METRICS ON THE 4-D HYPERBOLIC SPACE

We start with a metric on R?* of the form

2,2 T2 s a0 PP o
go = fodr -l-ﬁde + hdp —|—ﬁda ,
where (r,0), (p,0) are the polar coordinates for each summand of R* := R? x R?

respectively, and f, h are smooth positive functions on R*, which are functions of r

and p only. Then by a straightforward computation one gets the scalar curvature:

Sg0 = 2(R2112 + R3113 + Ra114 + R3223 + Ra224 + Ru334)

fro  BFr 3f2  fo  hyp  3hy 3hy h%>
L3 ph3 B4 h2f2/’

£ R

le] 02
where f, = 8—{,fﬁ = Taﬁ, etc..

:2(

Consider the unit ball centered at the origin in R*. Then the hyperbolic met-
ric corresponds to gy = (1—r+p2)2(dr2 + 72d6? + dp® + p?do?) in the unit ball
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{(r,0,p,0)| r* + p*> < 1}. Note that g, = ﬁ(dazl2 + dxo® 4 drs® + drg?)

in the rectangular coordinates. If we consider the deformation

j= MM(PW + ;}zd(ﬁ + h2dp® + 22 do®) = %o,
where 1) = (171377102), the scalar curvature is given [2, p.59] by
s(9) = {60400 + 5(g0) 9}
Substituting Agyy = ng + Qf”pr - % - ;% + thf;?" @szp’ Yr = O_T;liipg)g,

_ 1272 —4p%+4 12p%—4r244 .
Yrr = A—r2—p2)3> Yp = = T2 P22 and Ypp = A—rZ_p2)3 s We get;

. —2-2r24+2p?) (=24 2r% —2p?)
—3(1 — 2 _ 22 (
s(9) =3(1 —r* = p")}{ F2(1— 12 — p2)2 T h2(1 — 12 — p2)2
f 2r hp 2p

f3 1—r2—p2 " B3 1—p2— p2
L, frr  3fr  3f? > hp 3h, 3B B2 N

20 PJr e T
+z (f3 + Tf3 f4 f2h2 + + ph3 h4 f2h2
Put F+1= 4 and H +1= ;5. Then
s(g) + 12 1 3 12r 24(—1 — 12 4 p?)
— = ——1{F, = - F
6(1—7’2—p2)2 24{ rr+(7“+1—7“2—p2) r (1—T2—p2)2
3 12p 24(—1+ 1% — p?) f2+h:
H -+ ——)H,— -
+ pp+(p+1—7“2—p2) P (1—7’2—[)2)2 } 12f2h2
We shall find F' and H which satisfy
3 12r 24(—1 —r? + p?)
Frr+ (= +1_T2_p)FT_ (1— 12— p2)2 F=a(r,p)
and
3 12p 24(—1+1r? — p?)
Hpp + (; + m) P T 1T —a(r, p)
for some function «(r,p). For convenience we denote F, = F', L E.=F' C=
2+ 171137;,02) and D = —% hence the equation is F +CF +DF = a. If
we assume the solution is of the form F(r, p) = u(r, p)v(r, p), the equation becomes
" 2 1 C
(2.1) o G+ Op + (S 4 —u 4 D)o = Z

Choose u so that %u +C =0, ie.,

. 13 127
u = 6_%~/ Cdr =¢e 2 ‘I(r+1—7”2—92)dr = ’f'_%(l - 7"2 - 02)35(9)
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Then %u" + %u/ +D= —%%2. Therefore the equation (2.1) becomes
" 3 T%
4r? (1—=7r2—p2)3"7

which is a well-known Euler-Cauchy equation. The general solution of this equation
is

(NI

[N
[SIE

1
27"

3
3 r
v = Cl(p)’f’Q + CQ(p)T /(1—7‘2—p2)3ad’r‘

r 1
—(1 —a p2)3ad7“ — 57“

Hence we have the solution
F =u(r,p)v(r, p) =c1(p)é(p)(1 — 1* = p*)* + ca(p)é(p)r (1 — r* — p*)?

L. 2 2\3 r

L “2(1 _ 2 _ ,2)3 rd d
—QC(P)T (L=r"=p%) ma T

Choosing ¢1(p) = c2(p) = 0 and &(p) = 1 we have a solution

1 r t 1 r t3
F:1—2—23/ — =t p)dt).
5(1=r" =) i (l_tg_pg)ga(t,p)dt =y (l_tQ_p2)3a(,p) }

Similarly we have

H= —1(1—7"2— 2)3{/9 i a(r s)ds—l/p —83 a(r, s)ds}
=73 p o (1—r2— 23" 2 ), @—r2_s2p3%" :

Hence
s(@)+12  fi+hy 1, H+1 , F+1

(22) 6(1—r2—p2)2 12f2h2 48 (F+1)2° 7 ' (H+1)2

H?}.

We choose a(r,p) = a(r)b(p)(1 — r2 — p?)3 where a(r) and b(p) are smooth
functions satisfying

1)a(r)=0,r<0,r>

N | =

-

2) /02@ — 4¥a(t)dt = 0

1
3)b(p) =0, p<0, p=2 35

D=

4) / (s — 45%)b(s)ds = 0.
0
Note that this will make F(r, p) = 0 and H(r, p) = 0 when r > 3 or p > 1.

A graph of a typical such function a (or b) is given in the picture below:
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[N

0 /

Fig.1. The graph of a.

Then
(2.3) mez;u—ﬂ—ﬁﬂwx[m@ﬁ—ééﬂ%wﬁh

H(r,p) = —%(1 —r? - p2)3a(r){/0p sb(s)ds — :Z/Op s3b(s)ds}
and
Fy= 502 = P (-00b(o) + (1 =12 = 2 ([ talonde— o5 [ Bateyan

H, = —%(1 —r? = ) {—6ra(r) + (1 —r*— pz)al(r)}(/op sb(s)ds — /)12 /Op s3b(s)ds).
We set D = {(r,0,p,¢)] 0<r,p<3, 0<6,¢<2r} Due to the conditions
1)—4) on a and b, the support of F' and H lie in D. So, g = g5 away from D and from
(2.2) its scalar curvature sz < s(gj) inside D except the subset T := {(r,6,p, ¢) €
D| F,=0, H,=0}. By choosing a and b properly, T becomes a thin subset in D.
One can check that the region D lies within the gp-distance 4 from the origin
(0,0,0,0) € H:.

Proposition 1. There exist Riemannian metrics on H* such that their scalar cur-
vatures are less than that of the hyperbolic metric on the subset D\T and they are

hyperbolic away from D.

3. A SCALAR-CURVATURE-DECREASING FAMILY

We are going to show that there is a C°°-continuous path ¢; among the metrics
in the previous section such that its scalar curvature s(g;) is decreasing in D\T and
gt is hyperbolic in the complement of D.

We define a path of metrics:

4

(3.1) gt = m(f?dTQ +

r? 2 279 P2 2
Pdr + hidp +ﬁda ),
t t



274 YUuTAE KANG & JoNGsu KiMm

where # =tF +1 and hfl? = tH + 1 for the functions F' and H as in (2.3). Then
t t
90 = Gh-

From (2.2) the scalar curvature is as follows;

s(gp)+12 1 tH+1tQFQJr
6(1L—1r2—p2)2 A8 (tF+1)2" "°

One can easily check Wh:o =0 and

tF+1 5
w2

d(s(gt)) 1
Note that inside D the set of points with %(s(gt))h:o = 0 is identical to the set

T. We see that s(g;) is strictly decreasing only on D\%. In order to have the right
decreasing property, we need to diffuse the negativity (of scalar curvature) onto a
ball containing D\%T.

4. DIFFUSION OF NEGATIVE SCALAR CURVATURE ONTO A BALL

Our argument in this section follows those in [4, Section 4] and [5, Section 4] with
just a few differences in estimation.

We use the following functions; Ft{\fn(p) € C®(R,R=%) for m,M > 0, t > 0
defined by FM (p) =m - ¢? -exp(—%) on R>? and FM =0 on R=C. Also choose an
H € C*(R,[0,1]) with H =0 on R=!, H =1 on R=Y and H’(p) = H(1(p— b)), for
b>0,e>0.

Let B,(z) be the open ball of radius r with respect to go = gp centered at x. We
may choose a point p and a number €; < 0.1 so that By, (p) C D\T as T is a thin
subset. Then s(g;) < 0 on B, (p) when 0 < ¢t < ¢ for some number c.

Let fM e C°(H* R=°) be M (q) = FM (0(q)), where o(q) is the go-distance
from p to ¢ € H* and let h? € C°(H* R=%) be h’(q) = H’(o(q)). We choose b =9

and € = €;. We consider the Riemannian metric e??*§,, where
M 9 P e
¢1(0) = fim(9+e1—0) he, (9+e1 — o) =mte “Fa-ehl (9+ e — o).
Here m and M will be determined below. The scalar curvature is as follows;

$(2Ge) = 72 (sg, + 64,60 — 6|V5,6%):

Setting B = sg, + 6Ag,¢ — 6|V, 6¢|%, we have
2 ~
ds(e2? ;) _ —2%672@3 e

ngt dAsz on d’vgt on ’2
dt dt +6 0

dt dt dt )
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and
_ _ N 207 4|2
—ﬁd‘vfl;@’ >< ﬁsft Zi?“’ )
As ¢ is of second degree in ¢t and B|,—o = —12, we readily get
ds(ijtgt)h:o =0 and
Wh 0= 48me = aseh? (94 e —0) + ddfzt lt=0

+12mAg, e T hY (9 +e—0) .

On Byyc, (p) — Be, (p), since hY (94 €1 — o) =1 and 2 0<0,

dt2 “i=

d?s(e?? g M M

(4.1) s(;ﬂgt)h:o < 48me” Tt + 12mAg e e,

As Ago f = — - %f’ for a function f := f(p), we compute

M M M 3
Agye ae = —¢ e LM —2(9 —0)—=(9 —0)%L.
Go€ € (9+€1—9)4{ (9+e -0 Q( +e1—0)°}
Then we can readily see in (4.1) that d?s(;%?{ftg“)’t:o < 0 for some large M > 0.
On B, (p), ddtzt li=o < 0, so choose m > 0 small so that 48me” 71~ Feaeh? (9+€ —
2

Q) + dd%‘t:o + 12mAg06 9+51*9 hgl (9 + €1 — Q) < 0.

In sum, we have %h:o =0and %h;o < 0on By, (p) and e*?tg, =
go on H* — By, (p).
We may have subtlety near the boundary 0By, (p), so we add the following
argument.
On By (p), there exists £ > 0 such that s(e2? ;) is strictly decreasing for0 <t <é.
M

For a moment we set k = 94+¢ —o, M = M — 2k — 3 m and £ = e =. On
By, (p) — By(p), §: = gn and 55, = —12, so

(2% Gy) = e 2 (=12 + 60g bt — 6|V g,0e|%)

_ 6MmE -
=e 2012 4 ¢ — (=M — Mmt*’E)}.
We have
ds(e?%t G E2MMmE  t*M?m2E?2 MM M2?mt’E
ds€5) _ Jope=260mp(a + 2 Ui L p il

dt KA KA Rt K )
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As M is large and m small, 4+2t2MﬁmE +2t4MiT2E2 — Aﬁz < 0for 0 < t <ty with
some tg > 0. Hence s(e??t§,) is strictly decreasing for 0 < t < tg on By, (p) — Bo(p).
Setting ¢ = min{&, ¢y}, we get a scalar-curvature melting g; = 2%, on By, (p) for

0 <t <e. Theorem 1.1 is proved.

Remark 1. The argument in this article may be applicable to some other metrics.

A more generalization, including spherical metrics, will appear later.
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