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TAYLOR SERIES OF FUNCTIONS WITH VALUES
IN DUAL QUATERNION

J1 EuN Kim?, Su JIN Lim® AND KwaNG HO SHON & *

ABSTRACT. We define an e-regular function in dual quaternions. From the proper-
ties of e-regular functions, we represent the Taylor series of e-regular functions with
values in dual quaternions.

1. INTRODUCTION

Fueter [2] and Naser [8] have studied properties of quaternionic differential equa-
tions as a generalization of the extended Cauchy-Riemann equations in the complex
holomorphic function theory and Noéno [9, 10, 11] has given a definition of regu-
lar functions over the quaternion field 7 identified with R%. In 1979, Sudbery [15]
developed quaternionic regular function theories. By using a generalization of the
Cauchy-Riemann equation, Ryan [12, 13] has developed regular function theories on
complex Clifford algebra of quaternion valued functions.

In 1873, Clifford [1] originally conceived the algebra of dual numbers. Dual alge-
bra has been often used for closed form solutions in the field of displacement analysis.
Kotelnikov [6] and Study [14] developed dual vectors and dual quaternions for use
in the application of mechanics and realized that this associative algebra was ideal
for describing the group of motions of three-dimensional spaces.

In 2011, Koriyama, Mae and Noéno [5] investigated hyperholomorphic functions
and holomorphic functions in quaternion analysis. In 2012, Got6é and Noéno [3]
researched regular functions with values in a commutative subalgebra of matrix al-
gebra in four real dimension and we [7] obtained regularities of functions with values

in subalgebra of matrix algebras in complex n-dimensional.
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In this paper, we introduce the dual quaternion numbers and give some properties
of e-regular functions in dual quaternions by using the associated Pauli matrices.
We give the notation of the derivative for functions with values in dual quaternions

and obtain the representation of the Taylor series of e-regular functions.

2. PRELIMINARY

A dual quaternion is an ordered pair of quaternions and is constructed from
eight base elements eq, e1, €2, €3, €, e1€, eae and eze. We consider the associated Pauli

matrices

(10 (i 0 [0 1 (0
60_ 01 761_ O_Z 762_ _10 763_ ZO )

where ¢ = v/—1. And, we let the dual quaternion identity

(01
= lo o
which is a nonzero and satisfy 0e =0 =0, le = el =¢, e2 =0 and
DH:={z=(+(e|( eT}=TxT,

where ¢ = Z?:o e;jxj, ¢* = Z?:o ejr; and 7 is a dual quaternion component of x;
(zj, 2 € R). The element eg is the identity, the element ¢ is the dual identity of DH
and the element e; identifies the imaginary unit ¢ = /—1 in the C-field of complex
numbers. We can identify DH with C*.

The dual quaternionic conjugation z* of z, the absolute value |z| of z and an

inverse =1 of z in DH are defined, respectively, by

2 =(+ (e,
3
|2 = 22" = Z(Z‘J +ex})”,
5=0
*
S
|22
where ¢ = Z?:oeij%’? = Z?:oeijx;% and €y = eg, €5 = —e; (j =1,2,3).

Let Q be an open subset of C2 x C? and the dual quaternion function
f:Q— DH

satisfy
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z€Q— f(z Zejfjgg ) € DH,
7=0

where f;(¢,¢*) = u;((,¢*) + euj(¢,¢*) and uj,uj (j = 0,1,2,3) are real-valued
functions.

We use the following two dual quaternion differential operators which are defined

as
0 0 . 0 0
D.—8—C+aC*€andD ac—i-a—?*a,
where
0 < 0 0 < 0
,—,: i) — = €
8( 2]8:10] ag* Z]&E* oC jg;]ax] aC* ;]Bx]

Then we have

8:v0 +Zaa:1 am +Z3$3 + 8$* +ig2 ;
o .0 & .0 o .0
023 T '025 Owo  'Ow1 025 T '0af

ug +iur U2 +tusz + uf + g

—ug +tuz  ug — U — Uy + iuj

ap a
az a4
where
o 220 0w Ouy Ouy  Ouy  Ouy
! Oxg  Oxy  Ory  Oxs Oxg  0x]
8U1 8’&0 8’&3 6u2 0u3 6U2
t (8% * ory + Ory  Oxg + Oxy  Ox}
gy =2M2 [ 0w 0wy Oup  Oug 0wy | Ow Oy Oug  Oup

8.730 8%0 8.751 8:131 81'2 (93:2 axg a(lig aCIIS B 8:66
Ou;  Ouj +i<8U3 Oui  Oug  OQus Odur  Ouz  Oug Ouj

8950 8950 6%’1 8%1 8.%2 8.%‘2 81‘3 8:)53
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8u0 8’11,1 (9’U,2 (911,3 8U2 8U3

BT Ouy 0wy Oxg | 0wy | Oz 0wy
(O o O o ow o)
dxy  Oxs  Odxog Oxry Oxy 0Oxk)’
O ow Dw Dui Ow Ow Om O dw O

8%2 8%2 8x3 8%3 81’0 81:0 8.1’1 81’1 6x§ B:z:;
0 (O O D0 O 06 DD
Ox; Oz} Oxg Oxg Oxz Owxrz Oxg Oxrg Ox1 Ox1
Oup ~ OujOuy = Ouj
Oz Oz 0x; O >

Definition 2.1. Let € be an open set in C? x C2. A function f(z) is said to be
e-regular in 2 if the following two conditions are satisfied:

(a) fj (j =0,1,2,3) are continuously differential functions in 2, and

(b) D*f(z) =0 in Q.

3. TAYLOR SERIES OF DUAL QUATERNION FUNCTIONS
We define the derivative f’(z) of f(z) by the following:

f'(z) = Df(2).

Lemma 3.1. Let Q be a domain in C?> x C? and f(z) be a holomorphic mapping
and e-reqular defined in ). Then,
0 0 0 0

fl(z) = (8§+a<+5(6§* +8?

- 2<aaxo +€8(z;;)f

3
0 0
= -2 | — .

j=1

)/

Proof. Since f(z) is an e-regular function in , we have

o) - 0 Je] - 0 o) - 0
Bz ~ YOxi s YBes T Bzg  lOay
f,(Z) - o) o) 9 o) a 9
doz " 'Ows  Owo T '0m T oa T 'os

uo +iur  ug + tug + uf + iuj

—ug + tuz  Uup — iU — us + uj
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L dy dy
- \ds dy

= 2(i+5 0 )f

Oxo (91'6

3
0 0
— —2Zej (81'] +€8:c"f> 1
7=1 J

where
. 8UO 81@ . 8u1 8U3
G = <(8x0 8x3)+2(8m0+8x6))’
B Oup  Oufy Oup  Ouj Oug  Ou]  Oup  Ouj
d> = 2<(8x0+8x0 oz, 31:6)+l(8x0+8x0 oz} 8568))7
g = vz 0w
B (9:130 81'07
di = <(8x0 amg) T ax0+ax0))'
From
L NI I )
o¢ " aC " Oxg ocx  acr oz
we can get

.0 0 a9
f(z)-(aC—i-aC#—a(aC*%—aC*

)/
O

Theorem 3.2. Let f(z) be a homogeneous polynomial of degree m with respect to
the variables ¢ and C*. If f(2) is a holomorphic and e-regular function in C? x C?,

then we have

£(2) = - fM ()

Proof. Since f(z) is a homogeneous polynomial, we have

m

) = Z(’,Z)cmk(ac*)’“

k=0
— Cm_‘_gmcmflc*.
Then
f(z) = m¢™ " +em(m —1)¢" 3¢,
)z = m¢™ + em?¢CmICE
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Thus, f(2) = = f(z)z. And
f'(z) = m(m—1)¢""* +em(m —1)(m - 2)¢" 3¢,

f'(z)z = m(m—1)¢""" +em(m —1)2¢"2¢"

Thus, f/(2) = -5 f”(2)z. Repeating the above calculation, we have

F(2) = o f (z)2"
U

Theorem 3.3. Let Q be a domain in C?> x C2. Let f(z) be a holomorphic and
e-reqular function in Q and o € Q. Then there exists a neighborhood U, of o such
that

Zcmg +e{cr+ Zc m—1)¢m 4 ) b,

where Cy, = 4 M) ().
Proof. From substituting a dual number into Taylor series, we have

/ " (3)
o) = 10+ T ey 4 L 196)

= f(O+ef Q)¢

(e¢*)? + (¢ 4

By Theorem 3.2 and 2™ = (™ + ((m — 1)¢™~1¢* + ¢(™2¢*), we have
flz) = Co+Crz+ ) cm{cm +e((m—1)¢m e 4 CmfZC*)}
m=2
= Qo+ O O™+ o+ 2 Cnl(m = 1)1 "¢ |

_ Zcmc +5{C’1+ZC m—1)¢m 4 )

0

Remark 3.4. Let Q be a domain in C2 x C2. If go(z) is a holomorphic function with
value in quaternions, then there exists a function g¢;(z) with value in quaternions
such that
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f(2) = 90(2) + eg1(2)

is e-regular in Q2.
By the results of Kenwright [4],
f(z) = £(Q) +ef'(C)¢.

We put go(z) = f({), then Dgo(z) = f'({). Hence we put ¢1(z) = Dgo(z)(*, we
have

f(2) = g0(2) + eg1(2).

Example 3.5. Let Q be a domain in C? x C2. If gy = sin(n(), then gj = n cos(n(),

n € Z. Thus, there exists a function g; = ncos(n()¢* such that

f(2) = g0(2) + eg1(2).

is e-regular in Q2.
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