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STIELTJES DERIVATIVE METHOD FOR INTEGRAL
INEQUALITIES WITH IMPULSES

Young JIiN KiMm

ABSTRACT. The purpose of this paper is to obtain some integral inequalities with
impulses by using the method of Stieltjes derivatives, and we use our results in the
study of Lyapunov stability of solutions of a certain nonlinear impulsive integro-
differential equation.

1. INTRODUCTION

In this paper, we discuss various integral inequalities with impulses.

Differential equations with impulses arise in various real world phenomena in
mathematical physics, mechanics, engineering, biology and so on. We refer to the
monograph of Samoilenko and Perestyuk [6]. Also integral inequalities are very
useful tools in global existence, uniqueness, stability and other properties of the
solutions of various nonlinear differential equations, see,e.g., [5].

To obtain our results in the paper we need some preliminaries. Now we state
them.

Assume that [a, b], [c,d] C R are bounded intervals, where R is the set of all real
numbers.

A function f : [a,b] — R is called regulated on [a,b] if both

f(s+)= lim f(s+mn), and f(s—) = lim f(s—n)
exist for every point s € [a,b]. As a convention we define f(a—) = f(a) and f(b+) =
f(b). Let G[a, b] be the set of all regulated functions on [a, b]. If we let for f € Gla, b],
[ fIl = supsepap [£(s)], then (Gla,bl, | - [|) becomes a Banach space. For regulated
functions, see [1, 2].
For a closed interval I = [c,d], we define f(I) = f(d) — f(c). A function f :
[a,b] — R is of bounded variation on [a,b] if
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(1.1) _sup{Z!f ti1,ti])|} < oo,

where the supremum is taken over all partitions
a=to<t1 < - - <th_1<t,=0.
Let BV]a,b] be the set of all functions of bounded variation on [a,b]. We use the
following notations for the convenience:
(1.2) ATf(s) = f(s+) = f(5), A7 f(s) = f(s) = f(s—) and Af(s) = f(s+) = f(s-).
A tagged interval (7, [c,d]) in [a, b] consists of an interval [c, d] C [a, b] and a point
€ [e,d]. Let I; = [¢i,d;] C [a,b]. A finite collection {(7;, [ci,di]) : i = 1,2,...,m}
of pairwise non-overlapping tagged intervals is called a tagged partition of [a,b] if
U?_,I; = [a,b]. A positive function § on [a,b] is called a gauge on [a, b].
Definition 1.1 ([4, 7]). Let § be a gauge on |a, b]. A tagged partition P={(7;,[ti—1,ti])
:1=1,2,...,m} of [a,b] is said to be d—fine if for every i = 1,...,m we have
S [ti—l,ti] C (TZ' — (5(7}),7’1’ + (5(7‘1))
If moreover a d—fine partition P satisfies the implications
Ti=tii1=>1=1, =1 =1t=m,
then it is called a 0*—fine partition of [a, b].
The following lemma implies that for a gauge 0 on [a,b] there exists a §*—fine

partition of [a,b]. This also implies the existence of a d—fine partition of [a, b].

Lemma 1.2 ([4]). Let § be a gauge on [a,b] and a dense subset 2 C (a,b) be given.
Then there exists a *—fine partition P = {(m;, [ti—1,ti]) : i = 1,2,...,m} of [a,b]
such that t; € Q fori=1,...m — 1.

We are now ready to give a formal definition of both types of the Kurzweil
integral.

Definition 1.3 ([4, 7]). Assume that f,g: [a,b] — R are given. We say that fdg
is Kurzweil integrable (or shortly, K-integrable) on [a,b] and v € R is its integral if
for every £ > 0 there exists a gauge ¢ on [a, b] such that for

S(fdg, P Zf 7i)g

we have

1S(fdg, P) —v| <e,
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provided P = {(7, ;) : i = 1,...,n} is a 0—fine tagged partition of [a, b]. In this case
we denote v = f;f(s)dg(s) (or, shortly,v = fab fdg).

If, in the above definition, d—fine is replaced by §*—fine, then we say that fdg
is Kurzweil* integrable(or, shortly, K*-integrable) on [a,b] and we denote v =

b

(K) J, fdg.
Remark 1.4. By the above definition it is obvious that K-integrability implies
K*-integrability.

The integrals have the following properties. For the proofs, see, e.g., [7, §8].
Theorem 1.5. Assume that f, f1, f2,9 : [a,b] — R and that fidg and fodg are

integrable in the sense of Kurzweil or Kurzweil® on [a,b]. Let ki,ks € R. Then we
have

b b b
/ (k1f1+k2f2)d9=k1/f1dg+k2 /fzdg.

If for ¢ € [a,b], integrals f:fdg,fcbfdg exist, then fabfdg exists also and we

have b c b
/Gfdg = /afdg+/cfdg-

For the integrability we have the following fundamental result.

Theorem 1.6. Assume that f € Gla,b] and g € BV [a,b]. Then fdg is K-integrable
on [a,b].

Theorem 1.7. Assume that f,q: [a,b] — R and that fdg is K-integrable. If g is
a requlated function on [a,b], then we have

stn s
i [ g = [ fdg+ £5)(o() - 9(5).

n—0+ J,

2. THE STIELTJES DERIVATIVES

In this section we state the results in [3] that are essential to verify our main
results.

Throughout this section, we assume that f € Gla,b] and g is a nondecreasing
function on [a, b].

A neighborhood of t € [a,b] is an open interval containing ¢. We say that the
function g is not locally constant at t € (a,b) if there exists n > 0 such that g is not
constant on (t—e, t+¢) for every e < n. We also say that the function g is not locally
constant at a and b, respectively if there exists 7 > 0 such that g is not constant on
[a,a + ¢), (b — e, b], respectively for every € < 7.
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Definition 2.1. If g is not locally constant at ¢ € (a,b), we define

) S = fE-9)

dg(t)  no—0+ g(t +n) — g(t — )’
provided that the limit exists. If g is not locally constant at t = @ and t = b

respectively, we define

df(a) . flatn)—fla) df(b) .~ f(b)— f(b—9)
= lim , = lim —%—>——2~
dg(a) — n—=0+ gla+n) —g(a)” dg(b) =0+ g(b) — g(b—0)
respectively. Sometimes we use fy(t) instead of %.
If both f and g are constant on some neighborhood of ¢, we define % =0.

Remark 2.2. It is obvious that if g is not continuous at ¢ then f,(t) exists. Thus if
fg(t) does not exist then g is continuous at ¢. fy(t) is called the Stieltjes derivative.

K*-integrals recover Stieltjes derivatives.

Theorem 2.3. Assume that if g is constant on some neighborhood of t then f is
also constant there. Suppose that f,(t) exists at every t € [a,b] — {c1,ca, ...}, where

f is continuous at every t € {c1,ca,...}. Then we have

b
<Kﬁ/ﬂ@ﬂﬂ@=f@—fw»

3. MAIN RESULTS

In this section we will state and prove our results.
Let

O<ti <to< - - <ty <1,

and let 0 < a < 1. Two sorts of Heaviside functions H,, H; : [0,1] — {0,1} are
defined respectively by

Ho(t) = 0, ift<a HA (1) = 0, ift<a
TN, ift>a, )1, ft>a

Using the Heaviside functions H,, H} we define functions ¢, : [0,1] — [0, 00) by
$(t) =t+ Y Hy(t), v(t) =t+ )Y H(t), te[01],
k=1 k=1

respectively.
It is obvious that the functions ¢, are strictly increasing and of bounded vari-
ation on [0, 1].



STIELTJES DERIVATIVE METHOD 65

From now on, we assume that ¢ > 0 and that all the functions u, f,g,¢9;,i=1,....,n
are nonnegative functions defined on [0, 1] that are regulated on [0, 1] and continuous

at every t # ty,k =1, m, where I,m=1,...,m
Lemma 3.1. Assume that f'(t) exists for t # ty, k = 1,m. Then we have
(a)
P = FL0) = 110, F5(t) = F(t) = Fti) — F(tx).

Let f,,(tx—) = lim, o+ % Then we have

folte=) = ftr) — fte—).
(b) If a left-continuous function f is positive, nondecreasing, and differentiable

at t # tx, k = 1,m, then

dlog f(t)] _ f'(t)  dlog f(t)] _ Fo(te)
do(t) f(t)’ do(tr) — flte)

(©)

/J (s /fdwggfm
and

/fdw /ﬁ wﬁ%ﬁ%

Proof. (a) By definition, for t;, <t < t;4+1 and for sufficiently small § and 1 we have

Ot+9)—o(t—n) = t+5+ZHti(t+5) —[t—T]+ZHti(t—T])]
=1 =1
k k
= [t+6+ ) 1 —n+§:4:=6+m
i=1 =1

so we have

f4(t) = lim f(t"‘(s)_f(t_??): lim f&+9)—f(t—mn)

6,m—0+ ¢( ) — ¢<t — 77) 6,n—0+ o+ n

= f'(t).
And

th+ 0+ Hy(ty +6)
=1

k
tht o+ 1
=1

P(tp +0) — ot —n) =

- [tk _n+thi<tk —77)]
k—1 -
— [tk—n—i-Zl

i=1

=140+,
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This implies
by fte+06)—fltk—m) . ftx+9)— f(tr —n)
f¢(tk) 5%1—>0+ Oty +0) — o(ty —m) 76,%1—I>I(l)+ 1+5+n

Similarly we can verify

= f(tr+)—f(te—).

Fu @) = f5(t), fu,(te) = f5(tr)-
And
, B fe) = fte—m) . f(te) = f(tx —n)
Joltem) = I ) =0t —m) — ot 147
This completes the proof for (a).
(b) By (a) if t # t; then it is obvious that
dllog £(8)] _ dllog £(t)] _ f'(t
do(t) dt f@)’

and by the Mean Value Theorem and since f is nondecreasing and left-continuous

= f(tx) — f(tk—).

we have

dllog f(tx)]
Aot log f(tk+) — log f(tx—)

 Slet) — f() _ Fol)
- f(tk) flte)
c¢) By Theorem 1.7, we have for t; <t

tr+0
/ F($)a, (s) = Tim [ (s)dHy (5) = £(0) [y (14) = Hiy (=) = £ 00,
M=% Sty —n

Through the same process, we can obtain that fo s)dH; (s) = f(tx). By the same
method we can easily verify that

" f(8)dHy () =0, [ f(s)dHE (s) = [(tx).

0 0
Since for tj, > t, Hy, (s) = 0 = H; (s) for every s € [0,] we have

t t
/ F(s)dHy, (s) = 0 = / F(s)dH, ()
0 0

Using the above results and the definition and properties of K-integral we get

/f )do(s /f s+iﬂtk<s>]
/f ds+Z/f s)dHy, (s /f )ds+ > ft).

0<trp<t
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Considering

mo oo

S RIETACESDS /f S (s) = S flty),

k=170 0<tp<t O<typ<t
we get

[ v = [ s+ 3 stae
0<typ<t

The proof is complete. O

Now we define functions A, B; : [0,1] — [0, 00) as follows:
0, te{tr,..t 0, t£t,
A(t) _ ) { 17. ) m} Bl(t) _ ) 7é i .
1, otherwise, 1, t=1t, i=1m.

The following theorem is a Gronwall-Bellman type integral inequality with impulses.

Theorem 3.2 ([6]). Let ap >0, k=1,m. If

(3.1) u(t)§c+/0 fuls)ds + Y apulty),

O<tr<t

then we have

u(t) < c-exp /f+ ak
0<tp<t
Proof. Define a function z(t) by the right side of (3.1); then we observe that z(0) =
c,u(t) < z(t) and for t # t, k = 1,m, we have by Lemma 3.1
zg(t) = ft)u(t) < f(1)z(t), 2z(tr) = apu(te) < apz(ty).

So, we have

() < AW F()2(t) + D Bi(t)asz(ti) = | AW f(8) + Y Bilt)ai| 2(2).
i=1 =1
By Lemma 3.1 this implies
dlogz(t) _ #4(t) G '

By setting ¢ = s in (3.2) and integrating it with respect to ¢ from 0 to ¢ then by
Theorem 2.3 and Lemma 3.1 we get

o255 < [ 466+ Y B ] o s /f+ > a

i=1 0<trp<t




68 Youna JiN KiMm

Since z(0) = ¢ we get

u(t) < 2(t) < ¢ exp /f+ a

0<tp<t
This completes the proof. ]
A generalization of Theorem 3.2 is the following result.
Theorem 3.3. Let 0 <mj <mo < - - <my and let ag,a; > 0,1 =1,n,k=1,m.

If
(3.3) <c+/ f(s ds+/ Zgl )™t lds
+ > [aku tr) —i—Za@k (tr) mz“]

0<tp<t
then
1
u(t) < - exp / F+ Y | - M) - N
O<tp<t
where
t n
M (t) :mn/ Zgi(s) - exp / f+mn a; | ds,
0 =1 0<t;<s

n
N(t)=my Y Y apc™ -exp | m / f+mn aj |

0<tr<t i=1 0<t <tp
provided that M (t) + N(t) <1

Proof. Inequality (3.3) is written as:
(3.4)

+ n
u(t)< c+ /O ( HOESY gi(s)[u(s)]m’> u(s)ds + )
i=1

O<trp<t

ak + ) aik [u(tmmi]u(tk).
i=1

By applying Theorem 3.2, we get

(3.5) wu(t) <c-exp /f—i— Z %—F/ZQZ - Z Zazkz ()™

0<tp<t O<trp<t i=1
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Then for every m;, j = 1,n, we have

t t n
[u(t)]™ < ¢ - exp (mj /0 famy Y ap+my /0 > g™
=1

0<tp<t 1=
n
+my Y Zaz’k[U(tk)]m’)
0<tj<t i=1
t t n
<™ -exp <mn/ f+my Z ak+mn/ Zgiumi
0 0<tp<t 0 ;=1

+m, Y Zaik[u(tk)]mi> .

0<typ<t i=1
Multiplying the last inequality by a negative term —m,,g;(t), we have

gy (B[] exp | —mn / S g —me 3 Y aafu(t)]™
0 =1

0<trp<t i=1

t
> —mpg;(t)c™ - exp mn/ f+my, Z ag
0

0<tp<t

By summing the inequality for j = 1,n, we obtain

a3 gi(Ofu(t)] ™ exp| —m, /0 S g me 305 anfulte)]™
i=1 i=1

0<tp<ti=1

n
> —my Zgi(t)cmi cexp | my [ f+mp Z ay
i=1 0

This implies that for t # tp, k=1,m

d o -
=1

0<tp<t i=1

n t
> —my, Zgi(t)cmi - exp mn/ f+my Z ay
i=1 0

0<tp<t

69
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And by Lemma 3.1 we have

d i M . n .
g | |, Lo e 2 et

0<t; <ty i=1

n

th k n
=exp | —my, / Zgiumi — My Z Z agjlu(t;)]™
0 =1

j=1i=1
t, ™ k—1 n
—exp | —my / Z giu™ —my, Z Z a;jlu(t;)]™
0 =1 j=1i=1
n
= [exp (—mn Zaik[u(tk)]mi> - 1]
i=1
t, " k-1 n
xexp | —mn /0 > g™ —ma >0 agfu(t)]™
i=1 j=11i=1

By the Mean Value Theorem we get for some w € [—my, > iy ai[u(ty)]™, 0],

lexp (—mn > ai [U(tk)]mi) - 1]
i=1

= —my Y aiglu(ty)]™ exp(w) = —my Y apfu(t)]™.
i=1

i=1

So we conclude that

d BN s - .
(3.7 o) exp —mn/O ;giumz_mn Z Zaij[u(tj)]mz

0<t; <ty i=1

n

> —my, Zazk[u(tk)]m’ - exXp —mn/o ' §g@'um" — Mp Z Zaij [u(tj)]mi

i=1 0<t;<tp i=1

n th
> a3 ane™ vexp [y [ w3
=1 0 0<t; <ty
By (3.6) and (3.7) we obtain

d ‘< mi - . mg
7o P —mn/o ;giu ma Y Y anfulty)]

0<tp<ti=1
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n t
> —my A(t) Zgi(t)cmi - exp mn/ f+my, Z ag
i=1 0

O<trp<t

m n tp
S Byl) Y g™ exp (mo [ g w3 g
p=1 i=1 0

0<t;<tp

Integrating from 0 to ¢ with respect to ¢ we get by Theorem 2.3

trn n
exp —mn/ Zgiumi—mn Z Zaij[u(tj)]mi
0 =1

0<t;<t i=1

t n s
> 1—mn/ Zgi(s)cmi - exp mn/ f+my Z a; | ds
0 0

i=1 0<t;<s
n th
—Mp g g apc™ - €xXp | Mn / f + my E a;
0<tp<t i=1 0 0<tj<ty

This implies that

exp /0 z;gluml + Z Zaijumi(tj) <[1—M(t)— N(t)]fmin.

0<t;<t i=1

So inequality (3.5) becomes

u(t) < c-exp /Otf—i— Z ay [l—M(t)—N(t)]_%n.

0<trp<t

The proof is complete. O

From now on a function f : [0, 1] — [0, 00) is defined by

Fr\ f(t)a if t?étk
f(t)_{l, if t=ty k=1,m.

Theorem 3.4. Let 1 < p and let ag, by, >0, k=1, m. If
(3.8)
t

u(t) < c+ ; f(s)u(s)s +/0 fs) (/0 g(a)up(a)da> ds + Z lapu(ty) + bpuP (tr)],

0<trp<t
and 1 — M(t) — N(t) > 0, where

MO == g6 ew (-1 [ Fr-1) 3 a0

0<tj <s
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Nt)=cp-1) Z bk-exp( —1/ f+m-1) aj),
0<t; <ty

O<tr<t

then we have

(t) <c

1+ /0 W+ Y W (n) + cplbkwmk)]] ,

O<tr<t

) = exp (/Hoqm )1 M(t) — N(t)] 7.

Proof. Define a function z(t) by the right side of (3.8); then we observe that z(0) =
c,u(t) < z(t) and for t # tg, k = 1,m we have

where

and
2 (tk) = agu(te) + bpuf (ty) < apz(ty) + b2? (k).
This implies that

Zy(t) < A(t)f(t) (z(t) /Ot da>+ZB ) + bz (t:)]

A() <z(t) /Ot da> +ZB B + bz (¢ )]].

Define a function v(t) by

v(t) = A(t) (z(t)—l— /Otg(a)zp(a)da>

(39) = f©)

+ZB D)+ b2 ()]

and then for ¢ # ¢,k =1, m, by Lemma 3.1 and (3.9)
Uy (t) = 2y (1) + g(1)27(t) < f(t)v(t) + g(t)vP (1),

and
'Uép(tk) < apz(tr) + brzP (tr) < v(ty),

and
vy (te—) = v(te) — v(tp—) < v(ty).
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Thus we have

Since z(t) is left-continuous we have

U(tk) = akz(tk) =+ bkzp(tk) < akz(tk—) + bkzp(tk—) < akv(tk—) + bkvp(tk—).

So we have
v(t) <c +/0 [f(s)v(s) + g(s)vP(s)]ds + > [axv(te—) + bpoP(tx—)]-
0<t) <t
Thus
v(t—) <ec —i—/o [f(s)v(s—) + g(s)vP(s—)]ds + Z [agv(tp—) + bpoP (tx—)].
0<tp<t

By Theorem 3.3 we have

v(t—) <c-exp /Otf—i— Z ag | [L —M(t) — N(t)] »=1 = cW(t).

0<tp<t
And
v(te) < apv(te—) + bev? (te—) < claW () + bpc? " WP ().

Thus we get
25() < F(£)o(t) < cAW) FOW (1) + ¢ Bilt)[aW (t:) + bic? " WP (t,)].
i=1

So we have by Theorem 2.3,

u(t) < z(t) <ec [1 + /Otf(S)W(S)dS + Z [ar W (ty) + P 1o WP (ty,)]

0<tp<t
This completes the proof. O
4. AN EXAMPLE

There are many applications of the inequalities obtained in Section 3. Here we
shall give an example which is sufficient to show the usefulness of our results.
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Consider the following impulsive integro-differential equation

(4.1) Z(t)=F (t,x(t), /Ot G(a,x(a))da) , £

:C(tk+) — x(tk) = Ik(a:(tk)), k=1,m,
x(0) = xo,

where 0 < t] < -+ < tp < -+ < t;, < 1, where a function F : [0,1] x R? — R is
continuous on [0, 1] x R? and satisfies

[F(s,2,y)| < f(s)(lz] + [yl)

for some continuous function f : [0, 1] — [0, 00), and a function G : [0,1] xR — R
is continuous on [0, 1] x R and satisfies

G(s, )| < g(s)|z|’
for some continuous function g : [0, 1] — [0,00) and p > 1. Then we have

(4.2) () zxo—}—/OtF(s,m(s),/Os G(a,m(o))da) ds+ > Iy(z(ty)).

O<tp<t
Assume that F'(¢,0,0) = 0 and that the function [ : R — R is continuous and
Ik (x)| < ag|z| + bi|z|P, ak, b >0, k=1,m.
Let ¢ = p — 1 and suppose that M (t) + N(t) < 1, where

t s
M(t)chq/o g(s) - exp q/o f+aq > a|ds,

0<trp<s
ty
N(t)=qc? > bp-exp q/ f+a Y a
0<tp<t 0 0<t; <ty

Then we have
t

(0] < baol+ [ 109 (\x<s>r+ / Sg<a>m<o>|pda) dst 3 anle ()| +bxle(n) ).

0<trp<t

Applying Theorem 3.4 to the above inequality, we get

()] < [wol 1+/0 W (s)ds+ > [axW (t) + |zoP ok WP ()] | = |aol- K (2).
0<tp<t

Since the function K (t) is bounded on [0, 1], the above inequality implies that the
zero solution of equation (4.1) is Lyapunov stable. O
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