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FILTER SPACES AND BASICALLY DISCONNECTED COVERS

YounGg Ju JEON? AND CHANGIL KimP:*

ABSTRACT. In this paper, we first show that for any space X, there is a o-complete
Boolean subalgebra Z(Ax)# of R(X) and that the subspace {a | a is a fixed
o Z(X)#-ultrafilter} of the Stone-space S(Z(Ax)#) is the minimal basically discon-
nected cover of X. Using this, we will show that for any countably locally weakly
Lindel6f space X, the set {M|M is a o-complete Boolean subalgebra of R(X) con-
taining Z(X)#* and sy, (X) is basically disconnected}, when partially ordered by
inclusion, becomes a complete lattice.

1. INTRODUCTION

All spaces in this paper are Tychonoff spaces and 3X denotes the Stone-Cech
compactification of a space X .

Vermeer([10]) showed that every space X has the minimal basically disconnected
cover (AX,Ax) and if X is a compact space, then AX is given by the Stone-space
S(0Z(X)¥) of a g-complete Boolean subalgebra ¢Z(X)# of R(X). Henriksen,
Vermeer and Woods([4])(Kim [7], resp.) showed that the

minimal basically disconnected cover of a weakly Lindelof space (a locally weakly
Lindelf space, resp.) X is given by the subspace {a | « is a fixed oZ(X)%-
ultrafilter} of the Stone-space S(oZ(X)#).

In this paper, we first show that for any space X, there is a o-complete Boolean
subalgebra Z(Ax)* of R(X) and that the subspace {a | « is a fixed o Z(X)#-
ultrafilter} of the Stone-space S(Z(Ax)#) is the the minimal basically disconnected
cover of X. Using this, we will show that S(Z(Ax)#) and BAX are homeomorphic.
Moreover, we show that for any o-complete Booeal subalgebra M of R(X) containing
Z(X)#, the Stone-space S(M) of M is a basically diconnected cover of X and that
the subspace {a | a is a fixed M-ultrafilter} of the Stone-space S(M) is the the
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minimal basically disconnected cover of X if and only if it is a basically disconnected
space and M C Z(Ax)?. Finally, we will show that for any countably locally
weakly Lindelof space X, the set { M|M is a o-complete Boolean subalgebra of R(X)
containg Z(X)# and sy} (X) is basically disconnected}, when partially ordered by
inclusion, becomes a complete lattice.

For the terminology, we refer to [1] and [9].

2. FILTER SPACES

The set R(X) of all regular closed sets in a space X, when partially ordered
by inclusion, becomes a complete Boolean algebra, in which the join, meet, and
complementation operations are defined as follows : for any A € R(X) and any
{A;:1€l} CR(X),

V{4; i€ l} =clx(U{A;:iel}),

/\{AZ NS I} = Clx(intx(ﬂ{Ai RS I})), and

A =clx(X —A)
and a sublattice of R(X) is a subset of R(X) that contains (), X and is closed under
finite joins and meets.

We recall that a map f: Y — X is called a covering map if it is a continuous,

onto, perfect, and irreducible map.

Lemma 2.1 ([5]).

(1) Let f:Y — X be a covering map. Then the map ¢ : R(Y) — R(X), defined
by Y(A) = f(A) N X, is a Boolean isomorphism and the inverse map =" of 1 is
given by =1 (B) = cly (f~'(intx(B))) = cly (inty (f~'(B))).

(2) Let X be a dense subspace of a space K. Then the map ¢ : R(K) — R(X),
defined by ¢(A) = AN X, is a Boolean isomorphism and the inverse map ¢~ of ¢
is given by ¢~ 1(B) = clg(B).

A lattice L is called o-complete if every countable subset of L has the join and
the meet. For any subset M of a Boolean algebra L, there is the smallest o-complete
Boolean subalgebra oM of L containing M. Let X be a space and Z(X) the set
of all zero-sets in X. Then Z(X)# = {clx(intx(Z)) | Z € Z(X)} is a sublattice of
R(X).

We recall that a subspace X of a space Y is C*-embedded in Y if for any real-
valued continuous map f : X — R, there is a continuous map g : ¥ — R such
that g|x = f.
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Let X be a space. Since X is C*-embedded in 3X, by Lemma 2.1., 0 Z(X)#* and
o Z(BX)* are Boolean isomorphic.

Let X be a space and B a Boolean subalgebra of R(X). Let S(B) = {a | « is
a B-ultrafilter} and for any B € B, ¥% = {a € S(B) | B € a}. Then the space
S(B), equipped with the topology for which {$% | B € B} is a base, called the
Stone-space of B. Then S(B) is a compact, zero-dimensional space and the map
sg: S(B) — BX, defined by sg(a) = N{clgx(A) | A € B}, is a covering map ([7]).

Definition 2.2. A space X is called basically disconnected if for any zero-set Z in
X, intx(Z) is closed in X, equivalently, every cozero-set in X is C*-embedded in
X.

A space X is a basically disconnected space if and only if X is a basically
disconnected space. If X is a basically disconnected space, every element in Z (X )%
is clopen in X and so X is a basically disconnected space if and only if Z(X)# is a

o-complete Boolean algebra.

Definition 2.3. Let X be a space. Then a pair (Y, f) is called

(1) a cover of X if f:Y — X is a covering map,

(2) a basically disconnected cover of X if (Y, f) is a cover of X and Y is a basically
disconnected space, and

(3) a minimal basically disconnected cover of X if (Y, f) is a basically disconnected
cover of X and for any basically disconnected cover (Z, g) of X, there is a covering
map h: Z — Y such that foh =g.

Vermeer([10]) showed that every space X has a minimal basically disconnected
cover (AX,Ax) and that if X is a compact space, then AX is the Stone-space
S(cZ(X)") of 0 Z(X)# and Ax(a) =N{A| A€ a} (o € AX).

Let X be a space. Since 0Z(X)# and 0 Z(8X)# are Boolean isomorphic, S(oZ(X)#)
and S(cZ(BX)*) are homeomorphic.

Let X,Y bespaces and f : Y — X amap. Forany U C X, let fy : f~1(U) —

U denote the restriction and co-restriction of f with respect to f~1(U) and U,
respectively.

In the following, for any space X, (ASX,Ag) denotes the minimal basically dis-

connected cover of 3X.

Lemma 2.4 ([7]). Let X be a space. If Agl(X) is a basically disconnected space,
then (Agl(X),AﬂX) is the minimal basically disconnected cover of X.
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For any covering map f : Y — X, let Z(f)# = {cly (intx(f(2))) | Z € Z(Y)#}.
Since R(AX) and R(X) are Boolean isomorphic and Z(AX)# is a o-complete
Boolean subalgebra of R(AX), by Lemma 2.1, Z(Ax)" is a o-complete Boolean
subalgebra of R(X).

Definition 2.5. Let X be a space and B a sublattice of R(X). Then a B-filter F
is called fized if {F | F € F} # 0.

Let X be a space and for any Z(Ay)#-ultrafilter o, let ay = {A € Z(AX)? |
Ax(A) S Oé}.

Proposition 2.6. Let X be a space and o a fized Z(Ax)™ -ultrafilter. Then cy is
a fized Z(AX)7 -ultrafilter and | N{A| A € a,\} |= 1.

Proof. Clearly, ay is a Z(AX)#-filter. Suppose that A € Z(AX)# — a). Then
Ax(A) € Z(Ax)¥ — . Since a is a Z(Ax)#-ultrafilter, there is a C' € «a such that
CAAx (A) = 0 and hence AAclyx (A (intx (C))) = 0. Since Ax (clax (A (intx(C)))) =
C € a, cax (A (intx(C))) € ay and hence a, is a Z(AX)#-ultrafilter. Since « is
fixed, there is an x € N{B | B € a}. Then {AN A (z) | A € ay} has a family of
closed sets in A)_(l(a:) with the finite intersection property. Since A)_(1 (x) is a compact
subset of AX, N{AN A (z) | A€ ay} # 0 and hence N{A | A € a)} # (. Since
Z(AX)# is a base for AX and ay, is a Z(AX)#-ultrafilter, | \{A| A€ ap} |=1. O

Let X be a space and FX = {a | a is a fixed Z(Ax)#-ultrafilter} the subspace
of the Stone space S(Z(Ax)#). Define a map hx : FX — AX by hx(a) = N{A |
A € a,}. In the following, let ¥p = Eg(AX)# for any B € Z(Ax)7.

Theorem 2.7. Let X be a space. Then hx : FX — AX is a homeomorphism.

Proof. Take any o, § in FX with a # 6. Since o and 6§ are Z(Ax)#-ultrafilters, there
are A, Bin Z(AX)# such that Ax(A) € a, Ax(B) € § such that Ax(A)AAx(B) = 0.
Then A € ay, B € 6, and AN B = (. By Lemma 2.1, clax(A) Nclpx(B) = 0 and
hx(a) =N{G |G e ar} #N{H | H € 0»} = hx(d). Thus hx is an one-to-one map.

Let y € AX and v = {Ax(C) | y € C € Z(AX)#}. Since every element of
Z(AX)# is a clopen set in AX, v € FX and hx(y) = y and hence hy is an onto
map.

Let E € Z(AX)#. Suppose that u € FX—h3'(E). Since Ax(E) ¢ p, pu ¢ SAx(B)
and so ¥ (E) C h~Y(E). Suppose that § € hy'(E). Then hx(0) € E and hence for
any A € 0y, ANE # (). Since 0 is a Z(AX)#-ultrafilter, E € 0, and so E € YAX(E)
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and hx(f) € FE. Hence YAax(E) = h)_(l(E) and since hx is one-to-one and onto, hx

is a homeomorphism. O

Corollary 2.8. Let X be a space and Fx = Axohx. Then (FX, Fx) is the minimal
basically disconnected cover of X and F(a) =N{A | A€ a} foralla € FX.

It is well-known that a space X is C*-embedded in its compactification Y if and
only if X =Y.
Theorem 2.9. Let X be a space. Then there is a homeomorphism k : BAX —
S(Z(Ax)?) such that ko Byx o hx = j, where j : FX — S(Z(Ax)?) is the

mnclusion map.

Proof. By Theorem 2.7., BFX = BAX and S(Z(Ax)¥) is a compactification of FX.
Hence there is a continuous map k : BAX — S(Z(Ax)¥) such that kofByxohx = j,
where j : AX — S(Z(Ax)¥) is the dense embedding. Let T = S(Z(Ax)¥)
and A, B be disjoint zero-sets in FX. Then there are disjoint zero-sets C, D in
FX such that A C intpx(C) and B C intpx(D). Since hx : FX — AX is

a homeomorphism, clpx (intrx(C)) = Ly (cpy (intpx(c))) N FX and since FX is
dense in T, clr(clpx (intpx(C))) = Xpy (clpx (intrx (0)))- Similarly,
cr(clpx(intpx(D))) = Lry (clpx (intrx (D))
Since clpx (intpx(C))) A clpx (intpx(D))) = 0,
Fx(clpx(intpx(C))) A Fx(clpx (intpx(D))) = 0.

Hence

ClT(Clpx(intFx(C))) N ClT(Clpx(intpx(D)))

= Xy (clpx (intpx (C))) N XFy (clpx (intpx (D))

= NPy (clax (intax (C))AFx (clpx (int px (D))

= 0.
By the Uryshon’s extension theorem, F'X is C*-embedded in T and so k is a home-
omorphism. O

It is known that BAX = ABX if and only if {Ax(A) | A € Z(AX)#} =

o Z(X)#([5]). Hence we have the following :

Corollary 2.10. Let X be a space. Then BAX = ABX if and only if Z(Ax)" =
o Z(X)7.
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3. BasicaLLy DISCONNECTED COVERS

Let X be a space and M a o-complete Boolean subalgebra of R(X) containg
Z(X)#. By the dfinition of 0 Z(X)¥, 0 Z(X)#* C M.

Proposition 3.1. Let X be a space and M a o-complete Boolean subalgebra of
R(X) containg Z(X)#. Then S(M) is a basically disconnected space.

Proof. Let D be a cozero-set in S(M). Since S(M) is a compact space, D is a
Lindel6f space and hence there is a sequense (4,) in M such that D = U{E%L |n e
N}. Clearly, clgy(D) € E%AMGN}. Let o € S(M) — clgian(U{EY [ n € N}).
Then there is a B € M such that a € ¥ and (U{E]X[n lne NHNSM =0
Hence for any n € N, E%R NYY = ¥4, = 0 and hence 4, A B = (). So,
V{A,ANB|neN}=(V{4,|ne N}))AB=0. Since Be a, V{4, |ne N} ¢ «
and so a ¢ Yya,meny- Hence clgn (D) is open in S(M) and thus S(M) is a
basically disconnected space. O

Let X be a space and M a o-complete Boolean subalgebra of R(X) containg
Z(X)#. By Theorem 3.1, there is a covering map ¢ : S(M) — ABX such that

Agot:SM.

Theorem 3.2. Let X be a space and M a o-complete Boolean subalgebra of R(X)
containg Z(X)?. Then we have the following :

(1) There is a covering map g : S(M) — BAX such that s;n y# 09 = sum if and
only if Z(Ax)* C M.

(2) There is a covering map f : BAX — S(M) such that sy o f = sy )# if and
only if M C Z(Ax)".

(3) (s (X), sary) is the minimal basically disconnected cover of X if and only if
(s34 (X), sa1y ) is a basically disconnected cover of X and M C Z(Ax)¥.

Proof. (1) (=) Take any Z € Z(AX)#. Then there is an A € Z(BAX)# such that
Z = ANAX. Since BAX is basically disconnected, g~1(A) is a clopen-set in S(M).
Since S(M) is compact, there is a D € M such that g71(A) = M. Since sy
and sz ,)# are covering maps, clgx (D) = sm(g H(A)) = Sz(ax)#(A). By Lemma
2.1, D =spy(g7H(A))NX = szax)#(A) N X = Ax(ANAX) = Ax(Z) and hence
Ax(Z) € M.

(<) It is trivial([9]).

Similarly, we have (2)
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(3) (=) Suppose that (s;; (X), sary ) is the minimal basically disconnected cover
of X. Then there is a homeomorhpism [ : s} (X) — AX such that Ax ol = sy,
Hence there is a covering map f : SAX — S(M) such that f o frx ol = j, where
j sy (X) — S(M) is the inclusion map. Take any D € M. Then f~'(Z¥) is a
clopen set in SAX and since SAX is a compact space, there is an A € Z(Ax)# such
that $4 = f~1(X¥). Hence Szax)#(Ba) = clgx(A) = sZ(AX)#(f_l(ZAD/I)). Since
smofofaxol=syoj=pPxoAxol=sy,)%0°0axoland Brxolisa dense
embedding, sy o f = sz )% By (2), we have the result.

(<) Since s]T/[l (X) is a basically disconnected space, there is a covering map
l: 5,/ (X) — AX such that Ax ol = sy,. Since M C Z(Ax)#, by (2), there is a
covering map f : SAX — S(M) such that syro f = Sz(Ax)#- Since spro fofax =
SZ(AX)#OﬁAX = fBxoAx, thereis a covering m : AX — 517/11(X) such that sy, om =
Ax and jom = fofBax. Since Axolom = sy, om=Ax =Axolpyx and Ax,lom

are coevring maps, [ om = 15 x. Hence sz (X) and AX are homeomorphic. O

We recall that a space X is called a weakly Lindelof space if for any open cover
U, there is a countable subset V of U such that UV is dense in X and that X is
called a countably locally weakly Lindeldf space if for any countable set {U,|n € N}
of open covers of X and any x € X, there is a neighborhood G of x in X and for
any n € N, there is a countable subset V,, of U,, such that G C clx(UV,).

It was shown that for any countably locally weakly Lindel6f space X, AEI(X )
is a basically disconnected space([8]). Using Lemma 2.4 and Theorem 3.2, we have

the following corollary :

Corollary 3.3. Let X be a countably locally weakly Lindelof space. Then the set
{M|M is a o-complete Boolean subalgebra of R(X) containg Z(X)# and sy} (X)
is basically disconnected}, when partially ordered by inclusion, becomes a complete
lattice. Moreover, o Z(X)* is the bottom element and Z(Ax)? is the top element.
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