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WEAK CONVERGENCE OF A HYBRID ITERATIVE SCHEME
WITH ERRORS FOR EQUILIBRIUM PROBLEMS AND
COMMON FIXED POINT PROBLEMS

SEUNG-HYUN KIiM? AND BYUNG-SOO LEE P *

ABSTRACT. In this paper, we consider, under a hybrid iterative scheme with errors,
a weak convergence theorem to a common element of the set of a finite family
of asymptotically k-strictly pseudo-contractive mappings and a solution set of an
equilibrium problem for a given bifunction, which is the approximation version of
the corresponding results of Kumam et al. [1].

1. INTRODUCTION AND PRELIMINARIES

The equilibrium problems were introduced by Blum and Oettli [2] in 1994. Nu-
merous problems in applied sciences, for example optimization problems, saddle
point problems, variational inequality problems and Nash equilibria in noncoopera-
tive games, are reduced to find a solution of the following equilibrium problem[2, 3];
finding « € C such that

(1.1) ¢(z,y) >0, Yy €C,

where ¢ : C' x C' — R is a bifunction.

On the other hand, the problem of finding a common fixed point of a family
of mappings is a classical problem in nonlinear analysis. Finding an optimal point
in the set of common fixed points of a family of mappings is a task that occurs
frequently in various areas of mathematical sciences and engineering. For example,
the convex feasibility problem reduces to finding a point of the set of common fixed

points of a family of nonexpansive mappings [4].
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In 2009, Qin et al. considered the following weak convergence theorem to a
common fixed point of a finite family of asymptotically k-strictly pseudo-contractive

mappings under a hybrid iterative scheme.

Theorem 1.1 ([5]). Assume the following conditions;

(1) C is a closed conver subset of a Hilbert space H,

(2) T; : C — C is an asymptotically k;-strictly pseudo-contractive mapping,
where 1 < i < N for some natural number N and 0 < k; < 1,

(3) {kn,i} is a sequence in [1,00) such that i (kni— 1) < o0,

(4) k =max{k; : 1 <i< N} and i

(5) {kn} is a sequence defined by ky, = max{ky,;: 1 <i < N} forn eN.

N

Assume that F := ([ F(T;)) # 0. For any xp € C, let {xy,} be a sequence generated
i=1

by

Tp = OGp—1Tpn—1 + (]— - an—l)zji}(ir(g)xn—la Vn >0,

where {an} is a sequence in (0,1) such that k+¢ < a, <1 —¢ for some e € (0,1)
and n = (h—1)N +i(n > 1), where i = i(n) € {1,2,--- ,N}, h = h(n) > 1 is
a positive integer and h(n) — oo as n — oo. Then {x,} converges weakly to an

element of F'.

The existence of solutions of equilibrium problems and common fixed points of
finite mappings are very important in nonlinear analysis with applications. More-
over, to find the intersection of solution sets of equilibrium problems and common
fixed points of finite mappings and to apply the intersection are also important.
Recently, there have been a few works for the intersection of the two sets to be the
set of weakly convergent points of two given sequences in Hilbert spaces.

In 2000, Kumam et al. considered the following weak convergence theorem to a
given common element of the set of common fixed points of a finite family of asymp-
totically k-strictly pseudo-contractive mappings and a solution set of an equilibrium

problem for a given bifunction under a hybrid iterative scheme.

Theorem 1.2 ([1]). Assume the conditions (1)-(5) in Theorem 1.1. Let ¢ : CxC —
R be a bifunction satisfying the followings;

(A1) ¢(x,xz) =0, Vx € C;

(A2) ¢ is monotone, i.e., ¢(z,y) + ¢(y,x) < 0 for any =,y € C;
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(A3) ¢ is upper-hemicontinuous, i.e., for each z,y,z € C,
limtsu(a P(tz + (1 = t)z,y) < d(z,y);
(A4) ¢(x,-) is convex and lower semicontinuous for each x € C.
Assume that F := (FV] F(T;))EP(¢) # 0, where EP(¢) is a set of solutions
i

=1
of equilibrium problem (1.1). For any z¢ € C, let {z,} and {v,} be sequences

generated by
{¢(Un—17y) + Tn171 <y — Un—-1,Un—-1 — xn—l) >0, Vy eC >

Ty = Ap—1Up—1 + (1 — an,l)Ti}(LEg)un,l, Yn >0,
where n = (h — 1)N +i(n > 1), i = i(n) € {1,2,--- ,N}, h = h(n) > 1is a
positive integer and h(n) — oo as n — oo. Let {a,} and {r,} satisfy the following
conditions:

(1) {an} C [a, F], for some «, 5 € (k,1) and

(2) {rn} C (0,00) and 11121;0 infr, > 0.
Then {x,} and {v,} converges weakly to an element of F.

On the other hand, the fixed point iterative scheme with errors was introduced
by Liu [6]. The idea of considering fixed point iterative scheme problems with errors
which comes from practical numerical computation usually concerns the approxi-
mation fixed point and is related to the stability of fixed point iterative schemes.
The idea of considering iterative scheme procedures with errors leads to finding the
approximate solution to equilibrium problems. In 2005, Combettes and Hirstoga [3]
introduced an iterative scheme for a problem of finding best approximate solutions
to equilibrium problem and proved the strong convergence result.

In this paper, we consider, under a hybrid iterative scheme with errors, a weak
convergence theorem to a common element of the set of a finite family of asymp-
totically k-strictly pseudo-contractive mappings and a solution set of an equilibrium
problem for a given bifunction, which is the approximation version of the corre-
sponding results of Kumam et al. [1].

The following results will be needed in the main result.

Lemma 1.1 ([7, 8]). Let H be a real Hilbert space. There hold the following identities
@ llz = yl* = ll=* = lyl* - 2z —y,v), Yo,y € H,
(i) flaw+by-+ 2|2 = allal2-+bllyl2+cl12|2 - abllz— y|> —belly— 2|2 —callz — ],
Va,y € H, where a,b,c € [0,1] witha+b+c=1,
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(iii) If {xn} is a sequence in H weakly converging to z, then
lim sup ||z, -yl = lim sup|lz, — 2[|* + ||z — yl*, ¥y € H.
Lemma 1.2 ([3]). Assume that ¢ : C x C — R satisfies (A1)-(A4). Forr >0 and
x € H, define a mapping S, : H — C as follows;
1
Sr(x) = {Z eC: d)(Z?y) + ;<y—Z,Z—ﬂ?> > 07 Vy € C}a
for all z € H. Then the following hold;
(i) Sy is single-valued;
(ii) Sy is firmly nonexpansive, i.e., for any x,y € H,
1Sz = Syll* < (Spx — Spy, & — y);

(iii) F(Sr) = EP();
(iv) EP(¢) is closed and conver.

2. MAIN RESULTS

Definition 2.1. A mapping T : C — C is said to be asymptotically k-strictly

pseudo-contractive if there exist a sequence {k,} C [1,00) with lim k, = 1 and
n—oo

k € [0,1) such that

1Tz — T™y|* < kg lle = ylI* + kI (I = Tz — (I = T")y|*, Yz,y € C and neN.

The following proposition by Osilike and Igbokwe [8] was considered by using
infinite terms of the given sequences based on Lemma 1 in [9], but our proof is
considered by using only finite terms of the given sequences based on the basic

concepts of limit superior and limit inferior.

Proposition 2.1. Let {a,}, {c,} and {6,} be nonnegative real sequences satisfying

the following condition:

an+1 < (14 6n)an + cpny, Yn e N.

o0 o0
If 3 6, < oo and Y ¢, < oo, then lim a, exists.
n—oo

n=1 n=1

Proof. Consider

An+m < (1 + 6n+mfl)an+mfl + Chtm—1

< (]— + 5n+m—1){(1 + 5n+m—2)an+m—2 + Cn+m—2} + Cnim—1
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= (1 + 5n+m—1)<1 + 5n+m—2)an+m—2 + (1 + 5n+m—1)cn+m—2 + Cptm—1

<.
n+m—1 n+m—1 n+m—1
< I G+6)an+ D {e [ A+6)}
j=n j=n j=n+1
n+m—16j n+m—1 n+§—16j
<e =" q,—+ Z cje I=n
j=n
§ d; 0 f 0 ) 0
Thus limsup,, .o am < =" ap + > c;er=" . Since ) §, < oo and ) ¢, < 00,
j=n n=1 n=1
o0 o0
for any ¢ > 0, take N € N such that )  0; <eand ) ¢; <e¢, for n > N. Thus,
j=n j=n

limsup,,, oo @m < €°a, + ce®. Letting ¢ — 0, we have the wanted result. Hence

limsup,,, . @m < liminf, .. a,, which shows the existence of lim a,. ]
n—oo

Putting J,, = 0(¥n € N), we have the following known lemma as a corollary;

Lemma 2.1 ([9]). Let {a,} and {b,} be nonnegative real sequences satisfying the

following condition:

ant1 < Gn + by, Yn € N.

o0
If > by < oo, then lim a, exists.
n=1 n—eo

Now, we prove our main result.
Theorem 2.1. Assume the conditions (1)-(5) in Theorem 1.1. Let ¢ : C x C — R
N
be a bifunction satisfying (A1)-(A4). Assume that F := ([ F(T;)) EP(¢) # 0.
i=1

For any xo € C, let {z,} and {v,} be sequences generated b_y

h(n

(2 1) ¢(Un—l7y) + T’nl—l <y — Un—-1,Un—-1 — $n—1> 2 07 Vy S C )
. Tp = Ap—1Un—1 + bn—lj-;-(i))vn—l + cp—1up—1, VYn >0

where {an}, {bn} and {c,} are sequences in [0,1) such that an + by, + ¢, = 1,

o0
an > k+e, by, > ¢ for somee € (0,1), Y ¢n < 00, {un} is a bounded sequence in
n=1

C, {rn} is a sequence in (0,00) such that lim infr, >0 andn = (h—1)N+i(n > 1),
n—oo
where i =i(n) € {1,2,--- ,N}, h = h(n) > 1 is a positive integer and h(n) — oo as

n — 0o. Then {x,} and {v,} converges weakly to an element of F'.



200 SEUNG-HYUN KiMm & BYUNG-S00 LEE

Proof. Let p € F. From (2.1) and Lemma 1.2, we have v,—1 = S, _,z,—1 and
|lvn—1 —p|| = ||Srnf137nfl - Srn—lp”
< ftns — pll, ¥n>0.
From (2.1) and Lemma 1.1(ii),

|z — plI?

= ||an 1Un— 1+bn 11—;(())

Un—1 + Cpn—1Up—1 *(anfl +bp—1 + Cnfl)pH2
h

= ||an—1(vn—1 - ) + bn—l(T~((7)L)Un—1 _p) + Cn—l(un—l _p)||2

= anp— 1an 1 _pH +bn IHT(,,L Un—1 _pH +Cn lHun 1 _pH2

- anflbnflnvnfl - T’Z(g))vnflu - bnflcnfln,-z—;(n) Un—1 — UanHQ

— Cp1an—1||Un—1 — Vp_1]?

IN

Ap— 1HUn l_pH + by IHT(n Un— 1—PH + cpn— 1Hun l_pH2
- an—lbn—l”iri(n) Un—-1 — Un—lHQ
( . ) —anfl”vnfl pH + nflu i(n) Un—1 i(n) p“ +Cn71||un71 p“

h
- an—lbn—lHTi g)l)vn—l - 'Un—1H2

IN

@n-1llvn-1 = pI? + bn1 {kngny a1 — pl|* + KI|(T - T(‘Qm_l
— (I =TI} + enalltn—1 = pII? = an-abp A [T 01 = vn |
= (an-1 + bn—lkh(n))!\vn—l—pH — bp—1(an-1— )HTi(n) V1= V1|
+ ena [lun—1 — p?
< (an—1kj(y + bn1kp ) lon—1 — plI?
— ba1(an-1 = BT on1 = vt |? + ot fun—1 = pl
< (14 (= Dllen-1 = pI? + enoi llun-1 = pl.

From Proposition 2.1, lim ||z, — pl|| exists. Observe (2.2) again
n—oo

(2.3) bn-1(an—1 — )HT(n) Un—1 — ”n—lH2
< Ky l2n—1 = plI* = [l = pI* + comtllun—1 — plI.
Since a,, > k + ¢, b, > ¢ for all n > 0 and some ¢ € (0, 1),
1T vn1 = v |

(2.4)

IN

bn—l(an—l - k)“j—;]zfg)vn—l - Un—lHQ

IN

ki l2n—1 = pII* = 2 = plI* + entllun-1 — plI*.
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Taking the limits as n — oo, we have
. h
(2.5) nh_)ngo ||Ti(£3)vn,1 —v,_ 1|2 = 0.

Observe that

h(n)

Hxn - 'Un—IH = Han—lvn—l + bp—1T: ( Un—1+ Cpn—1Up—1 — 'Un—IH
i(n)

(n)
n)

h
= H - (1 - an—l)vn—l + bn—liri Up—1 + Cn_lun_lu
h
= H - (1 - anfl)vnfl + (1 —Aan—-1 — Cnfl)j—;‘(fg)vnfl + Cnflunfln

= = (1= an 1)W1 = T vn 1) + en1(n1 = T3 vn )|

h h
< (= an)llvn1 = T vnall + entJun—1 = T vn -
It follows that
(2.6) lim ||z, —vp—1]] = 0.
n—oo
Since S,,, , is firmly nonexpansive, we have
[on—1 —pl* = [1Sr, 1 Tn—1 — Srn71p||2
< <Srn_1xnfl - Srn_lpa Tn—1 — p>
= (Un—l — Py Tn-1— p>
= (Un—1 — Tn-1+ Tn-1 — P, Tn—1 — P)
- —<—($n_1 - vn—l) - (xn—l _p>7xn—1 —p>
1
= =5 (lzn1 = vaa|* = @1 = pI” = o1 = pII")

= %(Ilvn—l = pl* + llzn-1 = pl* — l|lzn-1 — vn-1]*)
and hence
(2.7) lon—1 = pl* < llen—1 = pl* = llzn-1 — va1]l*.
Using (2.2) and (2.7), we have

[E2 _pH2 < ki(n)””n—l —PH2 + n—1llun—1 —PH2

< 1y (1enmt =PI = enet = vac1lP) + et — pl1%
hence

Ky lzn—1 = vna®> < ki lzn1 = plI* = l&n = pl* + cnrllun—1 — pl*.
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Since lim ||z, — pl| exists and lim Ky, = 1,

n—oo n—oo
(2.8) lim ||zp—1 — vp—1| = 0.

n—oo
From (2.6) and (2.8), we have
(2.9) lvn — vn—1]| < ||vn — znll + [|Zn — vn-1]] = 0 as n — oc.
It follows that
(2.10) lim |lv, —vpgjl| =0, Vje{l,--- , N}
n—oo

Applying (2.8) and (2.9), we obtain

||xn - xnfln = ||xn —Up +Up — Up_1+ Up-1— xnfln

< |lzn — vpl|| + Jon — vp=1]|| + [|[vn—1 — Tpn—1|| — 0 as n — oo,

which implies that lim ||z, —2n4;|| =0,Vj € {1,---, N}. Since, for any positive in-
n—oo
teger n > N, it can be written as n = (k(n)—1)N +i(n), where i(n) € {1,2,--- , N},

observe that

||'Un71 — Thun— 1”

h(n
< ||vnfl - T(( Un— 1” + ||,I; A(n) Un—-1 — Tnvnle

(2.11) = |lvg—1 — T(( V1|l + | T; n)T-(U)L)_IUn—l |

< Jon1 = T vna || + LT3

Un—1 — Un—1 H

-1 h(n)—

g;)vn_ﬂ\ + L(HTi(n) Up—1 — T,

< ||vn—l -T z(n—N)vn NH + HT(n N)Un N

i(
_Uanfln + anfol - Un—l”)‘

Since, for each n > N, n =n — N(mod N) and n = (k(n) — 1)N +i(n), we have
n—N = (k(n)—1)N +i(n) = (k(n—N)—1)N +i(n— N), that is, i(n — N) = i(n),
k(n — N) = k(n) — 1. Observe that
h(n)—1 h(n)—1 h(n)—1 h(n)—1
HTi(i)) Un—1 — @(ijN)”n—N‘| = HTi(fl)) Un—1— Ti(fz)) Un—nN|
(2.12) < Lljvp-1 — vp-n||
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and

h
1T gy on v = N1

(213) =T v — vnv
T (n— N) T h(n)—N T h(n)—N _
< i Un—N — 4, ) Un—N-— 1]+ ] i(n—N) Un—N-1 Vn—N—-1||
<L ||vn,N — vl + [T on 1 = vne vl
It follows from (2.11)-(2.13) that
(2.14)
H'Unfl — Thon— l||

1

h(n h(n)—1 1
< flon1 = T vnall + L LT ona = T om | + 175 g o

— VN1l + [[on-n-1 — ’Un—lH}
< fJon-1 - (“;%n 4+ L {Zl|va—1 = va-n | + L+ [on-n = vn-n1]
+ IITzh(n Ny Un-N-1 = Vn-N-1] + [vn-n-1 = vn-1]]}.
Applying (2.5) and (2.10) to (2.14), we obtain
(2.15) nh_)rgo |vn—1 — Thon—1] = 0.

From (2.9) and (2.15),
an - TnvnH < an - 'Un—IH + an—l - Tnvn—l” + HTnvn—l - TnvnH
<(A+L)-|vn —vp-1]|| + [|[vn—1 — Tpvn-1] — 0 as n — oc.
Also, we have
[vn = Totjvnll < lon = vnssll + l[vntj — Tt jvnsill + [Tt jvnts — Totjonl|
<A+ L) [lvn — vptjll + l[vnss — Tt jvnssll — 0 as n— oo
for any j =1,--- , N, which gives that
lim ||v, —Tv,|| =0, Vie{l,--- ,N}.
n—oo
Moreover, for each [ € {1, -+, N}, we have
[2n = Tiznll < llzn — vall + [|on = Tival| + | Tive — Tiza||
(2.16) < (14 L) ||zn — vn|| + [[on — Tivn|| — 0 as n — oo.

Put W(zy,) = {x € H : z,;, — z for some subsequence {z,,} of {z,}}.
Firstly, W (x,) # 0. Indeed, since {z,,} is bounded and H is reflexive, W (x,,) # 0.
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Secondly, we claim that
(2.17) W(x,) C F.

Let w € W(zy) be an arbitrary element. Then there exists a subsequence {z,,}
of {x,,} converging weakly to w. Applying (2.8), we can obtain that v,, — w as
i — oo. It follows from lim ||v, — Tjv,|| = 0 that Tjv,, — w, VIl € {1,--- ,N}. Let
n—oo
us show that w € EP(¢). Since v, = T), v, we have
1
¢(/Un7y) + 7<y — Un, Un — .’En> Z O) vy € C

n

From (A2), we have

1
7<y — Un, Un — xn) > ¢(y7 Un)
n
and hence
Vp, — T
<y - Uni’ i nl> Z ¢(y7 ’Uni).
n;
Since “i—" — 0 and v, — w as i — oo, from (A4), we have

g

o(y,w) <0, Yy e C.
Fort e (0,1] and y € C, let y =ty + (1 —t)w. Since y € C and w € C, y, € C, and
hence ¢(yt, w) < 0. So, from (Al) and (A4),
0= oyt ye) < to(ye,y) + (1 = )P(ye, w) < t(ye, y)
and hence 0 < ¢(y;,y). From (A3), 0 < ¢(w,y), Yy € C and hence w € EP(¢).
Next, we prove that w € (FV] F(T;)). Suppose that w ¢ ((]\]f F(T;)). Then there
exists [ € {1,---, N} such thz;t:1w ¢ F(T;). From (2.16) and %}:113 Opial’s condition,
zliglo inf ||z, —w| < Zliglo inf ||z, — Tywl|
< lim inf{{la, — T, | + [ Tiz, — T}

B

< lim inf L - ||z, — w|

1—00

N
which derives a contradiction. Hence w € () F(T3)).

1=
Finally, we show that {z,,} and {v,} converge weakly to an element of F'. Indeed,
it is sufficient to show that W (x,) is a single point set. We take wi,wy € W (xy,)

arbitrarily and let {z,, } and {,,} be subsequences of {z,,} such that z,, — w; and
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T,

; — wa. Since lim ||z, — p|| exists for each p € I and wy, ws € F, by Lemma 1.1
n—oo

(iii), we obtain
lim ||z, —wi]* = lim fzn, —wi]
n—00 j—o0
= lim [Jzg, — ws|® + [Jwz — wi]3
j—00
= lim fJog, —w2|* + [lwz — wi
1—00
= lim fJag, —wi|* + 2||lwa — wy|?
71— 00

= lim ||z, — w1H2 + 2||we — w1||2
n—oo

Hence wy = weq, which shows that W (x,,) is single point set. O

Remark 2.1. (1) If ¢, = 0(Vn € N) in Theorem 2.1, then we obtain Theorem 1.2.
(2) If ¢p(z,y) = 0(Vz,y € C) and v, = zp, ¥Yn € Nin (2.1), then we obtain Theorem
1.1.
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