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UNIFORMLY LIPSCHITZ STABILITY AND ASYMPTOTIC
PROPERTY IN PERTURBED NONLINEAR DIFFERENTIAL
SYSTEMS

SANG I CHOI? AND YOON HOE Goo™*

ABSTRACT. This paper shows that the solutions to the perturbed differential system

V= 1w+ [ olo,(s) Tu(s)ds + (o)

to
have asymptotic property and uniform Lipschitz stability. To show these properties,
we impose conditions on the perturbed part f:o g(s,y(s), Ty(s))ds, h(t,y(t)), and on
the fundamental matrix of the unperturbed system y' = f(¢, ).

1. INTRODUCTION

Brauer[2] studied the asymptotic behavior of solutions of nonlinear systems and
perturbations of nonlinear systems by means of analogue of the variation of con-
stants formula for nonlinear systems due to V.M. Alekseev[l]. Elaydi and Farran[9]
introduced the notion of exponential asymptotic stability(EAS) which is a stronger
notion than that of ULS, which is introduced by Dannan and Elaydi[8]. They investi-
gated some analytic criteria for an autonomous differential system and its perturbed
systems to be EAS. Pachpatte[15,16] investigated the stability and asymptotic be-
havior of solutions of the functional differential equation. Gonzalez and Pinto[10]
proved theorems which relate the asymptotic behavior and boundedness of the so-
lutions of nonlinear differential systems. Choi et al.[6,7] examined Lipschitz and
exponential asymptotic stability for nonlinear functional systems. Goo[11] and Choi
et al.[3,5] investigated Lipschitz and asymptotic stability for perturbed differential
systems. Also, Im and Goo[13] investigated asymptotic property for solutions of the

perturbed functional differential systems.
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In this paper we will obtain some results on ULS and asymptotic property for
perturbed nonlinear differential systems. We will employ the theory of integral in-
equalities to study ULS and asymptotic property for solutions of perturbed nonlinear

differential systems.

2. PRELIMINARIES

We consider the nonautonomous differential system
(2.1) ¥ = f(t,x), w(ty) = o,
where f € C(RT x R",R"), Rt = [0,00) and R" is the Euclidean n-space. We
assume that the Jacobian matrix f, = 0f/0z exists and is continuous on R* x R"
and f(¢,0) = 0. Also, we consider the perturbed differential system of (2.1)
t
(2.2) y =fty) + / 9(s,y(s), Ty(s))ds + h(t,y(t)), y(to) = yo,
to
where g € C(R*T x R" x R",R"), h € C(RT x R" R") , ¢(¢,0,0) = 0, h(t,0) = 0,
and T : C(R*,R") — C(R*,R") is a continuous operator .
The symbol | - | will be used to denote any convenient vector norm in R". For an
n x n matrix A, define the norm |A| of A by |A| = supj,<; |Axz|.
Let x(t,to, xo) denote the unique solution of (2.1) with z(to, to, x9) = xo, existing
on [tg, 00). Then we can consider the associated variational systems around the zero

solution of (2.1) and around xz(t), respectively,

(2.3) V' (t) = fo(t,0)0(t), v(to) = vo
and
(2.4) 2 (t) = fu(t, z(t, to, 0))2(t), 2z(to) = 20.

The fundamental matrix ®(t,tg, z¢) of (2.4) is given by

0
(I)(t, to, .1‘0) = 87.%'0.%'(75, to, :Bo),

and ®(¢,10,0) is the fundamental matrix of (2.3).
Before giving further details, we give some of the main definitions that we need

in the sequel[9].

Definition 2.1. The system (2.1) (the zero solution x = 0 of (2.1)) is called
(ULS) wuniformly Lipschitz stable if there exist M > 0 and § > 0 such that |z(t)| <
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M|zo| whenever |xzo| < § and t > tg > 0,

(ULSV)uniformly Lipschitz stable in variation if there exist M > 0 and 6 > 0 such
that |®(¢,tg, o) < M for |xg| < and t >ty > 0.

(EAS) exponentially asymptotically stable if there exist constants K > 0, ¢ > 0,
and 0 > 0 such that

2(t)] < K |zole 1) 0 <ty < t

provided that |zo| < ¢,
(EASV) exponentially asymptotically stable in variation if there exist constants K >
0 and ¢ > 0 such that

|B(t, to, z0)| < K e 1) 0 <ty <t
provided that |zg| < oo

Remark 2.2 ([10]). The last definition implies that for |zg| < §
l2(t)] < K |zole 1) 0 <ty < t.

For the proof we prepare some related properties. We need Alekseev formula
to compare between the solutions of (2.1) and the solutions of perturbed nonlinear

System

(2.5) y' = f(t.y) +9(t.y), y(to) = yo,
where g € C(RT x R",R") and g(t,0) = 0. Let y(t) = y(t, to, yo) denote the solution
of (2.5) passing through the point (to,yo) in RT x R".

The following is a generalization to nonlinear system of the variation of constants

formula due to Alekseev [1].

Lemma 2.3 ([2]). Let = and y be a solution of (2.1) and (2.5), respectively. If
yo € R™, then for all t > ty such that x(t,to,y0) € R™, y(t,t0,y0) € R™,

y(t to, yo) = (t, 0, y0) + / B(t. 5, (s)) g(s.y(s)) ds.

to
Lemma 2.4. (Bihari—type Inequality) Let u, A € C(R™), w € C((0,00)) and w(u)
be nondecreasing in u. Suppose that, for some ¢ > 0,

u(t) < e+ /t Ms)w(u(s))ds, ¢ >ty > 0,

to
Then

u(t) < Wt [W(c) + /t)\(s)ds],

to
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where tg <t < by, W(u) = [* 35 W~(u) is the inverse of W (u), and

ug w(s)’

t
by = sup {t >to: W(e) +/ A(s)ds € dole}.
to
Lemma 2.5 ([4]). Let u, A1, A2, A3, A1, A5, A6 € C(RT), w € C((0,00)) and w(u) be

nondecreasing in u, u < w(u). Suppose that for some ¢ > 0,

u(t) < et / t A (s)u(s)ds + / t Ao (s)w(u(s))ds + / t As(s) / " M(F)u(r)drds

to to to to
+/tt As(s) /t No(Pyw(u(r))drds, 0<to <t
0 0
Then
u(t) < W [Wio) + /t:()\l(s) X (5) + Aa(s) /t: M(r)dr + X (s) /t: No(r)dr)ds]
where tg <t < by, W, W™ are the same functions as in Lemma 2.4, and

S

b1 = sup {t >to: W(e) + /t()q(s) + Aa(s) + )\3(3)/ Ay(T)dT

to to

+5(8) / ) Xe(T)dT)ds € domwl}.

to

For the proof we need the following two corollaries from Lemma 2.5.

Corollary 2.6. Let u, A1, 2, A3, A4 € C(RT), w € C((0,00)) and w(u) be nonde-
creasing in u, u < w(u). Suppose that for some ¢ >0 and 0 < tg <t,

u(t) <c+ [ M(s)u(s)ds+ [ Aa(s)w(u(s))ds —I—/ As(s) ) M (T)u(T)dTds.
to to to to

Then
u(t) < Wt [W(c) + /;(Al(s) + Aa(s) + As(s) /ts )\4(T)d7')d8:| )
0 0
where tg <t < by, W, W= are the same functions as in Lemma 2.4, and
by = sup {t >to: Wi(e) + /;(Al(s) + Aa(s) + Asz(s) /ts M (T)dT)ds € dole}.
0 0

Corollary 2.7. Letu, A1, A2, A3 € C(RT), w € C((0,00)) and w(u) be nondecreasing
inu, u <w(u). Suppose that for some ¢ >0 and 0 <ty < t,

u(t) §c—i—/ Al(s)w(u(s))ds+/ Aa2($) /8 A3(T)u(T)drds.

to to to



UNIFORMLY STABILITY AND ASYMPTOTIC PROPERTY IN DIFFERENTIAL SYSTEMS 5

Then

u(t) < Wt [W(c) + /t()\l(s) + Aa(s) ’ )\3(T)d7’)d$:|,

to to
where tg <t < by, W, W= are the same functions as in Lemma 2.4, and
t s
by = sup {t >ty : W(e) +/ (Ai(s) + /\2(3)/ A3(T)dr)ds € dole}.
to to

Lemma 2.8 ([12]). Let u, A1, A2, A3, A1, A5 € C(RT), w € C((0,00)), and w(u) be

nondecreasing in u, u < w(u). Suppose that for some ¢ >0 and 0 < ty < t,
t s T
u(t) < e+ / M (s) / Ca(r)u(r) + Ag(F)w(u(r)) + () / Ns(ryu(r)dr)drds.
to to to

Then

u(t) < Wt [W(c) + / t A1 (s) / S(AQ(T) + A3(7) + Aa(7) / ' )\5(7")d7“)d7'ds},

to to to
where tg <t < by, W, W™ are the same functions as in Lemma 2.4, and

=zt w0)+ [ 26 [ 0alr) + 2500

to to

+ )\4(7)/ A5(r)dr)drds € domW_l}.
to

For the proof we need the following corollary.

Corollary 2.9. Let u, A\, A2, A3, \y € C(RT), w € C((0,00)), and w(u) be nonde-
creasing in u, u < w(u). Suppose that for some ¢ >0 and 0 < ty < t,

u(t) < e+ / M(s) / " Oa(Pw(u(r)) + As(r) / " () u(r)dr)drds.

Then
utt) =W Wi+ e [ Oulr) +200r) [ aatrydryaras|

where tg <t < by, W, W™ are the same functions as in Lemma 2.4, and

by = sup {t >ty W(c)—l—/t A1 (s) /S(AQ(T)H?,(T) /T M(r)dr)drds € domW_l}.

to to to



6 SaNG IL CHor & YooN HoeE Goo

3. MAIN RESULTS

In this section, we investigate ULS and asymptotic property for solutions of the
perturbed nonlinear differential systems

To obtain ULS and asymptotic property, the following assumptions are needed:

(H1) The solution = 0 of (1.1) is EASV.

(H2) w(u) is nondecreasing in u, u < w(u).

Theorem 3.1. Suppose that (H1), (H2), and the perturbing term g(t,y, Ty) satisfies

(3.1) l9(t,y(0), Ty(t)] < e (a(yuly®)) + ITy()]),

and

t t
(32)  [Ty()] < b() / k(3)ly(s)\ds, [h(t, y(1))] < / e~ c(s)|y(s)ds,

where a > 0, a,b,c,k,u,w € C(RY), a,b,c,k € L} R*). If

o0

(3.3) M(tg) =W [W(c)+ Me*® /S[a(7)+c(7)+b(7) ' k(r)dr]des} < 00,

to to to

where t >ty and ¢ = |yo|Me®", then all solutions of (2.2) approach zero ast — oo

Proof. Let z(t) = x(t,to,y0) and y(t) = y(t,to,yo) be solutions of (2.1) and (2.2),
respectively. By the assumption (H1), the solution z = 0 of (2.1) is EASV. Therefore,
it is EAS by remark 2.2. Using Lemma 2.3, together with (3.1) and (3.2), we have

y(®)] < J2(t)] + |<I><t,s,y<s>>|< g(r (7). Ty(r))ldr + |h<s,y<s>>|)ds

to to

t s
< Mlyole™®10) 4 [ Meml79) e’aT<a(T)w(|y(T)|)+C(T)|y(7)|

+r) [ Ky lar) drds.

to

It follows from (H2) that

)] < Migole= [ a1 [ (aru(r)|e) + e(mly(rle”

to to

+b(7) /T k:(r)\y(r)|eo”dr) drds.

to
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Set u(t) = |y(t)|e®t. By Lemma 2.8 and (3. 3) we obtain

ly ()] < et ' heos Y b(r) [ k(r)dr)drds
to to to )

< e “"M(to),
where t >ty and ¢ = M|yg|e®®. The above estimation yields the desired result. [

Remark 3.2. Letting c¢(s) = 0 for tg < s <t in Theorem 3.1, we obtain the same
result as that of Theorem 3.1 in [13].

Theorem 3.3. Suppose that (H1), (H2), and the perturbing term g(t,y, Ty) satisfies

(3.4) J9(t,u(2), Ty ()] < e (alyuwy®)) + [Ty(®)]),
and
(3.5) Ty(t)| Sb(t)/t k(s)ly(s)lds, [h(t, y(t))] < t e “e(s)w(ly(s)])ds,

where a > 0, a,b, ¢, k,u,w € C(RY), a,b,c,k € L*(R*Y). If
(3.6)

M(tg) = W1 [W(c)—i—

o0

Meos / la(F)+e(r)+b(r) / Tk(r)dr]des] < o0, t > 1o,

to to to

where ¢ = |yo|Me™®, then all solutions of (2.2) approach zero ast — oo

Proof. Let z(t) = x(t,to,y0) and y(t) = y(t,to,yo) be solutions of (2.1) and (2.2),
respectively. By the assumption (H1), the solution x = 0 of (2.1) is EASV, and so it
is EAS by remark 2.2. Applying Lemma 2.3, together with (3.4) and (3.5), we have

ly(D)] < Mlyole =) 4 [ M=) /S e ((a(r) + c(r))w(ly(7)])

to to

() / " k() y(r)dr) drds.

to

From (H2) , we obtain

ly()] < Mlyole™ =)+ [ M=) / ((a(7) + c(r))w(ly(7)]e™)

to to

+b(7) /T k(r)|y(r)|e°”dr)d7ds.

to

Defining u(t) = |y(t)|e*?, then by corollary 2.9 and (3.6) we obtain
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ly(t)] < e—atw—l[W(cH /: Meos /t (a(7)+c(7)+b(7) / Tk(r)dr)des]

to

< e “M(ty),

where t > tg and ¢ = M|yp|le®®. From the above estimation, we obtain the desired
result. O

Remark 3.4. Letting ¢(s) = 0 for tp < s <t in Theorem 3.3, we obtain the same
result as that of Theorem 3.1 in [13].

Theorem 3.5. Suppose that (H1), (H2), and the perturbed term g(t,y,Ty) satisfies

t

(3.7) [ Jos.u(s). Ty()lds < = (a(t)ly(®)] + [Ty(r)]).
and
(3.8) Ty(t)] < b(t)/t k(s)|y(s)|ds, [h(t,y(1))] < e e(t)w(ly(t))),

where a > 0, a,b,c,k,u,w € C(RY), a,b,c,k € LY R*). If

oo

(3.9)  M(tg) =W [W(c) + M (a(s)+c(s)+b(s) / Sk(T)dT)ds] < o0,

to to

where by = oo and ¢ = M|yo|e®®, then all solutions of (2.2) approach zero ast — oo

Proof. Let z(t) = x(t,to,y0) and y(t) = y(t,to,yo) be solutions of (2.1) and (2.2),
respectively. From (H1), the solution z = 0 of (2.1) is EASV. Therefore, it is EAS.
Using Lemma 2.3, together with (3.7) and (3.8), we have

t
ly(D)] < Mlyole =10 4 [ M=) (€*asa(8)ly(8)|

to

e s) [ Rl ldr + e els)uy(s)) ) s

to

Applying (H2) , we obtain

[y(0)] < Mlyole™ 0= 5 [ Me (a(s)ly(s) e + els)uw(|y(s)]e™) ) ds

to
t s
+ [ Meetps) / k() |y ()] drds.
to to

Set u(t) = |y(t)|e®t. Then, it follows from Corollary 2.6 and (3.9) that
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ly(t)] < e w1 [W(c) +M tt (a(s) + ¢(s) + b(s) /ts k(T)dT) ds]

< eiatM(tOL
where t > tg and ¢ = M|yg|e®'. The above estimation yields the desired result. O

Remark 3.6. Letting b(s) = ¢(s) = 0 for tg < s <t in Theorem 3.5, we obtain the

same result as that of Corollary 3.8 in [5].

Theorem 3.7. Suppose that (H1), (H2), and the perturbed term g(t,y,Ty) satisfies
t

(3.10) gt (). Ty(s))lds < = (alt)wly()) + [Ty(1)]).
and
(3.11) Ty(O] < ble) [ Klolds. (e, y(0)] < e elu(ly(o))

where a > 0, a,b,c,k,u,w € C(RY), a,b,c,k € L} RY). If

(als) +els) +b(s) / Sk‘(T)dT)dS] < o0,

to to

o0

(3.12)  M(tg) =W! [W(c) + M
where by = 0o and ¢ = M|yp|e®®, then all solutions of (2.2) approach zero ast — oo

Proof. Let z(t) = x(t,to,y0) and y(t) = y(t,to,yo) be solutions of (2.1) and (2.2),
respectively. From the assumption (H1), the solution z = 0 of (2.1) is EASV, and
so it is EAS. Using Lemma 2.3, together with (3.10) and (3.11), we have

t
ly(t)] < Myole ) 4 [ Memo(=2) <6_asa(8)w(|y(8)\)
to

e b(s) [ ROlyldr e esully(s)) ) s

By the assumption (H2) , we obtain

(0] < Mluole™=) 4 | Me="(a(s) + els))u(lu(s)e”)ds

t s

+ [ Meeth(s) / k() y ()] drds.
to to

Set u(t) = |y(t)|e®*. Then, it follows from Corollary 2.7 and (3.12) that

()] < e W [W(c) M tt (als) +e(s) + b(s) /t Sk(T)dT)ds]

< e_atM(t0)7
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where t > tg and ¢ = M|yp|le®®. From the above estimation, we obtain the desired
result. O

Remark 3.8. Letting c¢(s) = 0 for tg < s <t in Theorem 3.7, we obtain the same
result as that of Theorem 3.3 in [13].

Theorem 3.9. For the perturbed (2.2), we suppose that (H2),

(3.13) t l9(s,y(s), Ty(s))|ds < a(t)[y(t)| + b(t)/t k(s)ly(s)lds + [Ty (t)],
and
(3.14) Ty(®)| < c®)w(ly@)]), [h(t, y(t))] < d(t)/lt a(s)w(ly(s))ds

where a,b,c,d,k,q,u € C(RY), a,b,¢c,d, k,q € L' R"), w € C((0,0), %w(u) <
w(E) for some v >0, and
(3.15)

M(tog) = W1 [W(K) + K

[e.e] S

(a(s) +c(s) + b(s) / k(T)dr + d(s) / q(T)dT) ds] ,
to to to
where M (ty) < oo and by = oo. If the zero solution of (2.1) is ULSV, then the zero

solution of (2.2) is ULS.

Proof. Let z(t) = x(t,to,y0) and y(t) = y(t,to,yo) be solutions of (2.1) and (2.2),
respectively. Since z = 0 of (2.1) is ULSV, it is ULS by Theorem 3.3[8]. In view of
Lemma 2.3, together with ULSV condition of x = 0 of (2.1), (3.13) and (3.14), we
obtain

()] < J2(t)] + |<1><t,s,y<s>>|< \g(r (7). Ty(r))ldr + |h<s,y<s>>|)ds

to to

< &l + [ Kl (a9 20 g2 )

to |90l |90l

+ [ Klyo|(b(s) ( ) k() |y<T)’d7‘ +d(s) /S q(m)w( y(r)l )dT> ds.

to to | Yo ’ to | Yo ’

Set u(t) = |y(t)||yo| . Then, by Lemma 2.5, we have

(als) + e(s) + b(s) / T k(r)dr + d(s) /

to to to

t s

()] < |?/0|W1[W(K) + K q(T)dT) ds} .

The above estimation and (3.15) yield the desired result. Hence the proof is com-
plete. O
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Remark 3.10. Letting b(s) = ¢(s) = d(s) = 0 for tp < s < t in Theorem 3.9, we
obtain the same result as that of Corollary 3.4 in [5].

Theorem 3.11. For the perturbed (2.2), we suppose that (H2),

(3.16) l9(t,y(t), Ty(t))| < a(®)y(t)| + b(t) /t: k(s)|y(s)lds + [Ty (t)],

and

(3.17) Ty(®)] < cw(ly@®))), [t y(1)] < /ttq(s)w(ly(s)l)ds

where a,b, ¢, k,q,u € C(RY), a,b,¢,k,q € L}(R") ,Ow € C((0,00), tw(u) < w(¥)

for some v >0, and

(3.18)

M(tg) = W~ [ +K/t0 /t ) + q(7) + b(7) /t:k:(r)dr)drds},

where M (tg) < oo and by = co. If the zero solution of (2.1) is ULSV, then the zero
solution of (2.2) ULS.

Proof. Let z(t) = x(t,to,y0) and y(t) = y(t,to,yo) be solutions of (2.1) and (2.2),
respectively. Since z = 0 of (2.1) is ULSV, it is ULS. Using Lemma 2.3, together
with ULSV condition of z = 0 of (2.1), (3.16), and (3.17) , we obtain
-
w01 < Kol + [ Kol [ (o) O+ )+t (MO s

to ’ ’yo‘

ol
+/t K|yo| tsb( )/t /{:(7“)‘“50’)| drds.

Set u(t) = |y(t)||yo| !. Then, an application of Lemma 2.8 yields

&) < ol (W) + K [ [ (atr) 4ty a(r) 40400 [ by
to Jto to

Thus, by (3.18), we have |y(t)| < M(to)|yo| for some M (tg) > 0 whenever |yg| < 4.

This completes the proof. ]

Remark 3.12. Letting b(s) = ¢(s) = q(s) = 0 for tp < s <t in Theorem 3.11, we
obtain the same result as that of Corollary 3.2 in [5].
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