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A CONSTRUCTION OF STRICTLY INCREASING CONTINUOUS
SINGULAR FUNCTIONS

KYEONGHEE JO

ABSTRACT. In this paper, we construct a strictly increasing continuous singular
function which has a simple algebraic expression.

1. INTRODUCTION

A function is called singular if it is not a constant function and at the same
time its derivative is zero almost everywhere. It seems to be very strange that a
continuous increasing function is singular. But there are even strictly increasing
continuous singular functions (see, for example, [4] and [5]). It’s well known that
all the derivatives of the boundary functions of strictly convex divisible (or quasi-
homogeneous) projective domains are such functions if the domain is not an ellipse
(see [1]).

In this paper we construct another example of a strictly increasing continuous
singular function. Since it is more convenient to use the binary expansion for giving
its explicit formula, we’ll denote all the real numbers by their binary expressions

throughout this paper.

2. DEFINITION OF f

For any real number r = 0.ryrors ... in [0, 1], we define

Fr) =32 (0 R (T,

=1
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If we denote the number of 0’s and 1’s among {r1,...,7r;} by n0 and n;; respec-
tively, that is, n;; =7 + 79 + - -+ +1; and nj9 =i — n;1, then f(r) can be expressed

like this :

ri(0.1)> 17 (1)

I~T

s
Il
—

fr) =

(0.1)%r;(0.1)m0 T (1. 1)ma1 =1,

e

@
I
—_

Lemma 1. (well-defined)

(i) For each r = 0.rirars--- € [0,1], the series
o0 . .
> 7 ri(0.1)H TR (1.1) T =
i=1

converges.
(i) If O.ryrers -+ - = 0.rjrhrh ..., then f(0.rirars...) = f(O.rrhrs...).

Proof. To prove (i), it suffices to show that > 2, 7“,-(0.1)2”1_2;‘:1”(1.1)_1+Z§‘=1”

is bounded by 1. This is an immediate consequence of

Z 01 2i4+1— Z] 11“1(1 1) 1+ZJ 1T < Z 0.1 ’L+1(1 1) 1+Z

i=1 i=1
and
o0 o0
>0 = (0.2 {0yt =1
i=1 i=1
To prove (ii), we show that for r = 0.ryrors...7x(rx = 1), f(r) is equal to

f(O.T17“2’I"3 ce T‘k_loi).
f(O.Tl’I"QTg ce ’l“k_l()i)

k—1 ) ) o0
_ Ti(O-l)QiH_Z;:l i (1.1)—1+Z;~:1 iy 2(0.1)2(k+i)+17(nk1+i71) (1.1)71+nk1+i71
i=1 i=1
=f(0.r1rors ... 1T) — (0.1)2‘“1_”‘“(1.1)‘“”'61 11— Z(O.l)”l(l.l)i_l]
i=1

Oy ) - )P ) -

:f(O.Tﬁ“Q'f‘g .. .Tk)
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3. PROPERTIES OF f
From the definition of f, we get the following:

Lemma 2. Let v = 0.ryrars...71 € [0,1], np = Zle 7, and ng = k —ny1. Then
(r, f(r)) lies on the graph of the linear function passing through
(0.rirors .. .ri—1, f(O.r1rars .. . Tk—1))
with the slope (0.1)™T1(1.1)™ =L that is,
y = f0r1rars. . rp_1) + (0.0 (11" Nz — 0ryror3 .. 7p_y).

Proof.
fOryrars . ..rg) =f(0.rirars .. rg—1) + rk(O.l)QkH_Zf:l”(1.1)‘1+Zf:1ri
=f(0.r17973 . . . Tp_1) 4 13(0.1)FFM0FL (7 1)m L
=f£(0.r17973 ... 7h_1) + (0.1)Fr(0.1)"0 L (1.1)™ L,

Lemma 3. f has the following properties:
(i) f(0)=0,f(1)=1,and 0 < f(r)<1if0<r<1,
(i) F(0.D%r) = O 1(r).
fOrirg...) = f(O.rirg...1k) + ((1)—) - 9 £(0.0...0rgs17gt2- - ),
f is not convex,
f(z) <z forall zel0,1].

Proof. (i) and (ii) are immediate from the definition of f.

The equality (iii) is easily proved by calculation :
fOrire...) — f(O.ryrg...7k)

= 3 m(0.)P (1)
i=k+1
—(0.1)" Z5=1 7 (L) 5= £(0.0. . Oy 7hss - - - )
1.1 .
(01) =173 F(0.0. .. 01T - - )

Non-convexity of f is proved by comparing the points (0.01, £(0.01)), (0.1, f(0.1)),
and (0.101, £(0.101)). Actually one can check

£(0.101) — £(0.01)

F(0-1) > f(0.01) + =001

(0.1 —0.01).
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The inequality (v) is an immediate consequence of (5.1) and lemma 6 of the next

section. OJ

Corollary 4. For a rational number r = 0.7y ...7; with n; = 22:1 r; and ng =

[ — niy,
o fOrom) 107
J0) = T oy mym — 102 — 1w d 0710
Proof. By (iii) of Lemma 3, we get
fOr...7) =fO0ry...1) + (%)"lf((o.l)lo.fl S 1Y)

:f(O.rl .. .7"[) + ((1)%)”1 (0.1)21‘}0(0.7”'1 oo ’f:l)

=£(0.r1 ... 1) + (0.1)27M (L) ™M f(0.7 ... 7)
and thus

f(O.r'l cee T;l) f(O.T‘l — Tl) 1021 f(O.Tl oo 7’1).

T I-(00)Zm(Ln)m 107 — 11m

4. f 1S STRICTLY INCREASING

Lemma 5.
fs)< f(t)if s<t
Proof. Given s = 0.s8182 -+ < 0.t1ty -+ =t, there is k > 0 such that
51 =1t1,82 = ta,..., 5, = U, Spp1 < tpg1 (le., Spp1 = 0 and tp 4y = 1).

By (iii) and (ii) of Lemma 3,

F(5) =f(0s152. . s) + (7)== (0.0 Ospsaspga )
1.1 % .
=f(0.s182...5%) + (ﬁ)zi:l 55(0.1)2% £(0.55415k42 - - - ),
and similarly
1.1 .
F8) = FO0taty . ) + () 23215 (0.0)25 £(0tppatisn - - ).

0.1
By (ii) of Lemma 3 and the fact sgy1 = 0,541 = 1, we get

F(O.sp118k12--.) = F((0.1)(0.8342...)) = (0.1)? f(0.58 425843 . ) < (0.1)2,
and
F(Otpqrtiqs...) > £(0.1) = (0.1)%
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which implies
f(O.Sk_HS]H_Q o) < f(0tpaatias-..).

If we suppose f(0.5p115k42--.) = f(O.tgi1tpio...), then this value must be (0.1)
and

Sky1 = 0,8k420 =Sz =+ =1land tp41 = 1, tg40 = tgy3=--- =0,

which implies s = ¢. So we can conclude that f(s) < f(t) if s < t. O

5. f IS CONTINUOUS

We'll see in this section that f is the limit of a uniformly converging sequence
of functions {f,} on [0, 1], which are piecewise linear strictly increasing continuous
functions. They are geometrically constructed in the following way: First, we de-
fine fo(z) = x. Then f; is constructed so that f1(0) = fo(0) =0, f1(1) = fo(1) =
1, f1(0.1) = 0.1fp(0.1) and f; is linear in both intervals [0,0.1] and [0.1,1]. Graphi-
cally, we get the graph of f; from the graph of fy by bending at the midpoint 0.1 with
lowering the height by half. Now fs is constructed by applying the same process on
each interval [0,0.1] and [0.1, 1], that is, f2(0.01) = 0.1f1(0.01), f2(0.11) = f1(0.1) +
0.1(f1(0.11)— f1(0.1)) and f is linear in all four intervals [0, 0.01], [0.01,0.1],[0.1,0.11]
and [0.11, 1] (actually, f5 is linear in [0.01,0.11], so the graph of f consists of three
line segments). Repeating this procedure, we get strictly increasing, piecewise linear,

continuous functions f,’s. Note that

(5.1) 0< < far1(@) < ful@) < < fil@) < fola) = 2,

and thus f,,(x) converges for all z € [0, 1]. If we define a function F on [0, 1] by
F(z) = nango fn(z), for all z € [0, 1],

then F is continuous because {f,} is a uniformly converging sequence.?)

Lemma 6. F = f.

Proof. First, we show that for any natural number k and any element (r1,...,rg),r; €

{0,1},
F(0.r179...73) = F(0.r1 ... 7p_1) + 7 (0.1)F w0t (1 1y —1

)This geometric constuction is exactly the same as the method of performing the transform
T(1/4,3/4) that R. Salem used in his paper [5]. H. Okamoto had also generalized Salem’s method
in his paper [3] and [4] to obtain more singular functions and continuous nowhere differntiable
functions.
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and

m
F(0.ryrg..org) = Y ri(0.1)%H e (1) 1
i=1

where ng; = Zle r; and ngg = k — ngp. This is obviously true for £ = 1. If we
assume that this holds for all k£ < m, then

F(O'T1r2 cee Tm) :fm(O.Tng .. ’I“m)
:fmfl(o-rl ‘e 'I"mfl) + ’]"m(o‘l)m'i'nm()"!‘l(l‘l)nml—l
:fmfl(o'rl e ’I"mfl) =+ Tm(0‘1)2m+1_nm1(]ﬂl)ﬂml—l

m
= ri(0.1)F (g ) e
i=1

And from the definition of F' we see
F(O.Tﬂ’g .o Tm+1) = fm+1(0.7’17'2 .. -Tm—&-l)
=fm(0.r1...rm) + (0. )71 (frn (0ury ooy + (O.l)m‘H) — fm (0.1 o).

We may assume 7,41 = 1 . Since the slope of f,, in the interval
(0.r1 oo, 0.1 o rrimt1) = (0071 oo, 0y oo 1)

is (0.1)"m0(1.1)"mt = (0.1)™m+1.0(1.1)"m+1.171 e get

1.
F(O.HT‘Q .. .Tm+1) :fm(O.n . Tm) + (0.1)Tm+1(fm(0.7”1 .. Tm+1) - fm(().’r’l - T‘m))
me(().ﬁ . Tm> + (0.1)7"m+1(0.1)m+1 (0_1)”m+1,0(1.1)nm+1,171
) +

:fm(o.?”l oo Tm 7"m+1(0_1)(m+1)+nm+1,0+1(1'1)nm+1,1—1

m+1
_ Z 0 1 2i+1— n“(l 1) 1+m1’

which proves our claim and implies

F0.rirg...1x) = f(Orire ... 7g).

For an arbitrary point » = 0.ryry... in [0, 1], we consider the increasing sequence

{r(k) =0.r1...r;} converging to r. Since F' is continuous,

F0.riry...) = klim F(0.ryrg...1%)

= lim Z (0.1)%1=ni (g 1)~ L+na
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e .
=) " ri(0.1)% (1 1)
i=1

=f(0.r1re...)

Corollary 7. f is a strictly increasing continuous function.

6. DIFFERENTIABILITY OF f AT RATIONAL NUMBERS

In this section, we’ll investigate the differentiability of f at rational numbers.
Each rational number 7 in [0, 1] has an infinite binary expansion r = 0.8 ... g7 .. . 7.
If we denote the number of 1’s in {r1,...,7;} and 0’s by ny and ng respectively, that
is, ng = 22:1 r; and ng = | — ny, then we get a number D(r) = (0.1)"0(1.1)™.
For example, D(r) = 1.1 > 1 for any rational number r which has a finite binary
expansion, since 0.7 ..., = 0.r1, ..., 7101 .

We’ll see in this section that the number D(r) is closely related to the differen-
tiability of f at r. Actually we’ll prove the following.

Theorem 8. For a rational number r, f is differentiable at r if and only if D(r) < 1.

Furthermore, f'(r) =0 if exists.

6.1. Differentiability at » = 0.ry...r; We can see immediately from the geo-
metric construction of f that f is not differentiable at rational numbers which have

finite binary expansions, that is, f has singular points at those points.

Lemma 9. If r is a rational number with a finite binary expansion, f is not differ-

entiable at r.

Proof. Let v = 0.rq,...,r be the shortest finite binary expression of r. Then 7

must be 1 and
r= 0.7“1, ce ,Tk_loi.

Consider the following sequences r(n) and r~(n) converging to r : r*(n) is an

increasing sequence defined as
(1) =071, ..., 71
rT(2) =0.r1,...,7:01
rT(3) =0.r1,...,7:001
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and r~(n) is a decreasing sequence defined as
r~(1) =0.ry,...,r,_101
r~(2) =0.r1,...,7p_1011
r=(3) =0.r1,...,rp_10111

Then
f(r) = f(rt(n))  (0.1)2k+n)+1=(m+1)(q 1)~14nG+1)
r—rt(n) (0.1)k+n
:(0.1)k+nfn1 (1.1)711 _ (O.l)no(l.l)nl (Ol)n
and

fr) = f(r—(n))

r—r=(n)
(0'1)2k+17n1(1_1)71+n1 _ 2?21(0'1)2(k+i)+17(n1+i71)(1_1)71+(n1+i71)
B (0.1)k+n
()P (L) (1 S (0.1)(11))
(0'1)k+n
=(0.1)M =)~ L)n,
Therefore
— + _ -
o SOV =) _ ) = ()
n—oo 1 —7rt(n) n—oo 1 —717(n)
and thus f is not differentiable at r. O
6.2. For each real number r = 0.ry7ors... in [0,1], we get a sequence {ax(r) =

(0.1)"k0(1.1)™1}. Note that for a rational number r = 0.s7 ... 5577 ...7 ..

*

D(r) = ak1(r) _ apga(r) _ apga(r)

ap(r)  apqi(r)  apga(r)
and
D(r)" = g (1) ak+(n+m)l(r).
ak(r) Wi (1)
Lemma 10. (i) f is differentiable at v if and only if f is differentiable at
(0.1)%r and f'((0.1)%r) = (0.1)* f'(r),
(i1) If two rational numbers z = 0.z129... and r = 0.riry... € [0,1] have the
same first k digits, that is, z1 = 11,29 = 19,..., 2L = Tk, then

flr)=f(z) _ an(r JOrp i) = f(02p 112802 - -)
r—2z 0.7%417k42 - — 0.25+12k42 - - .
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(iii) f is differentiable at v = 0.riro... if and only if f is differentiable at
0.7%1+17k+2 ... and

f/(r) = ak(r)f/(o-rk+17"k+2 e )-
Proof. (i)
SO r +h) — f((0.1)%r)  f((0.1)%r 4+ (0.1)*R') — f((0.1)%r)
h (0.1)*n/
(0.)*[f(r + 1) = f(r)]
(0.1)kp/

pf(r+h) = f(r)

h ’

—(0.1)

where h' = 10¥h.
(ii) For any z = 0.z122 - - - € [0, 1] such that

21 =T1,22 =T72,...,%k = Tk,

we get
fr) = (2)
rTr—z
. (0.1)2k_nk1 (L1)™ 2 [f(0.rg417ks2---) — f(0.2p112K42 - .. )]
(O.l)k[O.T]H_lT]H_Q e O.zk+1zk+2 .. ]
:(Ol)nko(ll)nkl f(O.Tk+1Tk+2 Ce ) - f(0.2k+12k+2 cee )
0.7"]€+1T]€+2 et O.Zk+12’k+2 ce

)f<0.7’k+17’k+2 con ) — f(O.zk+1zk+2 e )

0.7p41Tk2 - — 0.2p4 12642 ..

=ay(r

(iii) Suppose {z'(n) = 0.2 g+12nk+2- .- } is an arbitrary sequence of real num-

bers in [0, 1] which converges to 0.7 417k 27k+3 - ... Then the sequence
{2(n) = 0172 . .. ThZn i1 Znpse - = 0r1ra . .7 4+ (0.1)F2' ()}

converges to r, and by (ii)

£ = ) _

r—z(n)
So if if f is differntiable at r, then f is differntiable at O.rg175127k+3 ...
and f(0.rpi17hr2 ... ) = ——f'(r).

ag(r)

JOrpp1rpy2 ... ) — f(Z'(n))
0.rgs17ka2 - —2'(n)

Conversely, if f is differntiable at 0.7 417k 427%+3 . .. and 2(n) = 0.2,,12n2 . . .

is an arbitrary sequence converging to r, then there is a natural number ¢
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such that
Zpl =T1,%p2 =T2,..., 2k = Tk, for all n > .
So we get
f'(r) = lim M

n—oo 1 — z(n)
_ . f(O.TkJrl?“kJrQ ce ) — f(().zn7k+1zn’k+2 ce )
=ag(r) lim
n—0o0 0.rk+1rk+2 e — O-Zn,k+1zn,k+2 e
=ap(r) f (0754 17hsa ... ).

O

6.3. Differentiability at r = 0.r;...7; Given a rational number r = 0.7; ...7,
we define r(nl) as follows:
r(l)=0r1...1
7’(2[) = 0.7“1 N

r(3l) =0y ...mry .oy ...y
r(nl) =0ry...rprpcoomry oo ... (0 times)

By Lemma 10, we see that if f is differentiable at a rational number r = 0.7 . .. 7,
then
f'(r)y=f(0r1...7)
=D(r)f' (0.7 ...7))
=D(r)?f'(0.ry ... 7))

=D(r)" f(0.571 ...75) = D(r)" f'(r),

which implies f'(r) = 0 because D(r) cannot be 1. Actually we can prove

Lemma 11. For any rational number r = 0.r1 ... 7, the following s true:
(i) f(r)=f(r(nl)) _ D(r)”m,

r—r(nl)

(ii) 4f f is differentiable at v, then D(r) <1 and f'(r) =0,
(iii) if D(r) < 1, then f is differentiable at r and f'(r) = 0.

Proof. (i) Since an(r) = D(r)"™, this is immediate from (ii) of Lemma 10.



(i)

(iii)
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By (i), if f is differentiable at r, then the sequence {D(r)"} must converge

and

. r)— f(r(nl r) . n
o) = i 20100 S0 iy,
which implies D(r) < 1 and f’(r) = 0 because D(r) = (0.1)"(1.1)™ cannot
be 1.
If {by} is any increasing sequence converging to r, then we can find a se-

quence {ny} of natural numbers satisfying the following:
r(ngl) <bg <r((nk+ 1)) <, klim ng = 00.
—00

Now we see
f(r) = f(bx) _ f(r) = fr(nd)
r—by —r—r((nk+ 1))
F) = Frmd) ()
r—r(ngl) r—r((ng + 1))
ny £ (7) (0.1)"xlyr
=P = o D

0<

zlolﬁD(r)”k.

r

Therefore limy,_, o L{;(b’“) = 0 and thus the left derivative of f at r exists

=
and should be 0 if D(r) < 1.

To caculate the right derivative of f at r, suppose that {dy} is a decreasing
sequence converging to r. Then there is a sequence {ny} of natural numbers

satisfying the following:
r((ng + D)) + (0.1)™ 0 < q@p < r(ngl) + (0.1)™, Jim ny = oo,

In fact, this inequality holds when the first ngl digits of di and r are identical
and (ny + 1)l digits are not the same. So we get

dy, = 10" (dy, — r(ngl)) > (1) 4 (0.1)},
and
lr—d| >r(l)+(0.1)" —r
(0.1)! — (0.1)!r
=(0.1)!(1 —r).
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Using this inequality and (ii) of Lemma 10, we get

r—dg r—d
10'D(r)™
10t
— D(r)™
1 —r (T) Y
which implies that the right derivative of f at r exists and should be 0 if

D(r) < 1.
U

6.4. Differentiability at z = 0.s1...s;71...7 The lemma below completes the

proof of Theorem 8.

Lemma 12. For any rational number z = 0.s1 ... skr1 ... 7, the following is true:
(i) f is differentiable at z if and only if D(z) = (0.1)"(1.1)™ < 1,
(i1) f'(2) = 0 if emists.

Proof. By Lemma 10, we see that f is differentiable at z if and only if f is differen-

tiable at » = 0.77 ... 7; and

(0515671 ... 7y) = a(2) £1(0.r) ... 7).

We also see by Lemma 11 that D(r) < 1 if and only if f is differentiable at r and
f'(r) = 0 if exists. Therefore f'(z) = 0 if f is differentiable at z and the following
three are equivalent :

(1) f is differentiable at z = 0.s1 ... sk ... 7Y,

(2) f is differentiable at r = 0.ry ... 7y,

(3) D(z) =D(r) < 1.
This proves (i) and (ii). O

7. f IS SINGULAR
In this section, we’ll show that f is a singular function.

Definition 13. For z € [0, 1], we say that z is called simply normal (to the base
2) if both 0 and 1 appear with the same asymptotic frequency %, that is,

. nko 1 . Nk1 1
lim — = -, and lim — = —.



STRICTLY INCREASING CONTINUOUS SINGULAR FUNCTIONS 33

It is well-known that the set of simply normal numbers in [0, 1] has full measure
(see [2].)
Define three subsets of [0,1], E1, Es and E as follows :
E ={x €[0,1]| f is differentiable at z},
Ey ={z €[0,1]] f is differentiable at = and klim ar(r) = 0},
—00
E; ={x € [0,1]| f is differentiable at z and x is simply normal }.

Then Fy C Fq C F, since
a(r) = (0.1)™0(1.1)™ = ((0.1) %" (1.1) %),
and thus F, E; and F» have all full measure, since f is strictly increasing.

Theorem 14. f is a continuous strictly increasing singular function with f'(x) =0
for all x € Fy.

Proof. Consider the sequence r(k) = 0.r179r3 ... 7% for a real number r = 0.r7ro73 . . ..

By Lemma 3,

£ = 1) =07 (L) (0. Driamice )
=(0.1)%F 71 (1.1)™1 £(0.7p 4 17hp2 - - - )

and

fr) = f(r(k) _(0.1)* 7™ (1.1)"1 f(0rp17rs2 - - - )
r —r(k) (0.1)k0.rg 17kso - -
f(O.Tk+1Tk+2 e )
O.T’k+1rk+2 e
o f(O.T‘kJrlTkJrg e )
—(Ik;(?") 0.rk+1rk+2 e

=(0.1)"0(1.1)™

Since f(z) < z for all real number z € [0, 1], we get an inequality,

o o J0) = FO )

> T’—T'(k) Sak‘(r)7

and this implies that if f is differentiable at r then 0 < f'(r) < limg_ o0 ar(r).
Therefore f'(r) = 0 for all » € Ey and thus f is a singular function, which completes

the proof.
O
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