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ON EVALUATIONS OF THE CUBIC CONTINUED FRACTION
BY A MODULAR EQUATION OF DEGREE 9

DAE HYUN PAEK ®* AND JINHEE Y1P

ABSTRACT. We show how to evaluate the cubic continued fraction G(e~™V™) and
G(fe_"ﬁ) forn =4™,4"™, 2.4™, and 271 -47™ for some nonnegative integer m
by using modular equations of degree 9. We then find some explicit values of them.

1. INTRODUCTION

The cubic continued fraction G(q) is defined by

3 g4 @P+¢* P4

1+ 1 + 1 4+ 1 + -
Ramanujan investigated G(¢q) and claimed that there are many results which are

G(q) =1 lq < 1.

similar to those for the Rogers-Ramanujan continued fraction F'(q), where
1/5 2 3
F@= Ty <t

Motivated by Ramanujan’s claim, there has been interest by number theorists in
evaluating the numerical values of G(e~™V") and G(—e ™V") for some positive
real number n. Using Ramanujan’s class invariants, Berndt, Chan, and Zhang
3] evaluated the values of G(e~™V") for n = 2, 10, 22, 58 and G(—e ™V") for
n = 1,5,13,37. In addition, Chan [4] established the values of G(e*”\/ﬁ) for
n=1,24, % and G(—e~™") for n = 1,5 by using some reciprocity theorems
for G(q). Yi [6] found the values of G(e~™V™") for n = 2, 3, 4, 6, 7, 8, 10, 12,
16, 28, 1, 1 4 1 L 2 4 and G(—e ™) form =1, 2,3,4,5 7, %, 4 41
by employing relations among G(q), Ramanujan-Weber class invariants, and some
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parameters for eta function. In [8], the values of G(e~™V") for n = 1, 4, 9, + and
G(—e ™) for n = 1, 4,9 were evaluated by using some modular equations of
degrees 3 and 9. Moreover, Pack and Yi [5] evaluated the values of G(e~™v™) for
n =36, 81, 144, 324, 4, 1 8 and G(—e ™V") for n = 36
modular equations of degrees 3 and 9.

, 3, 16 by employing some
In this paper, we further show how to evaluate explicit values of G(e‘“‘/ﬁ) and
G(—e*”\/ﬁ) for n =4™, 4™, 2.4™ and 27! - 4™ for some nonnegative integer m
by using modular equations of degree 9.
Since a modular equation is crucial for evaluating such cubic continued fraction,
we now give a definition of a modular equation. For |ab| < 1, define Ramanujan’s

general theta function f by

f(a,b): Z an(n+1)/2bn(n—1)/2‘

n=—oo

Moreover, define the theta functions ¢ and ¢ by, for |¢| < 1,

o) =Fflaa)= Y. ¢ = (%% P

and
n(n+1)/ &
W¥(q) = Zq O
where
(a:9)o0 = J] (1 - ag™.
n=0

Let a, b, and ¢ be arbitrary complex numbers except that ¢ cannot be a non-
positive integer. Then, for |z| < 1, the Gaussian or ordinary hypergeometric function
oF1(a,b;c; z) is defined by

oFi(a,b;c;z) = Z Mz",

!
= (¢)nn!

where (a)p =1 and (a), = a(a+1)(a+2)...(a+n—1) for each positive integer n.
Now the complete elliptic integral of the first kind K (k) is defined by

B d@ _7T 11 2 ﬂﬁ
(1.1) K(k)—/o m—§2Fl(§§1k) 29"( K)7

where 0 < k < 1, K/ = K(K'), and ¥ = v/1 — k2. The number k is called the

modulus of K and k’ is called the complementary modulus.
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Let K, K', L, and L' denote complete elliptic integrals of the first kind associated
with the moduli k, ¥/, [, and I, respectively, where 0 < k < 1 and 0 < [ < 1. Suppose
that

r K’
1.2 Z
holds for some positive integer n. A relation between k and [ induced by (1.2) is

called a modular equation of degree n.

K’ L
q = exp <—7rK> and ¢ =exp (—WL> ,

we see that (1.2) is equivalent to the relation ¢" = ¢. Hence a modular equation

If we set

can be viewed as an identity involving theta functions at the arguments ¢ and ¢".
Following Ramanujan, set a = k% and 3 = [2, then we say that [ has degree n
over «. By the relationship between complete elliptic integrals of the first kind and

hypergeometric function, we have

2oFy (3351 —a)  oF1 (3,511 - 6)
. _

2599 _ 2592
oF1 (3,1:1;0) oF1 (3, 3:1:8)
Let 2z, = ¢©*(¢"). Then the multiplier m for degree n is defined by
_ ¥ _ &
©*(q") 2

We recall the definition of the parameterizations h;’n and l;“n for the theta func-

tions ¢ and 1 from [7, 9]. For any positive real numbers k and n, define h;m by

(1.3 Hon = A

where ¢ = e 2"V"/k _and define len DY

/ Y(q)
(1.4) lon = JeL/Aq(h=1) /84 (gh)’

/

where ¢ = e”™V"/k. For convenience, we write h], and ], instead of hf,, and 1,

respectively, throughout this paper. We end this section by noting that

1+vV3—-v2V3
2

(1.5) h’l =
and

(1.6) h=V2+V3
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from [8, Theorem 4.1] and [9, Theorem 3.4], which will play crucial roles in evaluating

the values of cubic continued fraction.

2. PRELIMINARY RESULTS

In this section, we introduce fundamental theta function identities that will play
key roles in deriving a modular equation of degree 9. Let k be the modulus as in
(1.1). Set # = k? and also set

40
(2.1) kzzleﬁoi 9

©*(q)
Then
(2.2) 0 (q) = 2F1 (3, 3:1;2) =: 2,
where

oFy (3,411 - 2) K(K)

2.3 g=e YV :=exp| -7 22 =exp|—7 .
23 ( 2B (5,55 1) K(k)

Lemma 2.1 ([1, Theorems 5.4.1 and 5.4.2]). If x, q, and z are related by (2.1),
(2.2), and (2.3), then

(i) o(—q) = Vz(1 —x)'/4,
(i) o(—¢?) = vz(1 — z)"/8,

1/8
i) v = /52 (%)
Lemma 2.2 ([2, Entry 3, Chapter 20]). Let « be the ninth degree and m = ﬁ, then
z9
LN\ (1= @ =)\
(i) (a) +<1—a) a(l—a) =vm,
i () () (el
v 1—vy (1 —7) vm’

The following results exhibit formulas for evaluating G(e~2"V") in terms of &/,
and G(e~™™) in terms of I/,.

Lemma 2.3 ([9, Theorem 6.2]). For any positive real number n, we have
1—+3h,
2 2

(i) Ge—mv) = \65}_1

(i) Gle V") =
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We end this section by stating the following identity:

Lemma 2.4 ([6, Lemma 6.3.6]). We have
G(e ™™y = —G(e™™ )G(—e V")

for any positive real number n.

3. MODULAR EQUATIONS

In this section, we first derive a modular equation of degree 9 to establish some

explicit relation for hj;, and A/, /4 for any positive real number n.

then

©(—q) (=4
o(—¢°) and @ = o(—q'®)’

3
2= —.
+2=Q+4

Theorem 3.1. If P =

Q

F L
P

(3.1) o

Proof. By Lemma 2.1,

1_ 1/4 1_ 1/8
P= 21 @ and Q= 21 a ,
29 \1—7 29 \1—7

where v has degree 9 over . Thus
P 1—a\Y®
Q (1 - 7) '

Q)3 %-5%

o\ P fa\'®P 3P
<v) *@‘@ Q@

Combining the last two identities in terms of P and @, we deduce that

(-9)(-5)-0-0(G)

This then completes the proof. O

By Lemma 2.2,

and

Corollary 3.2. For any positive real number n, we have

1 hy, /
(3.2) \/§<h;+>: [y Ty

hl, B, R,
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Proof. Let ¢ = e~™V™ in (1.3). Then P and Q in Theorem 3.1 can be written as
P = \/ghg/4 and Q = /3 h!,. Rewrite (3.1) in terms of h;/4 and R/, to complete the
proof. O

We next recall a modular equation of degree 9 given in [8] to employ an explicit

relation for I/, and [}, for any positive real number n.

Theorem 3.3 ([8, Theorem 3.15]). If P = ngg) and Q = q;fp((fl)fg)’ then
P qQ . 3
(3.3) ot pt2=Ptp

Corollary 3.4 ([8, Corollary 3.16]). For any positive real number n, we have

(3.4) (e L) oy
. n / / / :
ln l4n ln

4. EVALUATIONS OF Rjm, Ny ym; ly.gm, AND Uy 4

In this section, we show how to evaluate the values of h)m, A’ l and

1/4ms bym /25
I, Jam for every positive integer m by employing the relations (3.2) and (3.4). We

first need the following:

Lemma 4.1. For any nonnegative integer m,

(4.1) 0 < V3hjm < 1.

Proof. Let a,, = hjym for brevity. Since a,, > 0 for any nonnegative integer m from
the definition of h;, we have v/3 a,, > 0. Hence it is enough to show that V3a, <1
for any nonnegative integer m. We prove by induction on m. For m = 0, since
C1+V3-V2V3

2
it follows that v/3ag < 1. Now assume that v/3a; < 1 for some nonnegative integer

k. Then, by (3.2),

ag from [8, Theorem 4.1], which is approximately equal to 0.44,

1 a a
V3 <ak+1 + > ==~ + ian + 2.
k1 k1 ag

Solving the last equality for a;; and using the fact that 0 < v/3a; < 1 and ag,; > 0,

we have

—ay + %\/ak(a% —V3a, + 1)
a = .
ol 1-— \/gak
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Since
(\/g ap — 1)3 <0
or equivalently,
3v3ap(ai —V3ap+1) <1,
it follows that

1 1-V3a
—a +\4/§\/a a2 —V3ap+1) < —ap + —= = ———=,
1—+3
Dividing both sides of the last inequality by \/\gak, we conclude that
V3ag <1,
which completes the proof. O

The following result exhibits an algorithm for evaluating the values of b/, for all

positive integers m.

Theorem 4.2. We have

— Ry + %\/h’m(hfm — V3w + 1)

(42) Zlm+1 —
1 - \/ghﬁlm
for any nonnegative integer m.
Proof. Tt is an immediate consequence of Corollary 3.2 and Lemma 4.1. 0

We are now ready to show how to evaluate the values of hlm for every positive

integer m. We only exhibit the cases when m = 1, 2, and 3.

Corollary 4.3. We have

(i) hgzl(—1— 3+2\/§+\/2(3+2\/§+\/9+76\/§)>,

2
1 - VZY3— V3 +4/(6 - 2V6) (V2 +2V3+ V6)

11 h/ - ’
) o SRS IRV e
o —a+\4/§\/a(a2—\/§a—i—1)
(i) Ay = — ,
where

1= VEVE- VB /(6-2V6)(VE +2V5 + V)
- —14+2V3+V3-6/3 '

a
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Proof. For (i), letting m = 0 in (4.2) and putting the value of

1+v3—-v2V3
2
from [8, Theorem 4.1], we complete the proof.

Ry =

For (ii), letting m = 1 in (4.2) and putting the value of h/, from the previous
result of (i), we complete the proof.
Part (iii) is clear from Theorem 4.2. O

The following results show a method for evaluating the values of h’1 Jam for all

positive integers m. We only exhibit the cases when m =1, 2, and 3.

Theorem 4.4. We have

(i) Phpy =1+ V3= V3+2V3,
(i) 75 =5+3V3— V45 +26V3 — \/90 +52v/3 — 44/6(168 + 97V/3)
(i) h’1/64:;<\/§b2_2b+\f—\/(b2+1)(b—\/§)(3b—\/§)),

where

b:5+3\f—\/45+26\f—\/9o+52\f3—4 6(168 4+ 97/3) .

Proof. For (i), letting n = 1 in (3.2), putting the value of

1+v3-4v2V3
2
from [8, Theorem 4.1}, solving for h} /4> and using the fact that hy /4 has a positive

h) =

value less than 1, we complete the proof.

For (ii), letting n = 1 in (3.2), putting the value of h/ /4 from the previous result
of (i), solving for h’1 /167 and using the fact that h’1 /16 has a positive value less than
1, we complete the proof.

For (iii), repeat the same argument as in the proof of (ii). O

We next show how to evaluate the values of I}, for every positive integer m.

We only exhibit the cases when m =1, 2, and 3.

Theorem 4.5. We have
(i) Iy =2+ V3)(V2+V3),
(ii) U5y =27 +19v2 + 163 + 11V6 + \/6(485 + 3432 + 280v/3 + 1986 ),

(iil) Ujpg = % <\/§02—2C+\/§+ \/(c2+1)(c—\/§)(3c—\/§)>,
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where

c=27+19v2+16V3 + 11V6 + \/6(485 + 343v/2 4 280v/3 4+ 198V6 ) .

Proof. For (i), letting n = 2 in (3.4) and putting the value of
lhy=v2+V3

from [9, Theorem 3.4], solving for I§, and using the fact that I§ has a positive value
greater than 1, we complete the proof.

For (ii), letting n = 8 in (3.4), putting the value of I§ from the previous result
of (i), solving for l4,, and using the fact that I5, has a value greater than 1, we
complete the proof.

For (iii), repeat the same argument as in the proof of (ii). O

The following results show a method for evaluating the values of 1, Jam for every

positive integer m. We only exhibit the cases when m = 1, 2, 3, and 4.

Theorem 4.6. We have

- 1++3

(i) 1/227,

o V2 /6(-14V2)

W hs=""1"/57v
2—x/§+\/6(—2+\/§+\/—1+\/§)

(V3-VI+VE) (3+/u+va)e-vi))

o d+\/\/§d(d2—\/§d+1)
(iv) 1/128 = V3d—1 ’
where

(ifi) 17 50 =

)

2—\/§+\/6(—2+\/§+\/—1+\/§)

d= .
(V3—V1+V2) <3+\/(1+\/§)(2—\@)>

Proof. For (i), letting n = £ in (3.4), putting the value of
lh=v2+V3

from [7, Theorem 4.16], solving for 1] /20 and using the fact that [} /o has a positive

value, we complete the proof.
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/
1/2

of (i), solving for 1} /8 and using the fact that [} /8 has a positive value, we complete

For (ii), letting n = % in (3.4), putting the value of I} ,, from the previous result

the proof.

For (iii) and (iv), repeat the same argument as in the proof of (ii). O

5. EVALUATIONS OF G(q)

We turn to evaluations of G(e~™V") and G(—e ™V™") for n = 4™, 4= 2. 4™,
and 271 -47™ for some positive integer m. We first find G(e=2"™) for m = 2, 3, and
4 and G(—e2"™) for m = 2 and 3.

Theorem 5.1. We have
() Gletm) = 1 <2+\/§+\/W—\/6(3+2J§+\/m)>,
2(14¥3) +4/3(6 - 2v6) (V2 + 2V/3 4 V6)
N 2(1-2V3-vV3+6V3) ’
B —1+{4/§\/3a(a2—\/§a+1)
B 2(v3a—1) ’

1 VEVE VB4 /(6 2V6)(VE+ 293 + V6)
- —14+2V3+V3-6/3 '

Proof. For (i), letting n = 4 in Lemma 2.3(i) and putting the value of A/, from

(i) G(e=®)

(iii) G(e=16™)

where

a

Corollary 4.3(i), we complete the proof.

For (ii) and (iii), repeat the same argument as in the proof of (i). O

See [6, Theorem 6.3.7(iii)] for an alternative proof for Theorem 5.1(i), where

G(e~*™) was given by

G(e ') = (V23R —1- V3 ) :
4(2+ 3314 — 32+ 33/4)
Corollary 5.2. We have
2(1+\4/§)—\/6(3—\/€)(\@+2€/§+J€)
T T VB(5+VB-3VB+v2(3+2V3-3V3))
(1- 23— V34 VEV3)2 Wgﬁa(aumm _1)

() G(=e=)

(i) G(—e™®") =

9

(2+2V—\/6(3\f—2\/§)(1+\/§\4/§+\/§)>2
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where
1 - V23— V3 +4/(6-2v6) (V2 +293+V6)
o —1+2V3+ V3 V63
Proof. Parts (i) and (ii) follow directly from Lemma 2.4 and Theorem 5.1. O

We next find G(e~™/2") for m =0, 1, and 2 and G(—e~™/?") for m = 1 and 2.

Theorem 5.3. We have

() e =5 (-2-vB+ m)

o V3 \/6—1—4\[ 463
(ii) G(e /2)_—4—|—7 —54 /45 4+ 26V/3 Y ),

(iii) G(e™™*) = ( (V3b—1)? \/3 b2 + V3)(3b - f)) :

where
b=>5+3V3—1\/45 4 26V3 — \/90+52\/§—4 6(168 + 97V/3) .

Proof. Part (i) follows directly from Lemma 2.3(i) and Theorem 4.4(i). The proofs
of Parts (ii) and (iii) are similar to that of Part (i). O

See [4] for a different proof for Theorem 5.3(i), where G(e™™) was given by

(1+v3) (-1 —V3+V6v3)
4

Ge™™) =
See also [6, Theorem 6.3.3(vii)] for an alternative proof for Theorem 5.3(ii), where
G(e~™/?) was given by

—1-V2+ V3437426
2(vV2-D)(V3-1)(V3-v2)~

G(e™™?) =

Corollary 5.4. We have

—1+vV-9+6V3
14+2vV3—v9+46V3— \/6(3—1—2\/3—2\/6\4/5) 7
(i) Gl-e ) = = (VBb= 17+ /302 + D= VE)E —VB) ).

where

() G(-e /%) =

b:5+3\/§—\/45+26\/§—\/90+52\/§—4 6(168 +97V/3) .

Proof. The results follow directly from Lemma 2.4 and Theorem 5.3. O
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See also [6, Theorem 6.3.5(vii)] for an alternative proof for Theorem 5.4(i), where

G(—e~™/?) was given by

C1-2.3/4 /32334

We now find G(e‘2m\/§”) for m =1, 2, and 3 and G(—e‘2m‘/§”) for m =1 and
2.

Theorem 5.5. We have
() Gle27) = § (2-3v2+V6),
(i) G(e1v2n)

47 + 332 + 273 4+ 19V6 — 3\/(970 + 686v/2 4 560v/3 + 39616 )

10 + 6v/2 + 6v/3 + 46 ’
i) Ge o) =1 [VBe—1- (24 D= v3)

where

c=27+19v2+16V3 + 11V6 + \/6(485 + 343v/2 4 280v/3 4+ 1986 ) .

Proof. For (i), letting n = 8 in Lemma 2.3(ii) and putting the value of I§ from
Corollary 4.5(i), we complete the proof.

For (ii) and (iii), repeat the same argument as in the proof of (i). O

See also [6, Theorem 6.3.7(i)] for an alternative proof for Theorem 5.5(i), where
G(e‘zﬁ“) was given by
G(e—QﬂW) — (1 + ﬂ)l/B(\/g B \/5)2 .
23/4(1 + 35v/2 — 28V/3)3/8

Corollary 5.6. We have
() G(=e2v2m)

1
=—3 (47 +33v2+27V3 + 19V6 — 3\/970 +686/2 + 5603 + 396\/6> :

(i) G(—e 4V2m) = —i ((\/ﬁc —1)2 - 33/4\/(02 +1)(c—V3)(V3c— 1)) :
where

¢ =27+ 19v2 +16V3 + 11V6 + \/6(485 + 343v/2 4+ 280v/3 4+ 1986 ) .
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Proof. Parts (i) and (ii) follow directly from Lemma 2.4 and Theorem 5.5. O

We end this section by evaluating G(e‘”/zmﬁ) for m = 0,1,2 and 3 and
G(—e‘”/zm‘/i) for m =1, 2, and 3.
Theorem 5.7. We have

) Gl = 2

Vs Vo
1-vV3+6

—1+V3+3¢/2(-1+2) 7
(iii) G(e~™/4V2)

B —1—\/§+\/§—2\/6+\/6(—1+2ﬁ+\/§)
14V VB - \f6(C1+ 202+ VB) 6y -2+ v+ V1 F V2

V3d—1
L4+ 334\ Jd (& — V3d + 1)

(ii) G(e™™/?V?) =

(iv) G(e™/3V2) =

where

2_ﬂ+\/6(—2+\/§+m)
WE-VIEVE) (34 1V D))

Proof. Part (i) follows directly from Lemma 2.3 and Theorem 4.6(i). The proofs of
Parts (ii), (iii), and (iv) are similar to that of Part (i). O

d:

Corollary 5.8. We have

—njevay L 1= V- 3v2V-1+2

2+ 43 — 26 ’

—1+ V34 34/2(-1+v2)
1+\/T—\/3 1423+ 3) — 3y/2( 2+f+\/T
1+2vV3—-v2— 3—\/3 —142v2+/3)

L4394 Jd(@ — V3d + 1)
V3d—1

(i) G(—e

(i) G(—e

(i) G(—e™/8v2) =
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14+2V3 - V2 VB \/3(-1+2v2+ V)
X )
1+m—\/3(—1+2\@+\/§)—3\/2(—2+\/§+ ~1++2)
where
p 2—\@—1—\/6(—2—1—\/54—\/\/5—1)
(V3= 1+2) <3+ VL +v2)2 - \/§)>
Proof. The results follow directly from Lemma 2.4 and Theorem 5.7. U
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