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THE MAXIMAL PRIOR SET IN THE REPRESENTATION
OF COHERENT RISK MEASURE

JU HonGg KM

ABSTRACT. The set of priors in the representation of coherent risk measure is ex-
pressed in terms of quantile function and increasing concave function. We show
that the set of prior, Q. in (1.2) is equal to the set of Q,, in (1.6), as maximal
representing set Qmae defined in (1.7).

1. INTRODUCTION

Kim [4] showed that the set of priors in the representation of Choquet expecta-
tion [2] is the one of equivalent martingale measures under some conditions, when the
distortion is submodular. That is, if a capacity ¢ is submodular, then the coherent

risk measure is represented as

(1.1) p(X) = /Xdc = max Eg[X] for X € L*(Fr),

where Q. is defined as
(1.2) Q. ={Q My : QA <c(A) VAe Fr}

that is equal to the maximal set Q,,q, representing p. Here M 5 := M ;(Q2, F) is
the set of all finitely additive normalized set functions @ : F — [0, 1].

By using g-expectation [6] and related topics [1, 8], Kim [4] showed that Q. equals
to QY where QY and ©9 are respectively defined as

0 0 dQ@ t 1 t 5
L. = : i = sdBs — = s
(1.3) Q {Q 96@,dp . ea:p(/OHd 2/0]0\(13)}
and
(1.4) 09 = {(0t)iejo,r): 0 is R — valued, progressively measurable &

|0t| < Vt}a
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for a continuous function v for t € [0, 7.
We consider the Banach spaces LP(Q2,F,P) for 1 < p < oo. Let ¢ € (1,00] be
such that }D + % =1, and define

MI(P) = {Q € My(P) % € Lq}.

It is well-known in the literature [3, 5, 7] that the coherent risk measures p,
defined as

pm(X) = AVQR)(X)m(dA)
(0,1]

for m € M C M3((0,1]), can be expressed as Choquet expectation and consequently

(1.5) pm(X) = max Eq|-X],

where the set Q,,, is defined as

(1.6)
2 Q. '
Om :=3Q € M{(P)|¢:= P satisfies go(s)ds < (1 —t) fort € (0,1) ;.
t
In this paper, we show that O, b = Omazr = 9m as maximal representing set,
(17) Qmax = {Q € M%(P) ‘ Oémin(Q) = O}

The minimal penalty function ay,;, is defined as

amm(Q) = ng}z EQ[_X] for Q € M%(P)v

where A, is the acceptance set of p on a measurable set A" defined as
A, ={X € X|p(X) <0}.

This paper consists of as follows. Introduction is given in section 1. Some primary
definitions such as coherent risk measure, quantile function etc. are stated in section

2. The main theorem is given in section 3.

2. SOME PRIMARY DEFINITIONS

We give some definitions such as coherent risk measure, A-quantile, Choquet

expectation, etc..

Definition 2.1. For A € (0, 1), a A-quantile of a random variable X on (Q, F, P) is

defined as any real number ¢ satisfying
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PIX <¢] > Xand P[X <q| <A,
and the set of all A-quantiles of X is an interval [gy(A), g% (\)], where
gx(A\) =sup{z | P[X < z] <t} =inf{z | P[X < z] >t}
and
g% (\) = inf{z | P[X < 2] >t} = sup{z | P[X < z] < t}.

Definition 2.2. Let A € (0,1) and X € X. The Value at Risk at level X is defined

as
VAR)\(X):=—qf =q y(1 =X =inf{o| P[X + 0 < 0] < A}

Definition 2.3. The Average Value at Risk at level A € (0, 1] of a position X € X

is defined as

AVQRy(X / VQR,(

Definition 2.4. A coherent risk measure p : L> — R U {oco} is a mapping satifying
the following properties for X, Y € L?

(1) p(X +Y) < p(X) +p(Y) (subadditivity),
(2) p(AX) = Ap(X) for A >0 (positive homogeneity),
(3) p(X) > p(Y)if X <Y (monotonicity),
(4) o

4) p(Y +m) =p(Y) —m for m € R (translation invariance).

Definition 2.5. A mapping p : L? — R U {oo} is called a monetary measure of
risk if it satisfies the conditions (3) (montonicity) and (4) (translation invariance)
in Definition 2.4.

Definition 2.6. A monetary measure of risk p on X = L?(Q, F, P) is called law-
invariant if p(X) = p(Y) whenever X and Y have the same distribution under
P.

Definition 2.7. A coherent risk measure p on X = L? is called that p is continuous

from above if it satisfies

Xn X = p(Xy) / p(X),

and that p is continuous from below if it satisfies

Xn /X = p(Xn) \ p(X).
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Assume that given probability space (€2, F, P) is atomless throughout this paper.

Theorem 2.1 ([3]). A coherent risk measure p is continuous from above and law-

mwvariant if and only if

p(X) = sup / AV@R,(X) m(dA)
meM J(0,1]

for some set M C M3((0,1]).
Define the coherent risk measures p,, as
pn(X) 1= / AV@R,(X) m(d\)
(0,1]

for m € M C M3((0,1]).

Since AVQR) is coherent, continuous from below and law-invariant, so are any
mixture p,, for a probability measure m on (0, 1].

It is shown in Theorem 3.3 that p,, can be identified with the Choquet integral
of the loss —X with respect to the set function ¢y (A) := ¢(P[A]), where 1 is the
concave function defined in Lemma 3.2.

Definition 2.8. A set function ¢ : F — [0, 1] is called monotone if
c¢(A)<¢B) for ACB
and normalized if
c@) =0 and ¢(Q)=1.
A monotone set function is called submodular if
c(AUB)+c(ANB) < ¢(A) + ¢(B).
Definition 2.9. Let ¢ : F — [0,1] be any set function which is normalized and

monotone. Then Choquet integral of a bounded measurable function X on (Q,F)

with respect to c is defined as

0 0o
/Xdc ::/ (c(X >x)—1)dx +/ (X > z)dx.
—00 0
Definition 2.10. Let ¢ : [0, 1] — [0, 1] be an increasing function such that ¢(0) = 0
and (1) = 1. The set function
cy(A) = ¢(P[A]), AcF,

is called the distortion of the probability measure P with respect to the distiortion

function .
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3. THE MAIN THEOREM

In this section, the main theorem is stated and proven. Proposition 3.1, Lemma 3.2,
Theorem 3.3 and Theorem 3.4 are quoted in the book [3].

Proposition 3.1. Let ¢y, be the distortion of P with respect to the distiortion func-

tion 1. If 1 is concave, then cy is submodular.
Note that a concave function 1 take a right-continuous right-hand derivative v, .
Lemma 3.2. The identity
Y (t) = /( : sTim(ds), 0<t<1,
i,

defines a one-to-one correspondence between probability measures m on [0, 1] and in-
creasing concave functions v : [0,1] — [0, 1] with ¢(0) = 0 and ¥ (1) = 1. Moreover,
we have ¥ (0+) = m({0}).

Theorem 3.3. Let m be a probability measure on [0, 1] and ¢ be the concave function
defined in Lemma 3.2. Then for X € X,

1
p(X) = BODAVER(-X) + [ ax(w/ (-1 d
0
= X dcy.
[0,1]
Theorem 3.4. Let p be a coherent risk measure and suppose that p is continuous
from above. Then p is law-invariant if and only if its minimal penalty function
amin(Q) depends only on the law of pg = % under P when Q € M{(P). In this
case, p has the representation
1
p) = s ([0 x i Od -am@)
Qemi(pP) \Jo
and the minimal penalty function satisfies

1
(3.1) min(Q) = o /0 4-x (t)qpq (t) dt = 0.

Theorem 3.5. Let m be a probability measure on [0,1]. Let v be the corresponding

concave function defined in Lemma 3.2. Then py, can be represented

X) = Epl—X
pm(X) Jnax ol—X1,
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where the set Q,, is defined as

1
9, 1= {Q € M%(P) % satisfies /t qo(s)ds < (1 —1t) fort e (0, 1)} .

Here Q,, is the mazimal subset of M2 (P) that represents py,.
Proof. The risk measure p,, is clearly coherent and continuous from above. The p,,
can be represented by taking the supremum of expectations over the set Q4 =

{Q € M3(P)|amin(Q) = 0}. The equation (3.1) and Theorem 3.3 imply that a
measure Q € M3 (P) with density ¢ = dQ/dP belongs to Qa, if and onlt if

/O ax(8)gp(s)ds < pm(=X)

1
(3.2) = Y(0+H)AV@R(—X) + /0 ax ()Y (1 — s) ds

for all X € L?. Set X =t which is constant random variable. Then we have ¢x =
Iyq) ae., AVQRy(—X) := VQRy(—X) := esssup(t) < 1 and the inequalty (3.2)

becomes
1 1
/ 0o (s) ds < B(0+) + / W1 s)ds = (1 t)
t t

for all t € (0,1). Therefore, Qpmar C Qm. Now let’s prove the reverse inclusion
Qm C Qmaz- Let Q € Q,, be fixed. We show that the density ¢ = dQ/dP satisfies
the equation (3.2) for any given X € L2. Let v be the positive finite measure on
[0,1] such that g% (s) = v([0, s]). Fubini’s theorem and the definition of Q,, imply

that
1
[ axtslatsrds - / / 4o ds v(dt)
0 [0,1]

< [ wa -t
[0,1]

1
= (0+)v([0, 1])+/0 P (1 —s) /[0 ]u(dt) ds,

which coincides with the right-hand side of (3.2). Note that v([0,1]) = ¢%(1) =
sup{z € R| Fx(z) < 1} = esssup X := AVQRy(—X) and f[o s v(dt) = v([0,s]) =
q%(s) = qx(s) ae.. O

The following is the main theorem.
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Theorem 3.6. We have

Qm - ch = Qmaz-
Moreover, we get
—X) = max Eg|X]| = X dey = max FEglX].
pm(=X) = max Eq[X] o L 460 = JBET QlX]
Proof. The equation (1.1), Theorem 3.3 and Theorem 3.5 give the proof. O
REFERENCES

1. Z. Chen, T. Chen & M. Davison: Choquet expectation and Peng’s g-expectation. The
Annals of Probability 33 (2005), 1179-1199.

2. G. Choquet: Theory of capacities. Ann. Inst. Fourier (Grenoble) 5 (1953), 131-195.

3. H. Féllmer & A. Schied: Stochastic Finance: An introduction in discrete time. Walter
de Gruyter, Berlin, 2004.

4. J.H. Kim: The set of priors in the representation of Choquet expectation when a ca-
pacity is submodular. J. Korean Soc. Math. Educ. Ser. B: Pure Appl. Math. 22 (2015),
333-342.

5. S. Kusuoka: On law-invariant coherent risk measures, in Advances in Mathematical
Economics. Vol. 3, editors Kusuoka S. and Maruyama T., pp. 83-95, Springer, Tokyo,
2001.

6. S. Peng: Backward SDE and related g-expectation, backward stochastic DEs. Pitman
364 (1997), 141-159.

7. G.Ch. Plug & W. Romisch: Modeling, Measuring and Managing Risk. World Scientific
Publishing Co., London, 2007.

8. Zengjing Chen & Larry Epstein: Ambiguity, risk and asset returns in continuous time.
Econometrica 70 (2002), 1403-1443.

DEPARTMENT OF MATHEMATICS, SUNGSHIN WOMEN’S UNIVERSITY, SEOUL 02844, REPUBLIC OF
KOREA
Email address: jhkkim@sungshin.ac.kr



