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ASYMPTOTIC BEHAVIOR OF A CERTAIN SECOND-ORDER
INTEGRO-DIFFERENTIAL EQUATION

Young JIiN KiMm

ABSTRACT. In this paper we obtain some integral inequalities by using Stieltjes
derivatives, and we apply our results to the study of asymptotic behavior of a
certain second-order integro-differential equation.

1. INTRODUCTION

Differential equations arise in various real world phenomena in mathematical
physics, mechanics, engineering, biology and so on. Also integral inequalities are
very useful tools in global existence, uniqueness, stability and other properties of
the solutions of various nonlinear differential equations, see, e.g., [6, 7].

In this paper, we obtain some integral inequalities of Stieltjes type, and apply the
inequalities to the study of asymptotic behavior of a certain second-order integro-
differential equation.

The asymptotic behaviors of various second-order nonlinear differential equations

have been studied by many authors, see, e.g., [5, 8] and the references cited there.

2. PRELIMINARIES

In this section we state some materials that are needed in this paper.

Let R,RT,N be the set of all real numbers, the set of all nonnegative real
numbers, and the set of all positive integers, respectively. And for a € R, we
let R} = [a,00), and let

GR})={f:R} — R| Vt > a, both f(t+) and f(t—) exist, and f(a+) exists }.
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For convenience we define

ATf(t) = f(t+) = f(8), ATF() = f(t) = f(t=), Af(t) = f(t+) = f(t-).
Throughout this paper we use the Kurzweil-Stieltjes integral(sometimes the integral
is called as the Perron-Stieltjes integral, see, e.g., [10, 11]), and the Stieltjes deriva-
tive. For the integral and derivative, and various notations and results that are used

here, see, e.g., [2, 3, 4, 9, 10] and the references cited there.

We use the following results frequently.

Theorem 2.1 ([11, Theorem 2.15]). Assume that f € G([a,b]) and o € BV ([a,b]).
Then both fda and gdf are Kurzweil integrable on [a, b].

Theorem 2.2 ([2, 3]). Assume that f € G([a,b]) and a function o : [a,b) — R
is nondecreasing, and is not locally constant at t € [a,b]. If f is continuous at t or

« 18 not continuous at t, then we have

d t
de!f®dM$=f®-

Theorem 2.3 ([2, 3]). Assume that f € G([a,b]) and a function «: [a,b] — R is
nondecreasing, and that if « is constant on some neighborhood of t, then there exists
a neighborhood of t such that both f and « are constant there. Suppose that ', (t)
exists at every t € [a,b] — {c1,ca,...}, where f is continuous at every t € {ci1,ca,...}.

Then we have

b
<Kﬁ/ﬁ@ﬂﬂ@=ﬂw—ﬂm

From now on, for a function f € G(R]), we define Cy as the set of continuities
of the function f.

Corollary 2.4. Assume that f € G(R}) and a function o : R} — R is nonde-
creasing, left-continuous, and that if « is constant on some neighborhood of t, then
there exists a neighborhood of t such that both f and « are constant there. Sup-
pose that f,(t) exists at every t € RY — {c1, ca, ...}, where f is continuous at every
t € {c1,¢a,...}. Then we have for every t € R},

(2.1) (Kﬂ/ﬁSMMﬁszﬁ—ﬂw
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Proof. Since f, a € G(R/), the set of discontinuities of f and « is countable([1,
p.17, Corollary 3.2]). Let t, — t— as n — oo, where t,, € C;y N C,. Then by

Theorem 2.3, we have

(2.2) lim (K) /f/a(s) da(s) = lim f(t,) — f(a) = f(t=) — f(a).

n—oo n—oo

Since t, € C; N C, by the definition of the K*-integral, we have

tn t
23) Jim (1) [fu(5)dals) = (%) [£5)das)
Thus (2.2) and (2.3) yield (2.1). The proof is complete. O

Theorem 2.5 ([10, p.45, Theorem 4.32]). If h : [a,b] X [a,b] — R is bounded
on [a,b] x [a,b] and varbh(s,-) < co for every s € [a,b], var®h(-,t) < co for every
t € [a,b], then for any f,g € BV ([a,b]) we have

// (5,6) df (5) dg(8) // (s,£) dg(t) d (s)

+ > ATFOAT DAL — Y ATF(BAT gD L).
te(a,b] t€la,b)
Remark 2.6. In the above theorem, the sums ¢, and >, 1, ) are actually
countable sums, since f,g € BV ([a,b]) implies that the sets of discontinuities of f

and g are countable, respectively.

Corollary 2.7. If h € G([a,b]), and f,g € BV ([a,b]) are left-continuous on [a, b],
then for every t € [a,b], we have
t

/ / h(v) df (v) dg(s) = / l9(t) — g(v-)]h(v) df (v).

a

Proof. Since h € G(]a, b]), there is a sequence {h,, } of step functions that is uniformly
convergent to h on [a, b] ([1, p. 16, Theorem 3.1]). Since f is left-continuous on [a, b],
AT f(t) = Af(t), and so we have

¢

Yo ATf)AYg)h(v) = Y ATg(v)ha(v)Af(v) = /A+g(v)hn(v) df(v),

vEla,t) vE[a,t) a
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(see the bottom of [10, p.47]). Hence by Theorem 2.5, we get
t s ¢t
[ [ as@ases) = [ [m@gs)ase) = ¥ At featg@ha
a a a v vEla,t)
t t

= [166) - 9@ 1)~ [ Atg@ha() a0

- / [9(t) — 9(v) — A*g(0)]hn(v) df(v) = / [9(t) — gv-H))hn (v) A (v).

a

Thus by [9, Corollary 1.32] we have

/t/sh(v) df(v)dg(s) ani_{go /t/shn(v) df(v)dg(s)

= Jin [lg(0) ~ g(oH)la(v) df(0) = [lo0) - g(o+)Ihe) df )

The proof is complete. O

The following result is a L’Hopital’s rule for Stieltjes derivatives.

Theorem 2.8. Let functions f,g, a € G(R}) be left-continuous and « be nonde-
creasing on R}, If both f!(t) and g/, (t) exist for all t € R} with limy_ g(t) = 00,

and gla(t) > 0. Then, lim;_, gégg =L € R implies lim;_, % = L.

Proof. Since lim;_, gé—gg = L, there is N(g) > 0 such that

fa(t)
gu(t)

—L‘<£

for all ¢ > N(e). This implies that

—ego(t) < fo(t) = Lgga(t) <egy(t).

Integrating the above inequalities from s to ¢, where s € C; N Cy, by Theorem 2.3,

we have

—elg(t) —g()] < [f(#) = fs)] = Llg(t) — g(s)] < elg(t) — g(s)].

So we get

(L —e)lg(t) = g(s)] < f(t) = f(s) < (L+e)[g(t) — g(s)].
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This implies

L (1_g<s>> _I0 S(LH)( ‘Z())

Letting t — oo, we get

) f(t)
L — e <liminf —= <limsup —= < L + ¢.
t=oo g(t) T 4o g(1)

Since € > 0 was arbitrary we conclude that

. f@)
tlgglo g(t) L.

The proof is complete. O

From now on we define

701"(8) dafs) = lim / #(s) da(s)

e}

Theorem 2.9. If [|f(s)|da(s) exists and « is nondecreasing, then [ f(s)do(s)

a
1s also convergent.

Proof. The proof of this theorem is not difficult and essentially identical to that of

the Riemann integral. So we omit it. O

Throughout this paper, unless otherwise specified, we always assume the following
hypotheses:

(H1) All one variable functions belong to G(R7).

(H1) A function k : Rf X Rf — R satisfies that, for every S,T > 1, k is
bounded on [1, 5] x [1,T], and for fixed s,t € R, k(,5),k(t,-) € GR).

(H3) Functions m;’s : R — R, (i € N) are all strictly increasing on R, and a

function w : RT — R is nondecreasing, continuous and positive on (0, c0). And
for t € (0,00) we define
/ d
s
Et) =
m= |5
1

and E~! represents the inverse of the function E, and Dom(E~!) represents the

domain of the function E—!.
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3. SOME INTEGRAL INEQUALITIES

Throughout this section all functions are nonnegative on their domains respec-
tively.

In order to obtain some integral inequalities we need the following result.

Lemma 3.1 ([4]). Let o: R{ — R be nondecreasing and left-continuous on R .
Assume that a positive left-continuous function z is nondecreasing on Rf.

If z is continuous at t and z.,(t) exists, then we have

z(t)
d _d ds  z[(t)
oy Bl = / = e

Ift ¢ C,, then we have

W) = 1m

The following result is a Gronwall-Bellman type integral inequality.

Theorem 3.2. Assume that a function c is nondecreasing on Rf and that a non-

decreasing function « is left-continuous on Rf. If a nonnegative function u satisfies

(3.1) u(t) <e(t) + /w(u(s))da(s),
1
then for 1 <t <T we have
2) ult) < 51| Blelt) + a() - o)
where the number T is chosen so that, for all t € [1,T], E(c(t)) + a(t) — a(l) €
Dom(E1).

Proof. From (3.1), we have, for 1 < s <t < T, where t is fixed,

S S

u(s) < c(s) + /w(u( o))da(o) < c(t) + /w(u(a))da(o) = z(s).
1 1

Then by Theorem 2.2 we have, except for a countable subset of C,

za(s) = w(u(s)) < w(z(s)).
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This implies

21(s)
w(z(3) =

Thus by Lemma 3.1 and Theorem 2.3 we get

S

(Eoz)(s) - (Eoz)(1) = /(Eoz>g<a>da<o>
1

MO&O’ al\o) = als) — «
gl/w(z(a))d<>gl/d<> (s) — a(1).

This yields for every s € [0,1]
u(s) < z(s) < B71 [E(z(l)) + a(s) — a(l)] = {E(c(t)) + a(s) — a(1)|.
Since the above inequality is true for s = t we have
u(t) < B~ [E(c(t)) + a(t) — a(l)}

This inequality yields (3.2). Since the number ¢ € [1,T] was arbitrary, the proof is
complete. O

Theorem 3.3. Assume that a function c is nondecreasing on Rir and a nonde-
creasing function my is left-continuous on Rf. If a nonnegative function u satisfies
S

a(s)w(u(s)) + /k(s, o)w(u( 0))dm2(a)] dmq(s),

1

(3.3) u(t) < e(t) + /
1

then for 1 <t <T we have
u(t) < BTy (1),

where
S

A(t) = E(elt)) + / afs) + / (s, a>dm2<a>] drmy (s),
1 1

and the number T s chosen so that
A(t) € Dom(E7Y),

for every t € [1,T).
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Proof. Assume that 1 <t < t* < T, where t* is fixed. Then since the function c is
nondecreasing, for all ¢ € [1,¢*], we have

s
a(s)w(u(s)) + /k:(s, o)w(u( o)) dma(o)| dmy(s) = z(¢).

1

(3.4) u(t) < c(t*) + /
1

Then u(t) < z(t). Now by Theorem 2.2, except for a countable subset of C,,,, we

have

k(t, o)w(u( o)) dma(o)

I
§\
—
=
IA
IS
=
N~—
S
—
<
=
N~—
N—
_l’_
,_.\““

So by Lemma 3.1, we have

A t
(B0 2)3 (1) < 220 < at) + l/k(t, o) dma( o).
Thus by Theorem 2.3 we get
E(z(t)) — E(2(1))
= /(Eoz);n1 dm; < / a(s) + /k(s, o)dmse(o)| dmq(s).
1 1 1

This yields
u(t) < z(t) < E71 | B(c(tY)) + / a(s) + /k(s, o)dma(o)| dmi(s)
1 1

Since the above inequality is true for t = t*, we get

t* s
w(t?) < BV | (o) + / a(s) + /k(s, o) dma( )| dma(s)
1 1
Since t* € [0,T] was arbitrary, the proof is complete. O

Similarly we can obtain the following result.

Theorem 3.4. Let s,t,u,v,S,T,U,V > 1 be arbitrarily fixred numbers. Assume
that a function k : (R{)* — RT satisfies that, k is bounded on [1,S] x [1,T] x
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[1,U] x [1,V], and k(-,t,u,v),k(s, -, u,v),k(s,t,-,v),k(s,t,u,-) € GR]). And as-
sume that a function ¢ : R x R — R satisfies that both functions c(-.t),c(s, ")
are nondecreasing on R , and functions a,x : Rf X Rf — R satisfy that a
and = are bounded on [1,S] x [1,T), and a(-,t),a(s,-),z(-,t),z(s,-) € G(R]). Let a
nondecreasing function my be left-continuous on RT.

If the function x satisfies

u v

+ // [a(u,v)w(x(u,v))+ //k‘(u,v, o, T)w(z(o, 7)) dmg(7)dms( o)
11 11
x dmg(v)dm(u),
then for (s,t) € [1,5] x [1,T] we have
(3.5) z(s,t) < B~ [y(s, 1)),

where

~v(s,t) = E(c(s,t))

+ //( alu,v) + //ku v, o, 7) dmy( )dm3(0)> dma(v) dma (u),

1 1

and the numbers S, T are chosen so that
(s, t) € Dom(E™),
for all (s,t) € [1,5] x [1,T].

Proof. Assume that 1 < s < s* < S. Then, since, for every fixed ¢, a function c(-, )

is nondecreasing, we have

(3.6) z(s,t) < c(s*,t)

x dmg(v) dmy(u).

Define a function y(s,t) by the right-hand side of (3.6), where ¢ is fixed. Then for
every 1 < s < s* z(s,t) <y(s,t). Let z(s) = y(s,t), where t is fixed. Then we have,
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except for a countable subset of C,,,,,

!/

Zmy

a(s,v) )+ //k: s,v, o, T)w(xz(o, 7)) dma(7) dms( )] dma(v)

- 1

IN

Il
H\w H\”‘ @
T 1

a(s,v) + //k‘(s,v, o, 7)dmy( 1) dmg(o)] dma(v) - w(z(s)).
1

By Lemma 3.1, this implies

Zim, (5)

w oz(s)

|

Thus by Theorem 2.3 we have

(E 0 2)i, (5)

IA

a(s,v) + / / k(s, v, o, 7) dma(7) dmg(U)] dma o).

11

z(s,t) <z(s) < B!

+ /s/t <a(u,v)+ //k u,v, 0, 7)dma(T )dm3(0)> dmz(v)dml(u)]-
11

Since the above inequality is true for s = s*, and (s*,t) € [1,S] x [1, T] was arbitrary,

Eoz(1)

the inequality (3.5) is valid. The proof is complete. 0

4. SOME APPLICATIONS

There are many applications of the inequalities obtained in the previous section.
Here we shall give some examples that are sufficient to show the usefulness of our
results.

From now on we assume the following conditions:

(C1) A function « is nondecreasing on R}, and nondecreasing functions myq, ms
are all left-continuous on R .

(C2) A function z € G(RY) is left-continuous, and, for all t € R, both z,, (t)
and z,)(t) = (2),, ), (t) exist, and z),, € G(RT), and a set C satisfies that Rf — C

is a countable set, and x;, is continuous at every t € C.
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(C3) A function I : Rf x R — R satisfies that I(-,z(-)) is Borel-measurable,

and for every s ¢ C

Ty (8) = I(s,2(s)),
and, for some bounded nonnegative function ¢ € G(RY), |I1(s,z)| < ¢(s) < L, for
some L > 1 and for all (s,z) € R{ x R.

(C4) Functions F : Rf x Rx R — R,G : R x R x R — R satisfy that
for every u,v € G(R]), and, for every ¢t € R, both functions F(-,u(-),v(-)) and
G(t,-,v(-)) are Borel-measurable, and for some nonnegative functions a,b € G(R),
and for every (t, o0, 7) € Rf x R x R,

Pt o) < alt) w
and for every (t, o, 7) € R} x R}, xR,

G(t, o, 7)| < k(t, 0) w< 7] ) :

m(t)

K
ml(t)

) T b(tyw(| 7)),

Now we consider the following second-order integro-differential equation:

x,(t) = Ft,x(t),x), (t—)] + 1ftG(t, o,z(0))da( o),

z(1) = e, :p,’nl(l) =c9, t €[1,00).

(4.1)

Lemma 4.1. Assume that there is a number K > 0 such that K € Dom(E~!), and
for allt € Rf,

V() =E(Jer| + |e2| + L)
t
-/
1
And suppose that my(1) > 1.
If x is a solution of the equation (4.1), then for some p € R, we have

S

[a(s) + b(s)] + / k(s, o) da(a)] dms(s) < K.

1

t s

Fls,x(s),z,, (s—)] + /G(s, 0,$(0))da(0)] dma(s) = p.
1

(4.2) lim

t—o0

1

Proof. Integrating (4.1) from 1 to t, by Corollary 2.4, we get
S

Fls,x(s),z,,, (s—)] + /G(s, J,x(a))da(a)] dma(s).

1

(4.3) x), (=) =ca+ /t
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So by hypotheses we have

t

(@4) fop, (0] <leal + [ |o

Now let

Then we get

S

Fls,a(s), 2!, (s—)] + / (s, a,x(o))da(a)] dm2(8)>.

1

Ty (8) = P(OI(t,2(t))

+ Q1) (cz + /

1

Hence by Theorem 2.3 we have

(4.5) z(t) =c1 + /P (s,z(s))dmi(s)

+j@ <CQ+/

[o.x(0), 2, (0-)]

+ /G( U,v,x(v))da(v)] dm2(0)> dm(s).
So using mq(t) > 1,(t) < L and Corollary 2.7, we have

|<|cl|+/|P )] dmi (s)

/ (chy + 1/

|F 0-7 7 m1 _))’
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t
<lei|+ L / dm;(s)
1

+1/t(c2+/

1

|Flo,2(0), 2, (-]

o

+ / |G(J,v,m(v))|do¢(v)] dmg(a)) dmy ()

< ler| + Lma(t) = ma (D] + [ea[[ma (£) — ma(1)]

]

< |Cl|m1( ) + Lmi(t) + [e2|ma(t)

+ /[ml(t) —mi(o+)]

1

|Flo,a(0), 2, (0=)]] + /\G o,v,z(v))| da(v )] dma( o) dma (s)

(e

rPWaamaxa4”<a—n|+‘/JG<aﬂuxuoﬂdauo]

1

x dmg( o)

sWﬂ+mumwmw+mmy/F@wC“W>+mmm¢ﬁkm
1

Thus we have

(4.6) mglc1]+|@|+L+/ a

So (4.4) and (4.6) yield

(4.7) |z,
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This implies

z(t) < lerf + fea + L

+ /t _a(S)w(Z(S))+b(8)w(2(8))+ /Sk(& U)w(Z(U))da(U)] dma(s),
< |c1|1+-|cQ|+L 1
+ /t _[a(5)+b(8)]w(2(8))+ /sk(sa U)M(Z(U))da(a)] dma(s).

1+ 1

Then by Theorem 3.3, we have
() <E ()] < ETNEK) =M < 0.

Thus by (4.7) and the conditions that we supposed, we get

w |
1

dma(s)

Fls,x(s),x,, (s—)] + /G(S, o,z(0))da( a)]
1

IN

IF[SaSE(S)v%l(S—)]+/|G(8» 0,2(0))[da(a) | dma(s)
f |

S

[a(s) + b(s)|w(z(s)) + /k(s, o)w(z(o))da(o)| dma(s)

1

s

[a(s) + b(s)|w(M) + /k(s, o)w(M) da(a)] dma(s)

1
Sw(M)/t
1

Then by Theorem 2.9 this implies, for some p € R,

IN

IN
m— P P~

S

a(s) + b(s) + /k(s, o) doz(a)] dma(s) <w(M) - K < 0.
1

t

lim
t—o0
1

Fls,x(s),z,, (s—)] + /G(s, o,z(0))da( a)] dms(s) = p.
1

The proof is complete.

Now we apply the above result to the following result.
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Theorem 4.2. In Lemma 4.1, if x/

we have

1., is continuous on Ry, then for some A € R

x(t)

500 ma(t)

Proof. Since ), is continuous on Rf, we take C = Rf. Then for all ¢ € Rf by
(4.3) we have

ol

Thus by Theorem 2.8 and Lemma 4.1 we get

/
t
tim 20y Tmat) .
B8 () T G ()
t

s, (s), 2!, ( /Gsa, )) da( >]dm2<>

= cCo + lim
t—o0

Fls,x(s), 2, ( /G s, o,z(0))da( )] dma(s)

1
=c+p=A
The proof is complete. U

Using Lemma 4.1, in the following result, we can obtain a more detailed result

on the asymptotic behavior of the equation (4.1).

Theorem 4.3. Under the same conditions as in Lemma 4.1, suppose that

//aa—H)
1 s

and that [ ¢(s)dmi(s) < co. If z is a solution of the equation (4.1), then for some

[

o)+ /k( o, T) da(T)] dma(o)dmi(s) < oo,

1

1
a,b € R we have
lim |z(t /Q )dmi (s =0.

Proof. Let

H(t)=F[t,z(t),x +/Gt o,z(0))da(o).
1
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Then using (4.5) we get for all ¢ >1

(4.9) x( /P (s,z(s))dmi(s 1/@ s)dm (s
+ [ [ @) dma( ) dm(s).
11

o0

From Lemma 4.1 we have f H(o)dma(o) < co. So we get

(4.10) //Q o) dmz( o) dmy(s)
= /Q [/H )dma(o /H )dma(o ] )| dmq(s)
/Q ) dmy (s /H )dma(o //Q o)dma(o)dmi(s).

Considering hypotheses and the inequality (4.8), we conclude that

[ [ 1)) dmao) dmn )
1 s
M)//[a(a)—l—b(a)—{—/k:(a, T)da(T)] dma(o)dmi(s) < oo.
1 s 1

This means that for some u eR

(4.11) tlim //Q o)dma(o)dm(s) = p.
And by hypotheses

o0

J1P@- el ami(o) < [ ol dmi(s) < .
1 1
So for some v € R

(4.12) tliglo P(s)-1I(s,z(s))dmi(s) = v.

1
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Hence, using (4.9) ~ (4.12), we get for some b € R

x(t) — [x,’m(l) + /H( o) de(a)] . /Q(s) dm (s)

t

=z(1) + /P( ) (s,x(s))dmi(s /t7Q o) dmgy( o) dmy(s)
1 1
—bas t — oo.

s

Thus we conclude that for some numbers a,b € R
a/Q(s)dm1(3)+b — 0as t — o0.
The proof is complete. 0

Now we let N* = {2,3,4,---}, and we define a function ¢ as

¢, if t e[1,2]
4.13 t) =
(4.13) o(t) {t+kz—1, if t € (k,k+1], ke N*

For the function ¢ we have the following result.

Lemma 4.4 ([3]). We have
¢ ¢
[ a0 = [re)as 3 s
1 1 1<k<t

Corollary 4.5. Assume that mi = ¢ = mo, and that the conditions in Theorem
4.8 are satisfied. And suppose that, for every t # k(Vk € N*), both x'(t) and z''(t)
exist. If © is a solution of the impulsive integro-differential equation

¢
z''(t) = F(t,z(t),z'(t)) + [ G(t, 0,2(0))do, t £k,
1

(4.14) Az'(k) = F(k, z(k), 2" (k—)) + fk(;(k, 0,2(0))do,
1

Az(k) = I(k,z(k)), Vk € N*,
then for some numbers a,b € R

z(t)—[a-t+b — 0as t — oo.
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Proof. Since m1 = ¢ = mo, we see that

Ax(k) =z, (k), Az'(k) =z (k).

This implies that the equation (4.14) becomes the equation (4.1). And if we take
Rf — C = N*, then we have

N*
Q) = {(1) iiN

And by Lemma 4.4 we have

t

/tQ(s)qu(s)—/tQ(s)ds—/ds—t—l.

1

By Theorem 4.3 this implies that, for some a,b € R,

z(t)—la(t—1)+b=x(t)—[a-t+b—a] — 0 as t — oc.

The proof is complete. 0

10.
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