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COUPLED COINCIDENCE POINT RESULTS FOR
GENERALIZED SYMMETRIC MEIR-KEELER CONTRACTION
ON PARTIALLY ORDERED METRIC SPACES WITH
APPLICATION

BHAVANA DESHPANDE ®* AND AMRISH HANDA P

ABSTRACT. We establish a coupled coincidence point theorem for generalized com-
patible pair of mappings F, G : X x X — X under generalized symmetric Meir-
Keeler contraction on a partially ordered metric space. We also deduce certain
coupled fixed point results without mixed monotone property of F': X x X — X .
An example supporting to our result has also been cited. As an application the so-
lution of integral equations are obtain here to illustrate the usability of the obtained
results. We improve, extend and generalize several known results.

1. INTRODUCTION AND PRELIMINARIES

Let (X, d) be a metric space and T': X — X a self mapping. If (X, d) is complete

and T is a contraction, that is, there exists a constant k € [0, 1) such that
(1) d(Tz, Ty) < kd(z, y), for all z, y € X,

then, by Banach contraction mapping principle, which is a classical and powerful tool
in nonlinear analysis, we know that 7" has a unique fixed point p and, for any zg €
X, the Picard iteration {T™z} converges to p. The Banach contraction mapping
principle has been generalized in several directions, One of these generalizations,
known as the Meir-Keeler fixed point theorem [13], has been obtained by replacing
the contraction condition (1) by the following more general assumption: for all e > 0
there exists d(e) > 0 such that

(2) z, y€ X, e <d(z, y) <e+d(e) =dTx, Ty) <e.
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Bhaskar and Lakshmikantham [3] introduced the notion of coupled fixed point,
mixed monotone mappings in the setting of single-valued mappings and established
some coupled fixed point theorems for a mapping with the mixed monotone property
in the setting of partially ordered metric spaces.

In [3], Bhaskar and Lakshmikantham introduced the following:

Definition 1. Let (X, <) be a partially ordered set and endow the product space
X x X with the following partial order:

(3) (u, v) < (2, y) & x> wand y <v, Y(u, v), (2, y) € X x X.
Definition 2. An element (z, y) € X x X is called a coupled fixed point of the
mapping F: X x X — X if

(4) F(z, y) ==z and F(y, z) =y.

Definition 3. Let (X, <) be a partially ordered set. Suppose F': X x X — X be a
given mapping. We say that F' has the mized monotone property if for all x, y € X,

we have

(5) x1, T2 € X, 1 <x9 = F(21, y) < F(x9, ¥)
and

(6) y1, 2 € X, y1 <yo = F(x, y1) > F(z, y2).

F has the strict mixed monotone property if the strict inequality in the left-hand
side of (5) and (6) implies the strict inequality in the right-hand side, respectively.
Lakshmikantham and Ciric [11] extended the notion of mixed monotone property
to mixed g—monotone property and established coupled coincidence point results
using a pair of commutative mappings, which generalized the results of Bhaskar and
Lakshmikantham [3].
In [11], Lakshmikantham and Ciric introduced the following:

Definition 4. An element (z, y) € X x X is called a coupled coincidence point of
the mappings FF: X x X - X andg: X — X if

(7) F(z, y) = g(z) and F(y, =) = g(y).

Definition 5. An element (z, y) € X x X is called a common coupled fixed point
of the mappings FF: X x X - X andg: X — X if
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(8) = F(r, y) =g(z) and y = F(y, x) = g(y).

Definition 6. The mappings F' : X x X — X and g : X — X are said to be

commutative if
(9) 9(F(z, y)) = F(g(z), g(y)), for all (z, y) € X x X.

Definition 7. Let (X, <) be a partially ordered set. Suppose F': X x X — X and
g: X — X are given mappings. We say that F' has the mized g—monotone property
if for all x, y € X, we have

(10) w1, v2 € X, g(x1) < g(22) = F(21, ) < F(72, )
and
(11) y1, ¥2 € X, g(n1) < g(y2) = F(x, y1) > F(z, y2).

If g is the identity mapping on X, then F' satisfies the mixed monotone property.
Later, Choudhury and Kundu [5] introduced the following notion of compatibility

in the context of coupled coincidence point and used this notion to improve the
results of Lakshmikantham and Ciric [11] :

Definition 8. The mappings F' : X x X — X and g : X — X are said to be

compatible if

im d(gF(zn, yn), F(g2n, gyn)) = 0,
nh—{god(gF(yTh xn)v F(gyn7 gxn)) = 0’

whenever {z,} and {y,} are sequences in X such that

lim F(z,, y,) = lim gz, =z,

n—oo n—oo

lim F(y,, ©,) = lim gy, =y, for some z, y € X.
n—oo n—oo

These results used to study the existence and uniqueness of solution for periodic
boundary value problems.

Hussain et al. [10] introduced a new concept of generalized compatibility of a
pair of mappings F, G : X x X — X defined on a product space and proved some
coupled coincidence point results. Hussain et al. [10] also deduce some coupled fixed
point results without mixed monotone property.

In [10], Hussain et al. introduced the following:
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Definition 9. Suppose that F, G : X x X — X are two mappings. F is said to be
G —increasing with respect to < if for all z, y, u, v € X, with G(z, y) < G(u, v) we
have F(x, y) < F(u, v).

Example 10. Let X = (0, +00) be endowed with the natural ordering of real
numbers < . Define mappings F, G: X x X — X by F(z, y) = In(z + y) and G(x,
y) =z +y for all (z, y) € X x X. Note that F' is G—increasing with respect to < .

Example 11. Let X = N endowed with the partial order defined by z, y € X x X,
x < y if and only if y divides z. Define the mappings F, G : X x X — X by F(z,
y) = 22y and G(z, y) = xy for all (z, y) € X x X. Then F is G—increasing with
respect to <.

Definition 12. An element (x, y) € X x X is called a coupled coincidence point of
mappings F, G: X x X — X if F(z, y) = G(z, y) and F(y, z) = G(y, x).

Example 13. Let F, G : R x R — R be defined by F(z, y) = xy and G(z,
y) = %(:): +y) for all (z, y) € X x X. Note that (0, 0), (1, 2) and (2, 1) are coupled

coincidence points of F' and G.

Definition 14. Let F, G : X x X — X be two mappings. We say that the pair {F,

G} is commuting if
(12) F(G(z, y), Gy, v)) = G(F(z, y), Fly, ©)), Ve, y € X.

Definition 15. Let (X, <) be a partially ordered set, FF : X x X — X and
g: X — X. We say that F' is g—increasing with respect to < if for any z, y € X,

(13) gr1 < gxe implies F(z1, y) < F(x2, vy),
and
(14) gy1 < gy implies F(z, y1) < F(z, y2).

Definition 16. Let (X, <) be a partially ordered set, F' : X x X — X. We say that

F' is increasing with respect to < if for any z, y € X,
(15) 1 S M) lmphes F(‘rh y) S F(x27 y)7
and

(16) y1 < yo implies F(z, y1) < F(z, y2).
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Definition 17. Let F, G : X x X — X. We say that the pair {F, G} is generalized
compatible if
nh_{glod<F(G(xm Yn)s G(WYns n))s G(F(Tn, Yn)s F(yn, 7n))) = 0,

whenever (z,,) and (y,,) are sequences in X such that

im G(zn, yn) = lim F(z,, yn) =z,
n—o0 n—oo
lim G(yn, zn,) = lim F(yn, x,) =y.
n—00 n—00

Obviously, a commuting pair is generalized compatible but not conversely in general.

Recently Samet et al. [16] claimed that most of the coupled fixed point theo-
rems on ordered metric spaces are consequences of well-known fixed point theorems.
Coupled fixed point theory have developed literature, some of the instances of these
works are [1, 2, 3,4, 5,6, 7, 8,9, 14, 15, 17].

In [15], Samet established the coupled fixed points of mixed strict monotone gen-
eralized Meir-Keeler operators and also established the existence and uniqueness
results for coupled fixed point. Berinde and Pecurar [2] obtained more general cou-
pled fixed point theorems for mixed monotone operators F': X x X — X satisfying
a generalized symmetric Meir-Keeler contractive condition.

In this paper, we establish a coupled coincidence point theorem for generalized
compatible pair of mappings F, G : X x X — X under generalized symmetric
Meir-Keeler contraction on a partially ordered metric space. We also deduce certain
coupled fixed point results without mixed monotone property of F. We also give an
example and an application to integral equation to support our results presented
here. We extend and generalize the results of Berinde and Pecurar [2], Bhaskar and
Lakshmikantham [3], Meir and Keeler [13], Samet [15] and many other results in the

existing literature.

2. MAIN RESULTS

Theorem 18. Let (X, <) be a partially ordered set such that there exists a complete
metric d on X. Assume F, G : X x X — X be two generalized compatible mappings
such that F' is G—increasing with respect to <, G 1is continuous and has the mized

monotone property, and there exist two elements xg, yg € X with

G(zo0, yo) < F(zo, yo) and G(yo, zo) > F(yo, To)-
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Suppose for each € > 0, there exists 6(¢) > 0 such that
_ d(G(z. ). Glu, v)) +d(Gly. 7). Glv. u)
- 2

<e+d(e)

implies

d(F(z, y), F(u, v)) +d(F(y, z), F(v, u))
2

forall z, y, u, v € X, where G(z, y) < G(u, v) and G(y, x) > G(v, u). Suppose that

for any x, y € X, there exist u, v € X such that

(17)

<e,

(18) F(z, y) = G(u, v) and F(y, =) =G (v, u).

Also suppose that either
(a) F is continuous or

(b) X has the following properties:
(1) if a non-decreasing sequence {x,} — x in X then x, < x, for all n,

(1) if a non-increasing sequence {x,} — x in X then x < x,, for all n.
Then F and G have a coupled coincidence point.

Proof. By hypothesis, there exist zg, 7o € X such that
G(z0, yo) < F(wo, yo) and G(yo, o) = F(yo, o).
From (18), we can choose x1, y1 € X such that
G(z1, y1) = F(zo, yo) and G(y1, 1) = F(yo, o).
Continuing this process, we can construct sequences {z,,} and {y,} in X such that
(19) G(zn+1, Ynt1) = F(xn, yn) and G(ynt1, Tnt1) = F(yn, Tn), for all n > 0.
We shall show that
(20) G(zpn, yn) < G(xnt1, Yn+1) and G(Yypn, xn) > G(Ynt1, Tnt1), for all n > 0.
We shall use the mathematical induction. Let n = 0, since
G(zo, yo) < F(zo, yo) = G(z1, y1),
G(yo, w0) = Flyo, wo) = G(y1, 71),

we have

G(zo, yo) < G(z1, y1) and G(yo, zo) = G(y1, =1).
Thus (20) hold for n = 0. Suppose now that (20) hold for some fixed n € N. Then
since

G(:Ena yn) < G($n+1a ynJrl) and G(yna xn) > G(yn+1a $n+1)a
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and as F' is G—increasing with respect to <, from (19), we have

G(Tnt1s Ynt1) = F(xn, yn) < FTni1, yn—i-l) = G($n+27 Ynt2)s
G(yn+1a $n+1) = F(yna xn) > F(yn+1, anrl) = G(yn+27 xn+2)-

Thus by the mathematical induction we conclude that (20) hold for all n > 0.
Therefore

G(zo, yo) < G(z1, 1) < ... < G(n, Yn) < G(@n41; Ynt1) < -
and

G(yo, o) > G(y1, ©1) > ... > G(Yn, Tn) > G(Ynt1, Tnt1) > ...
Now, by (17), for each € > 0, there exists §(¢) > 0 such that

d(G(z, y), G(u, v)) +d(Gly, =), G(v, u))

<
°= 2

<e+d(e)
implies
o A(Fe: ). Pl o) + P 2) Flo ) _
Condition (21) implies the strict contractive condition

d(F(z, y), F(u, v)) +d(F(y, =), F(v, u))
) <M@%%J@Mmmww{
for G(z, y) < G(u, v) and G(y, ) > G(v, u). Thus, by (22), we have

(v,
d(G(Tnt1, Ynt1); G(@n, Yn)) +d(G(Ynt1, Tnt1), G(Yn, Tn))
2

d(F(xna yn)v F(l'nfla ynfl)) d(F(yna l‘n), F(ynfla 557171))

2
< d(G(CUna yn)7 G(zn—lv yn—l))+d(G(yn7 xn)a G(yn—h «Tn—l))
D) )

which shows that the sequence of nonnegative numbers {ay, }22 , given by

(23) o= d(G(@n, Yn), G(Tn-1, yn_l));rd(G(yn, ), G(yn_1, xn—l))’

is non-increasing. Therefore, there exists some € > 0 such that

: R } d(G(CCn, yn)7 G(xnflv yn—l))
A0 = M5 | 4Gy, T0)s Gty Tao))

We shall prove that € = 0. Suppose, to the contrary, that € > 0. Then there exists

=£&.

a positive integer p such that

e<ap<e+de),
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which, by (21), implies

d(F(p, Yp), F(xp-1, Yp—1)) + dF (Yp, p), F(Yp-1, Tp-1))
2

<e,
it follows, by (19), that
d(G(:L‘p+1, yp—i-l)a G($p> yp)) +d(G(yp+la xp—i—l)v G(@/pa xp))

Apt+1 = 2 <¢g,
which is a contradiction. Thus € = 0 and hence
1 d(G(xTM yn)> G(xn—la yn—l)) o

Let now € > 0 be arbitrary and () the corresponding value from the hypothesis of

our theorem. By (24), there exists a positive integer k such that

11 d(G(zrt1s Yer1), Gk, yr))
(25) =3 | it o G ey | <o)

For this fixed number k, consider now the set Ap = {(G(z, vy), G(y, x)) : G(zx,
yk) < G(.’E, y) G(yk, Sﬂk) > G(yv ) l[d(G(xkv yk)a G('T’ y)) + d(G(yka xk)a G(yv
z))]} <e+d(e). By (25), A # ¢. We claim that

(26) (G(z, y), Gly, ) € A = (F(z, y), Fly, ) € Ap.

Let (G(z, y), G(y, z)) € Ag. Then

which, by (17), implies

(28) d(F(xka yk)7 F(.’L‘, y))—;d(F(ykv CEk), F(y7 ZB)) < e

Now, by (25) and (28), we have
d(G(xkv yk)7 F([IZ, y))+d(G(yk7 wk)v F(y7 l’))

< UG, ), Fla, Zk))er(G(yk, zk), F(yr, k)
L A (e, ), Fo, y))-z-d(F(yk, zx), F(y, x))

< UC@k, ), Goriy, yrrr) +d(GYe, 2r), GlUkr1, Tri1))
L A (e, ), Flo, y))-gd(lg(yk, zk), Fly, x))

<e+6(e).
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Thus (F(z, y), F(y, x)) € Ag. Again
d(G(zk, yk), G(@rt1, Yet1)) + d(G(yrs ox), G(Yrt1, Thy1))

2
< d(G(xk” ykz)a F(l‘, y))+d(G(yk7 l’k), F(yv 33‘))
B 2
+ d(F(z, y), G(@g+1, Yer1)) +dF (Y, 2), GYk+1, Tpy1))
2

<2(e+4(e)).
Thus (G(Zr+1, Ye+1)s G(Yr+1, Thy1)) € Ag and by induction,
(G(zn, Yn), G(yn, zp)) € Ag, for all n > k.

This implies that for all n, m > k, we have

A(G(Tns Yn)s G(@ms Ym)) + AG(Yn, Tn)s G(Yms Tm))

2
< d(G(J:m yn)7 G(J:k’a ykz)) +d(G(yna mn)7 G(yk, l‘k))
B 2
+ d(G(xka yk)7 G(l‘m, ym)) +d(G(yk7 xk)? G(yrm xm))

2
<2(e+94(e)) = 4e.

This shows that {G(xn, yn)}o2 and {G(yn, zn)}02 are Cauchy sequences in X.
Since X is complete, there is some x, y € X such that

(29) lim G(zy, yn) = lim F(x,, y,) =,
n—oo

n—oo

lim G(yn, xn) = lim F(yn, x,) =y.

n—oo n—oo

Since the pair {F, G} satisfies the generalized compatibility, from (29), we get

(30) nh_{glod(F(G(xm yn)7 G(yna xn))a G(F({L‘n, yn)7 F(yna xn))) =0,

and

(31) lim d(F(G(yn, -Tn)’ G(J:nv yn))a G(F(yna l‘n)’ F(xna yn))) =0.

n—oo

Now suppose that assumption (a) holds. Then

d(F(G(xm yn)7 G(yna xn))a G($, y))
< d(F(G(l’n, yn)a G(yna $n))v G(F(xna yn)a F(ym xn)))
+d(G(F($nv yn)’ F(yna SUn))a G(LE, y))
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Taking limit as n — oo in the above inequality, using (29), (30) and the fact that F’
and G are continuous, we have
F(z, y) = G(z, y).
Similarly we can show that
Fly, ) = G(y, o).
Thus (x, y) is a coupled coincidence point of F' and G.

Now, suppose that (b) holds. By (20) and (29), we have {G(z,, y,)} is a non-
decreasing sequence, G(xy, yn) — « and {G(yn, ©,)} is a non-increasing sequence,
G(Yn, Tn) — y as n — oo. Thus for all n, we have
(32) G(xn, yn) <z and G(yn, Tn) > y.

Since G is continuous, by (29), (30) and (31), we have

hm G(G(xn, Yn)s G(Yn, xn))

( T, Y)
nlingo G(F(zn, Yn), F(Yn, 20))
(33) = lim F(G(zn, yn), G(Yn, Tn))
and
Jim G(G(yn, zn), G(wn, yn))
=Gy, z)
,}LHSOG(F(%’ Tn), F(Tn, yn))
(34) = lim F(G(yn, ¥n); G(zn, yn)).

Since G has the mixed monotone property, it follows from (32) that G(G(xn, yn),
G(yna I’n)) S G(:I:a y) a’nd G(G(yna LL‘n), G(l"na yn)) Z G(y7 :L') NOW USing (22)a we
get
d(F(G(@n, Yn), GYn, T0)), F(z, y)) +d(F(G(Yn, Tn), G(@n, yn)), F(y, x))
2
5 .
Letting n — oo in the above inequality, by using (33) and (34), we get

d(G([I}, y)? F(.%‘, y)) =0 and d(G<y7 .’13), F(ya 33')),

<

it follows that
G(z, y) = F(z, y) and G(y, z) = F(y, ©),
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that is, (x, y) is a coupled coincidence point of F' and G. O

Corollary 19. Let (X, <) be a partially ordered set such that there exists a complete
metric d on X. Assume F, G : X x X — X be two commuting mappings such that
F is G—increasing with respect to <, G is continuous and has the mized monotone

property, and there exist two elements xg, yo € X with

G(z0, yo) < F(zo, yo) and G(yo, zo) = F(yo, o).
Suppose that the inequalities (17) and (18) hold and either

(a) F is continuous or

(b) X has the following properties:
() if a non-decreasing sequence {x,} — x in X then x, <z, for all n,
(1) if a non-increasing sequence {x,} — x in X then x < x,, for all n.
Then F and G have a coupled coincidence point.

Now we deduce the results without mixed g—monotone property of F.

Corollary 20. Let (X, <) be a partially ordered set such that there exists a complete
metric d on X. Assume F': X x X — X and g : X — X be two mappings such that
F is g—increasing with respect to <, and for each € > 0, there exists §(g) > 0 such

that
. < d(gz, gu) -ZF d(gy, gv)

<e+d(e)

implies

d(F(z, y), F(u, v)) +d(F(y, =), F(v, u))
2

forall z, y, u, v € X, where g(x) < g(u) and g(y) > g(v). Suppose that F(X x X) C

9(X), g is continuous and monotone increasing with respect to < and the pair {F,

(35)

<e,

g} is compatible. Also suppose that either
(a) F is continuous or
(b) X has the following properties:
(1) if a non-decreasing sequence {x,} — = in X then z, < z, for all n,
(7i) if a non-increasing sequence {x,} — = in X then x < x,, for all n.
If there exist two elements xg, yog € X with
gzo < F(zo, yo) and gyo = F(yo, o).

Then F and g have a coupled coincidence point.

Corollary 21. Let (X, <) be a partially ordered set such that there exists a complete
metricd on X. Assume F : X x X — X and g : X — X be two mappings such that F
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is g—increasing with respect to < and satisfying (35). Suppose that F(X xX) C g(X),
g is continuous and monotone increasing with respect to < and the pair {F, g} is
commuting. Also suppose that either

(a) F is continuous or

(b) X has the following properties:
(1) if a non-decreasing sequence {x,} — = in X then z, < z, for all n,
(77) if a non-increasing sequence {x,} — = in X then x < x,, for all n.
If there exist two elements xg, yog € X with

gzo < F(zo, yo) and gyo = F(yo, o).
Then F and g have a coupled coincidence point.

Now, we deduce the result without mixed monotone property of F.

Corollary 22. Let (X, <) be a partially ordered set such that there exists a complete
metric d on X. Assume F' : X x X — X be an increasing mapping with respect to
< and for each € > 0, there ezists 6() > 0 such that

< W+, 0

<e+d(e)

implies

d(F(z, y), F(u, v)) +d(F(y, x), F(v, u))
2

for all x, y, u, v € X, where x < wu and y > v. Also suppose that either

(36) <e,

(a) F is continuous or

(b) X has the following properties:
(1) if a non-decreasing sequence {x,} — = in X then z, < z, for all n,
(7i) if a non-increasing sequence {x,} — = in X then x < x,, for all n.
If there exist two elements xg, yo € X with

zo < F(zo, yo) and yo = F(yo, o).
Then F has a coupled fized point.

Example 23. Suppose that X = R, equipped with the usual metricd : X x X — [0,
+00). Let F, G : X x X — X be defined as

22 —y2

F(z, y)—{ 5o ife=y

0, if x <,

and ) )
-yt x>y
G(z, y){ 0, if x <.
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First, we shall show that the mappings F' and G satisfy the condition (17). Let z,
y, u, v € X such that G(z, y) < G(u, v) and G(y, ) > G(v, u), such that

< UG, y), Glu, v)) +d(Gly, @), Gv, )

5 <e+d(e),
that is,
1
e < 3 sz — y2‘ + }uQ — U2H <e+4(e).
Then
d(F(z, y), F(u, v)) +d(F(y, =), F(v, u))
2
! 22— 2 _u2—v2 .\ Y2 — g2 _v2—u2
2 3 3 3 3
B 22 — o2 _UQ_UQ
N 3 3
1
< Lol e
2
< 5(6+5(€))<€.

Thus the contractive condition (17) is satisfied for all z, y, u, v € X. In addition,
like in [10], all the other conditions of Theorem 18 are satisfied and z = (0, 0) is a

coincidence point of F' and G.

Now we prove the uniqueness of the coupled coincidence point. Note that if (X,
<) is a partially ordered set, then we endow the product X x X with the following
partial order relation, for all (z, y), (u, v) € X x X :

(@, y) < (u, v) <= G(z, y) < G(u, v) and G(y, z) = G(v, u),

where G : X x X — X is one-one.

Theorem 24. In addition to the hypotheses of Theorem 18, suppose that for every
(z, y), (z*, y*) in X x X, there exists another (u, v) in X X X which is comparable

to (z, y) and (z*, y*), then F' and G have a unique coupled coincidence point.

Proof. From Theorem 18, the set of coupled coincidence points of F' and G is non-
empty. Assume that (z, y), (z*, y*) € X x X are two coupled coincidence points of
F and G, that is,

F(z,y) = G(z, y)and F(y, z) = G(y, ),
F(z*, y*) = G(z*, y*) and F(y*, %) = G(y*, =¥).
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We shall prove that G(z, y) = G(z*, y*) and G(y, =) = G(y*, «*). By assumption,
there exists (u, v) € X x X, that is, comparable to (x, y) and (z*, y*). We define

the sequences {G(uy, vy,)} and {G(vy, u,)} as follows, with ug = u, vg = v :
G(unJrla 'UnJrl) = F(una 'Un)a G(UnJrla unJrl) = F(Um un)a n > 0.

Since (u, v) is comparable to (z, y), we may assume that (x, y) < (u, v) = (uo,
v0), which implies that G(z, y) < G(ug, vo) and G(y, ) > G(vg, up). We suppose
that (z, y) < (up, v,) for some n. We prove that (x, y) < (unt1, Un+1). Since F' is
G —increasing, we have G(z, y) < G(up, vy,) implies F(z, y) < F(uy, v,) and G(y,
x) > G(vy, uy,) implies F(y, x) > F(vy,, uy,). Therefore

Gz, y) = F(z, y) < F(un, vn) = G(unt1, vnt1)
and
Gy, ) = F(y, ) > F(vn, up) = G(Unt1, Unt1)-
Thus, we have
(z, y) < (upt1, Vny1), for all n.
Now, by (22), we have

d(G(:L'v y)v G(unJrl» Un+1))+d(G(ya .”L‘), G(UnJrla UnJrl))
2
d(F(z, y), Flup, vn)) +d(F(y, z), F(vn, un))
2
d(G(xv y)? G(u’m Un))+d(G(y7 1‘), G(Unv Un))

< )
2

which shows that the sequence of nonnegative numbers {3, }2°, given by

5, = d(G(z, y), G(up, v,)) +d(G(y, x), G(vp, uy))
n — 2 )

is non-increasing. Therefore, there exists some ¢ > 0 such that

lim /Bn = lim d(G(ZL‘, y)’ G(’U,n, Un))‘;d(G(y, $), G(Una un)) =

We shall prove that € = 0. Suppose, to the contrary, that € > 0. Then there exists

a positive integer p such that
e < By <e+d(e),
which, by (17), implies

d(F(z, y), F(xp, yp)) +d(F(y, ), F(yp, 7p))
2

<,
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it follows, by (19), that

d<G(x7 y)7 G(mp-‘rlv yp+1)) + d(G(Z% $)7 G(yp+17 xp-f—l))
2
which is a contradiction. Thus € = 0 and hence

d(G(z, y), Gun, va)) +d(G(y, ), G(vn, un))

/Bp—‘rl = < g,

U Y ; -0
it follows that
G(z, y) :nh_{ﬂo G(up, v,) and G(y, z) = nh_)r{.lo (Un, Up).
Similarly, we can show that
G(z*, y*) = nh—>nca>o G(un, v,) and G(y*, z¥) = nh—>nca>o G(Un, Up)).
Thus G(z, y) = G(z*, y*) and G(y, x) = G(y*, z¥). O

3. APPLICATION TO INTEGRAL EQUATIONS

As an application of the results established in section 2 of our paper, we study
the existence of the solution to a Fredholm nonlinear integral equation. We shall

consider the following integral equation

b
(38) z(p) =/ (Ki(p, q) + Ka(p, q))[f(q, z(q)) +9(q, z(q))] dg + h(p),

for all p e I = [a, b].

Let © denote the set of all functions 6 : [0, +00) — [0, +00) satisfying
(ig) 6 is non-decreasing,

(7ig) O(p) < p.

Assumption 25. We assume that the functions Ki, Ko, f, g fulfill the following
conditions:

(1) Ki(p, q) > 0 and Ks(p, ¢) <0 for all p, g € I,

(73) There exist the positive numbers A, p and 6 € © such that for all z, y € R
with z > y, the following conditions hold:

(39) 0< flg, z) = flg, y) < Mz —y),

and

(40) —pb(x —y) < g(q, *) —g(q, y) <0,
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(iid)

| =

b
(41) maax{3, ) sup [ Eito. @)~ Kalp. 0lda <

Definition 26 ([12]). A pair (a, 8) € X? with X = C(I, R), where C(I, R) denote
the set of all continuous functions from I to R, is called a coupled lower-upper solution
of (38) if, for all p € I,

b
a(p) < / Ki(p, ) [f(a, () + g(a, B@)]dq

b
+ / Ks(p, 0)[f(a, B(a)) +9(a, o(q))]dg + h(p),

and

b
Bp) > / Ki(p, ) [/ (@, B(2)) +9(a, o(0))]dg
b
+ / Ks(p, 0)[f(a: a(0)) + g(a> B())]dq+ h(p).

Theorem 27. Consider the integral equation (38) with K1, Ko € C(I x I, R), f,
g € C(I xR, R) and h € C(I, R). Suppose that there exists a coupled lower-upper
solution (o, ) of (38) and Assumption 25 is satisfied. Then the integral equation
(38) has a solution in C(I, R).

Proof. Consider X = C(I, R), the natural partial order relation, that is, for z,
y € C(I, R),
v <y<=z(p) <ylp), Vpel

It is well known that X is a complete metric space with respect to the sup metric

d(z, y) = ?él? lz(p) — y(P)|-

Now define on X x X the following partial order: for (z, y), (u, v) € X x X,

(z, y) < (u, v) < z(p) < u(p) and y(p) > v(p), Vp € I.

Obviously, for any (z, y) € X x X, the functions max{z, y} and min{z, y} are
the upper and lower bounds of x and y respectively. Therefore for every (z, y), (u,

v) € X x X, there exists the element (max{z, u}, min{y, v}) which is comparable
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to (z, y) and (u, v). Define now the mapping F': X x X — X by
F(z, y)(p) / K(p, ) [f(@> 2(0)) + 9(a, 9(a))]dg
/ Ks(p, g (@) + 9(a, 2(0))]dg + h(p),

for all p € I. We can prove, like in [10], that F is increasing. Let z, y, u, v € X with
x < wu and y > v, such that

(42) e < d@ v ; A, ) 4 5.

Now, by using (39) and (40), we have

y)(p) — F(u, v)(p)
- /K1 P, q (9)) +9(q; y(q))]dq

/ Ks(p, 0)[f(a: v(a)) + 9, ()] dq

/ Ki(p. g (@) + 9(a. v(q)))da
/K2 P q (9)) + g(q, u(q))]dg
- / Ki(p, 9)[F(a, ©(9)) — £(a, u(g)) +g(a, ¥(a)) —g(g, v(q))]dg
/ Ka(p, 0)[f(a, (@) — F(a. v(0)) +9(a. 2()) — g(q. u(q))] dg
= / Ki(p. 0) [(F(a, 2(a)) — Fla. u(@)) — (9(a. v(@)) — 9(a. y(a)))]da
/sz q) v(q)) — (g, ¥(a))) — (9(a, =(q)) — g(g, u(q)))]dq
Thus
(43) ) = F(u, v)(p)
JRrY (@)) + 16 (v(q) — y(q))] dg
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Since the function 6 is non-decreasing and x > u, y < v, we have

qel

0 (z(q) —u(g) <0 (sup z(q) — U(q)\> = 0(d(z, u)),

0 (v(g) —ylg) <0 (sup lv(q) — y(a)l) = 0(d(y, v)).

qel

Hence by (43), in view of the fact that Ka(p, q) < 0, we obtain
(@, 9)(p) — Flu, v)(p)
< [ Kato o) otate, ) + 0G0, el
—l%ﬁ@,wuﬂﬂ%v»+uﬂﬂ%u»w%
< [ Kl o) maxi, ot )+ maxi, w0ty )] dg
—-jébzrzux @) max{, u}0(d(y, v) +max{A, u}b(d(z, v))] da.

as all the quantities on the right hand side of (43) are non-negative. Now, taking
the supremum with respect to p we get, by using (41),

d(F(z, y), F(u, v))

b
< max{A, u} Sup/ (Ki1(p, @) — Ka(p, q))dq. [0(d(z, w))+0(d(y, v))]

pel
- (d(x, u))—6|—9(d(y, v)
Thus
d(F(z, y), F(u, v)) < 0(d(z, U))—é—e(d(y, v))
Similarly

0(d(z, u)) +6(d(y, v))
6

d(F(y, ), F(v, u)) <
Combining them, we get

AP (@, y), Flu, v)) +d(F(y, 2), Flo, w)
2
) < Oz, )+ 000, 1)
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Now, since 0 is non-decreasing, we have
0(d(z, u)) <0(d(z, u)+d(y, v)),
0(d(y, v)) <0 (d(z, u)+d(y, v)),

which implies, by (iig), that
0(d(z, v)) +0(d(y, v))

0
2
< d(z, u)+d(y, v)
Hence
) 0(d(a, u));;f)(d(y» V) < é[d(x, )+ d(y, v)].

Thus by (42), (44) and (45), we have
d(F(z, y), F(u, v)) +d(F(y, x), Fv, u))
2

[d(z, u) +d(y, v)]

<

<

Wl W~

(e+4d(e)) < e,
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which is the contractive condition (36) in Corollary 22. Now, let (a, 3) € X x X
be a coupled upper-lower solution of (38), then we have a(p) < F(a, §)(p) and
B(p) > F( B, a)(p), for all p € I, which shows that all hypothesis of Corollary 22
are satisfied. This proves that F' has a coupled fixed point (z, y) € X x X which is

the solution in X = C(I, R) of the integral equation (38).
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