J. Korean Soc. Math. Educ. Ser. B: Pure Appl. Math. ISSN(Print) 1226-0657
https://doi.org/10.7468/jksmeb.2017.24.4.243 ISSN(Online) 2287-6081
Volume 24, Number 4 (November 2017), Pages 243-251

ADDITIVE p-FUNCTIONAL EQUATIONS
IN g-HOMOGENEOUS F-SPACES

EunHwA SHIM

ABSTRACT. In this paper, we solve the additive p-functional equations

(0.0) (o +9) + Fz — ) = 2f (@) = p (2 (“31) + flw—v) — 2/ (),
and
0.2) 2f (F2E) + 1o = 9) = 24 (2) = plF (@ +1) + flw —v) — 2/ (@),

where p is a fixed (complex) number with p # 1,
Using the direct method, we prove the Hyers-Ulam stability of the additive p-
functional equations (0.1) and (0.2) in S-homogeneous (complex) F-spaces.

1. INTRODUCTION AND PRELIMINARIES

The stability problem of functional equations originated from a question of Ulam
[23] concerning the stability of group homomorphisms.

The functional equation f(z+y) = f(x)+ f(y) is called the Cauchy equation. In
particular, every solution of the Cauchy equation is said to be an additive mapping.
Hyers [8] gave a first affirmative partial answer to the question of Ulam for Banach
spaces. Hyers’ Theorem was generalized by Aoki [2] for additive mappings and by
Rassias [14] for linear mappings by considering an unbounded Cauchy difference. A
generalization of the Rassias theorem was obtained by Gavruta [7] by replacing the
unbounded Cauchy difference by a general control function in the spirit of Rassias’
approach. The stability of quadratic functional equation was proved by Skof [22]
for mappings f : E1 — FEs, where F; is a normed space and Es is a Banach space.
Cholewa [5] noticed that the theorem of Skof is still true if the relevant domain

FE4 is replaced by an Abelian group. The stability problems of various functional
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equations have been extensively investigated by a number of authors (see [1, 3, 4, 6,
9, 10, 11, 12, 13, 15, 17, 18, 19, 20, 21, 24, 25]).

Definition 1.1. Let X be a linear space. A nonnegative valued function || - || is an
F-norm if it satisfies the following conditions:
(FN1) |lz|| = 0 if and only if x = 0;
FNg) |[Az|| = ||z|| for all z € X and all A with |[A\| =1,
FN3) [lz +yl| < [lz]| + [lyl| for all 2,y € X;
FNy) |[Anz| — 0 provided A, — 0;
FN5) || Azy|| — 0 provided ||z,| — 0.
Then (X, || -]|) is called an F*-space.

(
(
(
(

A sequence {z,} is called a Cauchy sequence if, for a given € > 0, there is a
nautral number N such that ||z, — z,,|| < € for all n,m > N. A sequence {z,} is
called a convergernt sequence if, for a given € > 0, there are a nautral number N and
xo € X such that ||z, — zg|| < e for all n > N. If every Cauchy sequence converges,
then the space is called complete. An F-space is a complete F™*-space.

An F-norm is called 8-homogeneous (8 > 0) if ||tz|| = |¢|*||z| for all z € X and
all t € C (see [16]).

In Section 2, we solve the additive p-functional equation (0.1) and prove the
Hyers-Ulam stability of the additive p-functional equation (0.1) in (2-homogeneous
(complex) F-spaces.

In Section 3, we solve the additive p-functional equation (0.2) and prove the
Hyers-Ulam stability of the additive p-functional equation (0.2) in 2-homogeneous
(complex) F-spaces.

Throughout this paper, let (1,02 be positive real numbers with 8; < 1 and
B2 < 1. Assume that X is a #;-homogeneous (complex) normed space with norm
|| - || and that Y is a Bs-homogeneous (complex) F-space with norm || - ||. Assume

that p is a (complex) number with p # 1.

2. ADDITIVE p-FUNCTIONAL EQUATION (0.1) IN S-HOMOGENEOUS
(COMPLEX) F-SPACES

We solve and investigate the additive p-functional equation (0.1) in (complex)

normed spaces.
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Lemma 2.1. If a mapping f : X — 'Y satisfies f(0) =0 and

1) flo+ )+ 1= 200 = p (20 (T3 ) 4 £ (0 =)~ 24(@)

forall z,y € X, then f: X — Y is additive.

Proof. Assume that f: X — Y satisfies (2.1).
Letting y = z in (2.1), we get f(2x) — 2f(x) = 0 and so f(2z) = 2f(x) for all
x € X. Thus
(2.2) f <7> = f(=)
for all z € X.
It follows from (2.1) and (2.2) that

S+ se—n) -20) = o2 (TH0) + 10 -2 )

= p(flx+y) + flx —y) —2f(x))

and so f(z +y) + f(xr —y) = 2f(x) for all z,y € X. It is easy to show that f is
additive. ([l

We prove the Hyers-Ulam stability of the additive p-functional equation (2.1) in

B-homogeneous (complex) F-spaces.

Theorem 2.2. Letr > % and 6 be nonnegative real numbers and let f: X — Y be
a mapping satisfying f(0) =0 and

f(x+y)+f(x_y)_2f(x)—p<2f <$;y> +f(x—y)—2f(as)>H

(2.3) <Ol + llyll")

for all x,y € X. Then there exists a unique additive mapping A : X — 'Y such that
20

(2.4) 1£() ~ A@ < gy el
forallz e X.

Proof. Letting y = x in (2.3), we get

(2.5) 1 (2x) — 2f ()| < 26|[=]]"

forall z € X. So

l@) 27 ()| < gagllal
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for all x € X. Hence

m—1
e G) - Ga)l = Xl () -2 ()l
(.6 < 2 gy

for all nonnegative integers m and [ with m > [ and all x € X. It follows from
(2.6) that the sequence {Qkf( )} is Cauchy for all x € X. Since Y is complete, the
sequence {2F f (5%)} converges. So one can define the mapping A : X — Y by

x
Az) = hm ok f (2k)
for all z € X. Moreover, letting [ = 0 and passing the limit m — oo in (2.6), we get
(2.4).
It follows from (2.3) that

it s+ ate -1 2000 (24 (252 -t 2000)|
= (1 (7)o () 2 (5)

o () 1 (%

for all z,y € X. So

Ale ) + Ale = 9) = 240) = p (24 (52 ) 4 e = )~ 2400))

for all x,y € X. By Lemma 2.1, the mapping A : X — Y is additive.

x T T
V) —2r (£)))] < s, 2ottt + i) =

Now, let T : X — Y be another additive mapping satisfying (2.4). Then we have

A@) - T@) =24 (L) 27 (2)]

<|ra(z) -2 (5)| + |27 () -2 (%)
46 2820
< 5 — o8 o 121l

which tends to zero as ¢ — oo for all x € X. So we can conclude that A(zx) = T'(x)

for all x € X. This proves the uniqueness of A, as desired. O

Theorem 2.3. Let r < % and 0 be nonnegative real numbers and let f : X —'Y
be a mapping satisfying f(0) = 0 and (2.3). Then there exists a unique additive
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mapping A : X — Y such that
20

(27) 17(@) ~ A@)] < gz lall”
forallz € X.
Proof. Tt follows from (2.5) that
1 2 i
@)~ 520 < 00
for all z € X. Hence
m—1
1 1, 1 1
g7 - grema)| < | 57 @) - g (70a)
j=l
m—1 ;
2 2617] .,
(2.8) < 282 Z 2579“3””

j=l
for all nonnegative integers m and [ with m > [ and all x € X. It follows from
(2.8) that the sequence {5~ f(2"z)} is a Cauchy sequence for all z € X. Since Y
is complete, the sequence {5 f(2"z)} converges. So one can define the mapping
A: X =Y by

A(z) := nh_)ngo Q%f(Q":C)

for all x € X. Moreover, letting | = 0 and passing the limit m — oo in (2.8), we get
(2.7).
The rest of the proof is similar to the proof of Theorem 2.2. O

3. ADDITIVE p-FUNCTIONAL EQUATION (0.2) IN f-HOMOGENEOUS
(COMPLEX) F-SPACES

We solve and investigate the additive p-functional equation (0.2) in -homogeneous

(complex) normed spaces.
Lemma 3.1. If a mapping f : X — Y satisfies

(31) 2f <"’“"‘2”’) +f (@ —y) = 2f(2) = p(f (x + ) + fla —y) - 2/ ())

forall z,y € X, then f: X — Y is additive.
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Proof. Assume that f: X — Y satisfies (3.1).
Letting x =y =0 in (3.1), we get f(0) = 0.
Letting y = 0 in (3.1), we get H2f (%) - f(:z:)H < 0 and so

(3.2) 2/ (5) = f(@)

for all z € X.
It follows from (3.1) and (3.2) that

fatn)+se-n) -2 = 2 (T52) 4160 - 200
= Pt y) + fe ) - 26(@)

and so f(x+y)+ f(x —y) = 2f(z) for all z,y € X. It is easy to show that f is
additive. 0

We prove the Hyers-Ulam stability of the additive p-functional equation (3.1) in

B-homogeneous (complex) F-spaces.

Theorem 3.2. Let r > % and 0 be nonnegative real numbers and let f: X — Y be

for all x,y € X. Then there exists a unique additive mapping A : X — Y such that

2hirg
(3.4) 1F () = A < 557—og =l

forallx € X.

a mapping satisfying f(0) =0 and

H2f (“52) + 7@ =) = 2000) = (o +) + Flo =)~ 24(0)

(3.3) < Ol ]" + llylI")

Proof. Letting y = 0 in (3.3), we get

(3.5) lr@ =21 (5)| = |27 (5) - @) < lal’

for all x € X. So
m—1

P G) - Ga)l = Xl () -2 ()l
m—1 o,

(3.6) < Z WQHQ’?HT

i=l

IN
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for all nonnegative integers m and [ with m > [ and all x € X. It follows from
(3.6) that the sequence {Qkf(z%)} is Cauchy for all x € X. Since Y is complete, the
sequence {2F f (5%)} converges. So one can define the mapping A : X — Y by

A= lim 25 ()

for all z € X. Moreover, letting [ = 0 and passing the limit m — oo in (3.6), we get
(3.4).
The rest of the proof is similar to the proof of Theorem 2.2. O

Theorem 3.3. Let r < % and 6 be nonnegative real numbers and let f : X — Y

be an odd mapping satisfying (3.3). Then there exists a unique additive mapping
A: X =Y such that

2179
(3.7 1£() =A@ < g o el
forallx € X.
Proof. Tt follows from (3.5) that
1 Pur
|0~ 50| < Zorolelr

for all x € X. Hence

1 1 mly 1 .
[sret - oo < 5[ ren s @me
j=l
o .
2617]
(3.8) < ) S Ollll”
j=Il+1

for all nonnegative integers m and [ with m > [ and all x € X. It follows from
(3.8) that the sequence {4 f(2"z)} is a Cauchy sequence for all z € X. Since ¥

is complete, the sequence {2% f(2"z)} converges. So one can define the mapping
A: X —Y by

1
A(z) := lim Q—nf(Q"x)
for all z € X. Moreover, letting [ = 0 and passing the limit m — oo in (3.8), we get

(3.7).
The rest of the proof is similar to the proof of Theorem 2.2. O
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