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HYERS-ULAM STABILITY OF AN ADDITIVE
(p1, p2)-FUNCTIONAL INEQUALITY IN BANACH SPACES

CHOONKIL PARK? AND SUNGSIK YUN P *

ABSTRACT. In this paper, we introduce and solve the following additive (p1, p2)-
functional inequality

(0.1)  [If(z+y+2)—flx) = fly) = fFEI <lpa(f(z+2) = f(z) = f(2))]]
+llo2 (fly+2) = fy) — F())I

where p1 and po are fixed nonzero complex numbers with |p1| + |p2| < 2.

Using the fixed point method and the direct method, we prove the Hyers-
Ulam stability of the additive (p1, p2)-functional inequality (0.1) in complex Banach
spaces.

1. INTRODUCTION AND PRELIMINARIES

The stability problem of functional equations originated from a question of Ulam
[18] concerning the stability of group homomorphisms.

The functional equation f(x+vy) = f(z)+ f(y) is called the Cauchy equation. In
particular, every solution of the Cauchy equation is said to be an additive mapping.
Hyers [10] gave a first affirmative partial answer to the question of Ulam for Banach
spaces. Hyers’ Theorem was generalized by Aoki [1] for additive mappings and by
Rassias [16] for linear mappings by considering an unbounded Cauchy difference. A
generalization of the Rassias theorem was obtained by Gavruta [9] by replacing the
unbounded Cauchy difference by a general control function in the spirit of Rassias’
approach. The stability of quadratic functional equation was proved by Skof [17]
for mappings f : E1 — FEo, where F; is a normed space and F» is a Banach space.
Cholewa [7] noticed that the theorem of Skof is still true if the relevant domain E,
is replaced by an Abelian group.
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Park [13, 14] defined additive p-functional inequalities and proved the Hyers-
Ulam stability of the additive p-functional inequalities in Banach spaces and non-
Archimedean Banach spaces. The stability problems of various functional equations
have been extensively investigated by a number of authors (see [2, 6, 19]).

We recall a fundamental result in fixed point theory.

Theorem 1.1 ([3, 8]). Let (X,d) be a complete generalized metric space and let
J : X — X be a strictly contractive mapping with Lipschitz constant o < 1. Then

for each given element x € X, either
d(J"z, J" ) = 00

for all nonnegative integers n or there exists a positive integer ng such that
(1) d(J"z, J"r) < oo, Yn > ng;
(2) the sequence {J"x} converges to a fized point y* of J;
(3) y* is the umque fized point of J in the set Y = {y € X | d(J™x,y) < o0};
(4) d(y,y*) < 25d(y, Jy) for ally € Y.

In 1996, G. Isac and Th.M. Rassias [11] were the first to provide applications of
stability theory of functional equations for the proof of new fixed point theorems
with applications. By using fixed point methods, the stability problems of several
functional equations have been extensively investigated by a number of authors (see
[4, 5, 15]).

In Section 2, we solve the additive (p1, p2)-functional inequality (0.1) and prove
the Hyers-Ulam stability of the additive (p1, p2)-functional inequality (0.1) in Banach
spaces by using the fixed point method.

In Section 3, we prove the Hyers-Ulam stability of the additive (p1, p2)-functional
inequality (0.1) in Banach spaces by using the direct method.

Throughout this paper, let X be a real or complex normed space with norm || - ||
and Y a complex Banach space with norm || - ||. Assume that p; and py are fixed

nonzero complex numbers with |p1| + [p2| < 2.

2. ADDITIVE (p1, p2)-FUNCTIONAL INEQUALITY (0.1):
A FIXED POINT METHOD

In this section, we solve and investigate the additive (pi, p2)-functional inequality

(0.1) in complex Banach spaces.
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Lemma 2.1. If a mapping f : X — 'Y satisfies f(0) =0 and
21)  Nf@+y+z)—fl@) = fy) = fE < lp(f(@+2) = fz) = f(2)]]
o2 (f(y+2) = fly) = F(2)

forallx,y,z € X, then f: X — Y is additive.
Proof. Assume that f: X — Y satisfies (2.1).

Letting 7 = y = = = 0 in (2.1), we get 2[f(O)]] < (o] + |2 (O)] and so
f(0) =0, since |p1] + |p2| < 2.

Letting z = 0 in (2.1), we get

If(z+y) = fz) = fy)l <0

for all z,y € X. So f(z+y) = f(x) + f(y) for all x,y € X. Thus f is additive. O

Using the fixed point method, we prove the Hyers-Ulam stability of the additive

(p1, p2)-functional inequality (2.1) in complex Banach spaces.

Theorem 2.2. Let ¢ : X3 — [0,00) be a function such that there exists an L < 1

with
Ty z L
2.2 (f,f,f) < Zo(a,y,
(2.2) vl5:55) = 59 @y2)
forall x,y,z € X. Let f : X — Y be a mapping satisfying f(0) =0 and
(2.3)

1f(z+y+2) = f@) = fly) = FEI < llp1(f(@ +2) = f(2) = f(2)l
+ [lp2 (f(y +2) = f(y) = F)I + ¢(x,y, 2)

for all x,y,z € X. Then there exists a unique additive mapping A : X — Y such
that

L

forallz e X.

Proof. Letting y = x and z = 0 in (2.3), we get

(2.4) 1f (22) = 2f(2)|| < p(z,2,0)
for all z € X.
Consider the set
S:={h: X —Y, h(0)=0}
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and introduce the generalized metric on S:
d(g,h) = inf {1 € Ry : lg(a) — h(w)]| < pep (2.,0), Vo € X},

where, as usual, inf ¢ = 4-00. It is easy to show that (S, d) is complete (see [12]).

Now we consider the linear mapping J : S — S such that

x
Jg(@) =29 ()
for all x € X.
Let g,h € S be given such that d(g,h) = . Then

lg(z) = h(2)|| < ep (z,2,0)

for all z € X. Hence
x x T x
_ _ il bl < diied
e 1~ oo (5) -1 (2)] <200 (.50
L
< 25590('%'71:70) = LESO (33,%,0)
for all z € X. So d(g,h) = ¢ implies that d(Jg, Jh) < Le. This means that
d(Jg, Jh) < Ld(g, h)

for all g,h € S.
It follows from (2.4) that

21 (2)] < (5 50) = bt

for all z € X So d(f,Jf) < 5.
By Theorem 1.1, there exists a mapping A : X — Y satisfying the following:
(1) A is a fixed point of J, i.e.,
(2.5) Alz) =24 (g)
for all x € X. The mapping A is a unique fixed point of J in the set
M={ge€S:d(f,g) <oo}.
This implies that A is a unique mapping satisfying (2.5) such that there exists a
w € (0, 00) satisfying
1f(z) — A@)| < pe(z,2,0)
for all z € X;
(2) d(J'f, A) — 0 as | — oo. This implies the equality

i 'S (5) = A@)
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for all x € X;
(3) d(f, A) < 2:d(f, Jf), which implies
L
_ < - -
|17@) = A < 559 @:0,0)
for all z € X.

It follows from (2.2) and (2.3) that

A4y +2) - Alw) - A@) - AG)]
() ) G -1 (3)
UESRICORIG]

(%)~ (30— o)+ e (e )
= Ipa(Ale + 2) — Al) ~ AG)] + 2 (Al + 2) — Al) — A

= lim 2"
n—oo

< lim 2"|p|
n—oo

+ lim 2"|ps]
n—oo

for all x,y,z € X. So
JA (@ +y+2) — Aw) — A@y) — A=) < o1 (Al + 2) — A(z) — A(2)|
+ llp2 (Aly + 2) — Aly) — A(2))
for all z,y,2z € X. By Lemma 2.1, the mapping A : X — Y is additive. O

Corollary 2.3. Let r > 1 and 0 be nonnegative real numbers, and let f : X — Y
be a mapping satisfying f(0) =0 and

26) [f(@+y+2)—fl2) = fly) = fEI < lp(fl@+2) = flx) = f(2)]
+lo2 (F(y +2) = Fly) = SN+ 0l + llyll” + 11207

for all x,y,z € X. Then there exists a unique additive mapping A : X — Y such
that

1f () = A(z)|| <

forallx € X.

Proof. The proof follows from Theorem 2.2 by taking ¢(z,y,2) = 0(||z||" + [Jy||" +
|lz||I") for all z,y,2 € X. Choosing L = 2", we obtain the desired result. O

Theorem 2.4. Let ¢ : X3 — [0,00) be a function such that there exists an L < 1
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with
Ty z
s Y <2L (77 a0 7)
plz.y.2) <2Le (5.5 5
forallz,y,z € X. Let f : X — Y be a mapping satisfying f(0) = 0 and (2.3). Then
there exists a unique additive mapping A : X —'Y such that
1
—A < — 0
@) = AW € g7 (@.2.0)
forallz e X.
Proof. Let (S,d) be the generalized metric space defined in the proof of Theorem
2.2.

Now we consider the linear mapping J : S — S such that

To(x) := 59 (22)

forall z € X.
It follows from (2.4) that
1 1
|0~ 3720 < geto0
for all z € X.
The rest of the proof is similar to the proof of Theorem 2.2. ]

Corollary 2.5. Let r < 1 and 0 be positive real numbers, and let f: X — Y be a
mapping satisfying f(0) =0 and (2.6). Then there exists a unique additive mapping

A: X —Y such that
20
2 —2r

1f(z) = A(z)]| < [l ]]"
forallz e X.

Proof. The proof follows from Theorem 2.4 by taking ¢(z,y,2) = 0(||z||" + [Jy||" +
|lz||I") for all z,y,2 € X. Choosing L = 2", we obtain the desired result. O

Remark 2.6. If p is a real number such that |p1| + |p2| < 2 and Y is a real Banach

space, then all the assertions in this section remain valid.
3. ADDITIVE (p1, p2)-FUNCTIONAL INEQUALITY (0.1): A DIRECT METHOD

In this section, we prove the Hyers-Ulam stability of the additive (p1, p2)-functional

inequality (2.1) in complex Banach spaces by using the direct method.
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Theorem 3.1. Let ¢ : X2 — [0,00) be a function such that
> r Yy z
— J =z J4 2
j:

forallz,y,z € X. Let f : X — Y be a mapping satisfying f(0) = 0 and (2.3). Then
there exists a unique additive mapping A : X —'Y such that

1
(32) 1f () = A(2)]| < 5 ¥ (2, 2,0)
forallx € X.
Proof. Letting y = x and z = 0 in (2.3), we get

(3-3) If (22) = 2f(2)]| < ¢(x,,0)

and so

lr@=2r(3)] ¢ (5 30)
for all x € X. Thus

m—1
s s () -2 Gl = X () -2 ()l
m—1

io (X T )
<> 2 (2j+1’ 51V
=l

for all nonnegative integers m and | with m > [ and all z € X. It follows from (3.4)
that the sequence {27 f(%)} is Cauchy for all z € X. Since Y is a Banach space,
the sequence {2F f (3%)} converges. So one can define the mapping A : X — Y by

A(z) := lim 2% (£>

() oo / 2k
for all z € X. Moreover, letting [ = 0 and passing the limit m — oo in (3.4), we get
(3.2).
It follows from (2.3) and (3.1) that

[A(z+y+2) — Alx) — A(y) — A2

() () () - ()

= lim 2"
n—oo
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(7)1 () -1 ()]

(%)~ (30— o) + e (e )
= Ipa(Ale + 2) ~ Alw) ~ AG)] + 2 (Aly + 2) ~ AQ) — A

for all x,y,z € X. So

< hm 2" p1]

+ lim 2"|ps]
n—oo

[A(z +y+2) = Alx) = Aly) = A(Z)|| < [lp1(A(z + 2) — A(z) - A(2))|
+llp2 (Aly + 2) = A(y) — A(2))]

for all x,y,z € X. By Lemma 2.1, the mapping A : X — Y is additive.
Now, let T : X — Y be another additive mapping satisfying (3.2). Then we have

o -1 = [ (£) -7 ()
< () -2 ()] ¢ (3) -2 ()

2‘1@(9” v 0),
247 9q°

which tends to zero as ¢ — oo for all x € X. So we can conclude that A(z) = T'(x)

for all z € X. This proves the uniqueness of A. O

Corollary 3.2. Let r > 1 and 0 be nonnegative real numbers, and let f : X — Y
be a mapping satisfying f(0) = 0 and (2.6). Then there exists a unique additive
mapping A : X — Y such that

1f(@) - )| < =2

2r —2

[J]]"
forallz e X.

Theorem 3.3. Let ¢ : X3 — [0,00) be a function and let f : X — Y be a mapping
satisfying f(0) =0, (2.3) and

o

1 o
(x,y, 2 22790 22,27y, 272) < 00
7=0

for all x,y,z € X. Then there exists a unique additive mapping A : X — Y such
that

(35) 17@) ~ A@)| < 3 ¥(a,x,,0)
forallz e X.
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Proof. Tt follows from (3.3) that

@)~ 3720 < geto0

for all x € X. Hence

! ! (SR 1 |
|57~ gt < X 5s @) - g @77
po
m—1 1
(36) <D sqe(@e,272,0)

20+

=l
for all nonnegative integers m and [ with m > [ and all x € X. It follows from
(3.6) that the sequence {5 f(2"z)} is a Cauchy sequence for all z € X. Since ¥
is complete, the sequence {2% f(2"z)} converges. So one can define the mapping
A: X —Y by

N PP
Alz) = lim o f(2"2)
for all z € X. Moreover, letting [ = 0 and passing the limit m — oo in (3.6), we get

(3.5).
The rest of the proof is similar to the proof of Theorem 3.1. 0

Corollary 3.4. Let r < 1 and 0 be positive real numbers, and let f : X — Y be a
mapping satisfying f(0) =0 and (2.6). Then there exists a unique additive mapping
A: X —Y such that

20
2-=2r

1f () = A(z)|| < )"

forallx € X.
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