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A REMARK ON GENERALIZED DERIVATIONS
IN RINGS AND ALGEBRAS

NADEEM UR REHMAN

ABSTRACT. In the present paper, we investigate the action of generalized derivation
G associated with a derivation g in a (semi-) prime ring R satisfying (G([z,y]) —
[G(z),y])™ = 0 for all z,y € I, a nonzero ideal of R, where n is a fixed positive
integer. Moreover, we also examine the above identity in Banach algebras.

1. INTRODUCTION

Let R be an associative ring with characteristic different from 2, Z(R) its center,
U its (right) Utumi quotient ring and C' its extended centroid. The simple commu-
tator ab — ba will be denoted by [a,b]. Recall that a derivation g : R — R is an
additive map satisfying the product rule g(zy) = g(z)y + zg(y) for all z,y € R.

A generalized derivation G on a ring R is an additive map satisfying G(zy) =
G(z)y+xg(y) for all z,y € R and some derivation g of R. A significative example is
a map of the form G(x) = ax+xb, for some a,b € R; such a generalized derivation is
called inner. Since the sum of two generalized derivations is a generalized derivation,
of course every map of the form G(z) = cz + g(z) is a generalized derivation on R,
where c is a fixed element of R and g is a derivation of R.

In [16] (Theorem 3) Lee proved that every generalized derivation G on a dense
right ideal of R can be uniquely extended to the Utumi quotient ring U of R, and
thus any generalized derivation of R can be defined on the whole U, moreover it is
of the form G(z) = ax + g(x) for some a € U and g a derivation on U (G is said to
be a generalized derivation associated with derivation g).

Many results in literature indicate that the global structure of a ring R is often

tightly connected to the behaviour of additive mappings defined on R.
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In [4] Bergen proved that if a is an automorphism of R such that (a(z)—x)™ = 0,
for all z € R, where m > 1 is a fixed integer, then a = 1. Bell and Daif [3] showed
some results which have the same flavour, when the automorphism is replaced by
a non-zero derivation g. In [3] it is proved that if R is a semiprime ring with a
non-zero ideal I such that g([x,y]) — [z,y] = 0, or g([z,y]) + [z,y] = 0, for all
xz,y € I, then I is central. Later Hongan [12] proved that if R is a 2-torsion
free semiprime ring and I a non-zero ideal of R, then [ is central if and only if
9([z,y]) — [x,y] € Z(R), or g([x,y]) + [x,y] € Z(R), for all z,y € I. Recently
in [1] Ashraf and Ali obtained commutativity theorems for prime rings admitting
left multipliers which satisfy similar conditions. More percisely, in [1] it is proved
that if R is a prime ring, I a nonzero ideal of R and G is a generalized derivation
associated with a nonzero deivation g such that any one of the following holds: (7)
G([x,y]) £z, y] =0 (i7) G(zoy) £ (xoy) =0 for all x,y € I, then R commutative.

In this line of investigation, our aim is to study the above identities (i) G([x,y])+
[z,y] =0 (ii) G(xoy) £ (zoy) = 0 with some power values, where G is a generalized
derivation with associated derivation g and [ is a nonzero ideal of R. More precisely,

we prove the following theorems:

Theorem 1.1. Let R be a prime ring, I a nonzero ideal of R andn is a fized positive
integer. If R admits a generalized derivation G associated with a nonzero derivation
g such that (G([z,y]) — [G(x),y])" =0 for all xz,y € I, then R is commutative.

We also study the identity in semiprime rings and Banach algebras.

Theorem 1.2. Let R is a semiprime ring, U the left Utumi quotient ring of R
and m,n fized positive integers. If R admits a generalized derivation G associated
with a nonzero derivation g such that (G([z,y]) — [G(z),y])" = 0 for all z,y € R,
then there exists a central idempotent element e of U such that on the direct sum
decomposition R = eU & (1—e)U, d vanishes identically on eU and the ring (1—e)U

15 commutative.

Now we shall study the identity on Banach algebra. Here A denotes a complex
non- commutative Banach algebra. By Banach algebra we shall mean a complex
normed algebra 4 whose underlying vector space is a Banach space. By (A), we
denote the Jacobson radical of A is said to be semisimple, if rad(A) = 0.

Singer and Wermer in [24] proved that every continuous derivation on a commuta-

tive Banach algebra maps the algebra into its radical. Then Thomas [25] proved that
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the continuity assumption of Singer and Wermer’s result can be removed. It is clear
that the same result of Singer and Wermer does not hold in non-commutative Banach
algebras (because of inner derivations). It is still an open question how to obtain the
Singer and Wermer’s result in non-commutative Banach algebras. There are some
papers in which the Singer and Wermer’s result are obtained in non-commutative
Banach algebras under certain conditions. Let 4 be a non-commutative Banach
algebra and D be a continuous derivation on A. In [19], Mathieu proved that if
[D(z),z]D(z) € rad(A) for all z € A, then D maps A into rad(A). Further [18]
proved the same conclusion under the condition [D(X),z] € Z(A) for all z € A.
Recently in [21], Park proves that if ¢ is a derivation of a non-commutative Banach
algebra A, such that [[g(z),z], g(x)] € rad(A), then again g maps A into rad(A).
In this line of investigation, we will prove the following theorem in non-commutative

Banach algebra.

Theorem 1.3. Let A be a non-commutative Banach algebra. Let G = L, + g be
continuous generalized derivation of A, where L, denotes the left multiplication by
an element p € A and g is a nonzero derivation on A. If (G([z,y]) — [G(z),y])" €
rad(A) for all z,y € A, where n > 1 is a fixed integer, then g maps A into rad(A).

2. PRELIMINARIES

Let R be a prime ring and U be Utumi quotient ring of R. We have the following
properties:
(1) RC U,
(2) U is prime ring with identity;
(3) The center of U is denoted by C and is called the extended centroid of R.
C is field. (see [2] for more details).

Before starting with the proofs, we fix some well known facts, which is important
for developing the proof of our main result. In particular, we will make frequent use

of the following facts:

Fact 2.1 ([6]). If I is a two-sided ideal of R, then R, I and U satisfy the same
generalized polynomial identities (GPIs) with coefficients in U.

Fact 2.2 ([2, Proposition 2.5.1]). Every derivation g of R can be uniquely extended

to a derivation of U.
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Fact 2.3 ([15]). If I is a two-sided ideal of R, then R, I and U satisfy the same

differential identities.

Fact 2.4 ([16, Theorem 3]). Every generalized derivation G on a dense right ideal
of R can be uniquely extended to a generalized derivation of U. Furthermore, the
extended generalized derivation G has the form G(x) = ax + g(z) for all x € U,

where a € U and g is a derivation of U.

We refer the reader to Chapter 7 in [2], for a complete and detailed description of
the theory of generalized polynomial identities involving derivations. We will make

frequent use of the following result due to Kharchenko [13] (see also [15]):

Let R be a prime ring, d a nonzero derivation of R and I a nonzero two sided ideal
of R. Let f(z1,---zpn,d(x1,- - 2,)) be a differential identity in I, that is

flri, - rp,d(ry), -+ ,d(r,)) =0 for all rq,--- ,r, € I.

One of the following holds:

(1) Either d is an inner derivation in ), the Martindale quotient ring of R, in
the sense that there exists ¢ € @ such that d = ad(q) and d(x) = ad(q)(z) =
[q,z], for all z € R, and [ satisfies the generalized polynomial identity

f(’r'l?'” ’r’m[q’TI]a‘” ,[q,rn]) =0;

(2) or, I satisfies the generalized polynomial identity

f(xlf" y Ly Y1y 0 ayn) =0.

3. MAIN RESULTS

We prove first theorem in prime rings.

Proof of Theorem 1.1. Let U be the Utumi ring of quotients of R and C = Z(U).
In [16, Theorem 3], Lee proved that every generalized derivation G on a dense right
ideal of R can be uniquely extended to a generalized derivation of U and thus can
be assumed to be defined on the whole U with the form G(z) = ax + g(x) for some
a € U and g is a derivation of U. In the light of this, we may assume that there exist
a € U and derivation G of U such that G(z) = ax+g(x). Since I, R, and U satisfies
the same generalized polynomial identities by Fact 2.1 as well as the same differential

identities by Fact 2.2, without loss of generality, we have (G([z,y] — [G(z),y])" =0
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for all x,y € I, that is

' (alz,y] + zg(y) — 9(y)x — azy + yax)" for all z,y € I.

Now we divide the proof into two cases:

Case 1. If g is not an inner derivation of U, then by Kharchenko’s theorem [13],
we have from (3.1) that

(alz,y] + xt — tz — axy + yax)" =0

for all z,yt € I. In particular, for y = 0, we have ([z,t])" = 0 for all z,¢ € I. This
is a generalized polynomial identity (GPI) for U. Thus, Herstein [11, Theorem 2],
we have I C Z(R), and so R is commutativity by Mayne [20].

Case 2. Next, we assume that g is an inner derivation induced by an element
q € Q, that is g(x) = [g, z] for all x € Q. It follows that for any z,y € I,

(alz,y] + zlg,y] + [¢, ylz — azy + yaz)" = 0.

By Chuang [6, Theorem 2], this generalized polynomial identity (GPI) is also
satisfied by @, that is

(3.2) (alz,y] + z[q,y] + [¢, y]x — axy + yax)" =0

for all 7,y € Q. In case center C is infinite, then (3.2) is also satisfied by Q @ C,
where C is the algebraic closure of C. Since both @ and Q @ C are prime and
centrally closed [8, Theorem 2.5 and Theorem 3.5], we may replace R by @ or
Q Qe C according to C is finite or infinite. Thus we may assume that R is centrally
closed over C' (i.e. RC' = R) which is either finite or algebraically closed and hence
R satisfy (3.2) for all z,y € R. By Martindale’s [17, Theorem 3|, R is then a
primitive ring having nonzero soc(R) with C' as the associated division ring. Hence
by Jacobson’s theorem [9], R is isomorphic to dense ring of linear transformations
of a vector space V over C. If dimgcV = k, then the density of R on V implies that
R = My (C), where k = dimgV. If dimcV = 1, then R is commutative and we are
done in this case.

Therefore, we assume dim¢c) > 3. First of all, we want to show that v and qv
are liner C-dependent for all v € V. If qv = 0 then {v, gv} is C-dependent. Suppose
that quv # 0. If {v,qv} is C-independent, as dimc)V > 3, then there exists w € V
such that {v,qu,w} are also linear C-independent. By density of R, there exists
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x,y € R such that

zv=0, xqu=w, zTw=uv,

yv =0, yqu=w, yw =0.
These imply that 0 = (alz,y] + z[q,y] + [¢, y]z — axy + yaz)"v = (—=1)"v # 0, a
contradiction. So we conclude that v and quv are linear C-dependent for all v € V.

We show here that there exists a € C such that gv = va, for any v € V. Note

that the arguments in [5], are still valid in the present situation. For the sake of
completeness and clearness we prefer to present it. In fact, we choose v,w € V
linearly independent. Since dim¢) > 3, there exists u € V such that v, w,u are
linearly independent. As already mention above, there exist ay,, ayy, a, € C such
that

qU = VO, QU = Wy, QU = Uy, that is ¢(v + w + u) = vay, + Wy, + uay,.
Moreover (v +w + u) = (v + W + U) Q4+, for a suitable ayqyty € C. Then
0= U(av—‘rw-i-u - av) + w(av+w+u - aw) + u(av-l—w—i—u - au)a

and, because v, w,u are linearly independent, a, = , = y = Qytw+tu, that is, a
does not depend on the choice of v. So there exists o € C' such that qv = av for
all v € V. Now for r € R,v € V. Since qu = var we have [q,r]v = (qr)v — (rq)v =
q(rv) — r(qu) = (rv)a — r(va) = 0, that is [¢, R]V = 0. Since V is a left faithful
irreducible R-module, hence [q, R] = 0, i.e., ¢ € Z(R) and so g = 0, a contradiction.

Therefore dimc)V must be < 2. In this case R is a simple GPI-ring with 1, and so
it is a central simple algebra finite dimensional over its center. By Lanski [14, Lemma
2], it follows that there exists a suitable filed F' such that R C My/(IF), the ring of all
k x k matrices over F, and moreover My () satisfy the same GPI as R. Assume that
k > 3, by the same argument as in the above, we can get a contradiction. If k£ =1,
then it is clear that R is commutative. Thus we may assume that R C My (F), where
My (F) satisfies (a[z,y] + z[q,y] + [¢, y]x — axy + yax)" = 0. Denote e;; the usual
matrix unit with 1 in (¢, j)-entry and zero elsewhere. Let [z,y] = [e21, e11] = e21. In
this case we have (ez1ge11 — €21q — e11gea1 — ej1aez1)™ = 0. Right multiplying by

q11 412

ea1, we get (—1)"(e Megr = 0. Set g =
21, we get (—1)"(e21q)"ea1 q o

) . By calculation we find that

(=) ( 2” 8 ) = 0, which implies that ¢;o = 0. Similarly, we can see that qo1 =
12

0. Therefore ¢ is diagonal in Ma(F). Let h € Aut(Ma(F)). Since (h(a)[h(x),h(y)] +
h(x)[h(q), h(y)] +[1(q), h(y)h(z) — h(a)h()h(y) — h(y)h(a)h(z))" = 0, so h(q) must
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be diagonal matrix in My (F). In particular, let h(z) = (1 — e;;)x(1 + e;5) for @ # j,
then h(q) = q+ (i — qj5)eij, that is q;; = ¢;; for i # j. This implies that ¢ is central
in My (FF), which leads to g = 0, a contradiction. O

Using the same techniques with necessary variations, we can prove the following:

Theorem 3.1. Let R be a prime ring, I a nonzero ideal of R and n is a fized positive
integer. If R admits a generalized derivation G associated with a nonzero derivation
g such that (G(xoy) — (G(x)oy))* =0 for all x,y € I, then R is commutative.

The following examples shows that the main results are not true in the case of

arbitrary ring.

Example 3.1. Let S be any ring.

(1) LetRz{(S g) :a,beS} andI:{<8 g) :aES}.ThenRisaring

under usual operations and [ is a nonzero ideal of R. We define a map G :
R — R by G(x) = 2ej1x—zeq;. Then it is easy to see that G is a generalized
derivation associated with a nonzero derivation g(x) = ez — zep. It
is straightforward to check that for all positive integer n, G satisfies the
properties, (G([z,y]) — [G(z),y])" = 0 and (G(z oy) — (G(z) o y))" = 0 for
all xz,y € I , however R is not commutative.

(ii) Let Z be the ring of integers. Next, let R = {<8 i) ca,bc € Z} and

1= {<8 8) ta € Z}. Clearly, R is a ring under the usual operations

which is not prime. Define a map G : R — R by G<g i) _ (g b —g a>'

It is easy to see that G is a generalized derivation associated with a nonzero

derivation g( <8 ﬁ)) = (8 “ 8 C>. It is straightforward to check that I is
anonzero ideal of R and G satisfies the properties, (G([z, y])—[G(z),y])" =0
and (G(zoy)— (G(z)oy))" =0 for all z,y € I, but R is not commutative.

Hence, the hypothesis of primeness is necessary.
To prove our next theorem for semiprime rings, we need the following:

Fact 3.1 ([2, Proposition 2.5.1]). Any derivation of a semiprime ring R can be
uniquely extended to a derivation of its left Utumi quotient ring U, and so any
derivation of R can be defined on the whole U.
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Fact 3.2 ([7, p. 38]). If R is semiprime then so is its left Utumi quotient ring. The
extended centroid C' of a semiprime ring coincides with the center of its left Utumi

quotient ring.

We will prove the following:

Proof of Theorem 1.2. Since R is semiprime and F' is a generalized derivation of R,
by Lee [15, Theorem 3|, G(x) = ax + g(z) for some a € U and a derivation g on U.
We have given that

0= (alz,y] + g([z,y]) — [az + g(z),y])" = (a]z,y] + 29(y) — 9(y)z — azy + yaz)",

for all z,y € I. By Fact 3.2, Z(U) = C, the extended centroid of R, and, by Fact
3.1, the derivation d can be uniquely extended on U. By Lee [15], R and U satisfy

the same differential identities. Then
(alz,y] + z9(y) — 9(y)x — azy + yax)" =0

for all z,y € U. Let B be the complete Boolean algebra of idempotents in C' and M
be any maximal ideal of B. Therefore by Chuang [7, p.42], U is orthogonal complete
B-algebra, and by [7, p.42], MU is a prime ideal of U, which is g-invariant. Denote
U = U/MU and g the derivation induced by g on U, i.e., g(u) = g(u) for all u € U.
For any 7,y € U,

(alz,y] + g(y) — 9(¥)T — azy + yaz)" = 0.

It is obvious that U is prime. Therefore, by Theorem 1.1, we have either U is
commutative or § = 0 in U. This implies that, for any maximal ideal M of B, either
g(U) C MU or [U,U] € MU. In any case g(U)[U,U] C MU, for all M, where MU
runs over all minimal prime ideals of U. Therefore g(U)[U,U] C (),; MU = 0, we
obtain g(U)[U, U] = 0. By using the theory of orthogonal completion for semiprime
rings [2, Chapter 3|, it is clear that there exists a central idempotent element e
in U such that on the direct sum decomposition R = eU & (1 — e)U, g vanishes
identically on eU and the ring (1 — e)U is commutative. This completes the proof
of the theorem. O

Using arguments similar to those used in the proof of the Theorem 1.2, we may

conclude with the following (we omit the proof brevity). We can prove

Theorem 3.2. Let R is a semiprime ring with characteristic different from 2, U

the left Utumi quotient ring of R and n is a fixed positive integer. If R admits a
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generalized derivation G associated with a nonzero derivation g such that (G(x o
y) — (G(x)oy))" =0 for all z,y € R, then there exists a central idempotent element
e of U such that on the direct sum decomposition R = eU @ (1 — e)U, d vanishes

identically on eU and the ring (1 — e)U is commutative.

Now we prove our last theorem for Banach algebras.

Proof of Theorem 1.8. By hypothesis G is a continuous generalized derivation of A.
Since we know that left multiplication map is continuous, we get that g is continuous,
Sinclair [23] proved that any continuous derivation of a Banach algebra leveas the
primitive deals invariant. hence, for any primitive ideal P of A, it is obvious that
G(P) C aP + g(P) C P. It means that continuous generalized derivation G leaves
the primitive ideals invariant,

Denote A/P = A for any primitive ideals P. Thus, we can define the generalized
derivation

Fp: A—- A
such that
Fp(F)=Fp(r+ P)C F(r)+ P=ar+g(r)+ P

for all » € A, where A/P = A is a factor Banach algebra. Since P is primitive ideal,

the factor algebra A is primitive and so it is prime and semisimple. Then
(G([z,y]) = [G(x),y])" € rad(A)
yields that (G([z,7]) — [G(Z),7])" = 0 for all 7,5 € A. By Theorem 1.1, we get

either g =) or A is commutative. By a result Johnson and Sinclair [10] every linear
derivation on semisimple Banach algebra is continuous. Thus g is continuous in
A. Singer and Wermer in [24], proved that any continuous linear derivation on a
commutative Banach algebra maps the algebra into its radical. Hence in both the
cases we get g = 0, that is g(A) C P for any primitive ideal P of A and hence we
get g(A) € rad(A). This proves the theorem. O

In view of Theorem 1.3, we may prove the following corollary in the special case

when A is a semisimple Banach algebra.

Corollary 3.1. Let A be a non-commutative semisimple Banach algebra. Let G =
L, + g be a continuous generalized derivation of A, where L, denotes the left multi-
plication by some p € A, g is a nonzero derivation on A If (G([z,y]) — [G(z),y])" €
rad(A) for all x,y € A, where > 1 is fized integer, then g(A) = 0.
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Proof. We may prove the result in the same way as in the proof of Theorem 1.3,
we omit the proof for brevity. Just let us remark that at the beginning of the proof
one has to use the fact that the derivation ¢ is continuous in a semisimple Banach
algebra (see [23]). Moreover, any left multiplication map is continuous, also G is

continuous. Finally, we use the fact that rad(A) = 0, since A is semisimple. O

Using arguments similar to those used in the proof of the Theorem 1.3, we may

conclude with the following. We can prove

Theorem 3.3. Let A be a non-commutative Banach algebra with Jacobson radical
rad(A) and n a fized positive integers. Let G(x) = ax + g(x) be a continuous

generalized derivation of A for some element a € A and some derivation g on A. If

(G(zxoy) — (G(x) oy))™ € rad(A) for all x,y € A, then d(A) C rad(A).

REFERENCES

1. M. Ashraf & Shakir Ali: On left multipliers and the commutativity of prime rings.
Demonstratio Mathematica XLI (2008), no. 4, 763-771.
2. K.I. Beidar, W.S. Martindale IIT & V. Mikhalev: Rings with generalized identities.
Pure and Applied Math., Dekker, New York, 1996.
3. H.E. Bell & M.N. Daif: Remarks on derivations on semiprime rings. Int. J. Math.
Math. Sci. 15/1 (1992), 205-206.
4. J. Bergen: Automorphisms with unipotent values. Rend. Circ. Mat. Palermo Serie II
Tomo XXXIT (1982), 226-232.
5. L. Carini & V. De Filippis: Commuatators with power central values on a Lie ideal.
Pacific J. Math. 193 (2000), no. 2, 269-278.
6. C.L. Chuang: GPIs having coefficients in Utumi quotient rings. Proc. Amer. Math. Soc.
103 (1988), 723-728.
7. C.L. Chuang: Hypercentral derivations. J. Algebra 166 (1994), 34-71.
8. T.S. Erickson, W.S. Martindale III & J.M. Osborn: Prime nonassociative algebras.
Pacific J. Math. 60 (1975), 49-63.
9. N. Jacobson: Structure of Rings. Colloquium Publications 37, Amer. Math. Soc. VII,
Provindence, RI, 1956.
10. B.E. Johnson & A.M. Sinclair: Continuity of derivations and a problem of Kaplansky.
Amer. J. Math. 90 (1968), 1067-1073.
11. I. N. Herstein: Topics in ring theory. Univ. of Chicago Press, Chicago, 1969.
12. M. Hongan: A note on semiprime rings with derivation. Int. J. Math. Math. Sci. 20/2
(1997), 413-415.



13.

14.

15.

16.

17.

18.

19.

20.

21.

22.
23.

24.

25.

26.

A REMARK ON GENERALIZED DERIVATIONS 191

V.K. Kharchenko: Differential identities of prime rings. Algebra Logic 17 (1979), 155-
168.

C. Lanski: An Engel condition with derivation. Proc. Amer. Math. Soc. 118 (1993),
731-734.

T.K. Lee: Semiprime rings with differential identities. Bull. Inst. Math. Acad. Sin. 20
(1992), 27-38.

T.K. Lee: Generalized derivations of left faithful rings. Comm. Algebra 27 (1998), no.
8, 4057-4073.

W.S. Martindale III: Prime rings satisfying a generalized polynomial identity. J. Algebra
12 (1969), 576-584.

M. Mathieu & G.J. Murphy: Derivations mapping into the radical. Arch. Math. 57
(1991), 469-474.

M. Mathieu: Properties of the productof two derivations of a C*-algebra. Canad. Math.
Bull. 32 (1989), 490-497.

J.H. Mayne: Centralizing mappings of prime rings.Canad. Math. Bull. 27 (1984), no.
1, 122-126.

K.H. Park: On derivations in non-commutative semiprime rings and Banach algebras.
Bull. Korean Math. Soc. 42 (2005), no. 2, 671-678.

E.C. Posner: Derivations in prime rings. Proc. Amer. Math. Soc. 8 (1958), 1093-1100.
A .M. Sinclair: Continuous derivations on Banach algebras. Proc. Amer. Math. Soc. 20
(1969), 166-170.

.M. Singer & J. Wermer: Derivations on commutative normed algebras. Math. Ann.
129 (1955), 260-264.

M.P. Thomas: The image of a derivation is contained in the radical. Ann. Math. 128
(1988), no. 2, 435-460.

X.W. Xu: The power values properties of generalized derivations. Doctoral Thesis of
Jilin University, Changchun, 2006.

DEPARTMENT OF MATHEMATICS, ALIGARH MUSLIM UNIVERSITY, ALIGARH (U.P.) 202002, INDIA
Email address: nu.rehman.mm@amu.ac.in, rehman100@gmail.com





