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CENTRAL INDEX BASED SOME COMPARATIVE GROWTH
ANALYSIS OF COMPOSITE ENTIRE FUNCTIONS
FROM THE VIEW POINT OF L*-ORDER

TANMAY BISWAS

ABSTRACT. In this paper, we discuss central index oriented and slowly changing
function based some growth properties of composite entire functions.

1. INTRODUCTION, DEFINITIONS AND NOTATIONS

Let f be an entire function defined in the open complex plane C. For entire f =

[ee]

> apz" on |z| = r, the mazimum modulus symbolized as My (r), the mazimum term
n=0

denoted as iy (r) and the central index indicated as vy (1) are respectively defined
as Tn|ax|f (2) |, max (lan|r™) and max {m, pis (1) = |am|r™} . Therefore, central index

z|=r n=z

vy (r) of an entire function f is the greatest exponent m such that |ap,|[r"™ = puy ().
Obviously My (), puy (r) and vy (r) are real and increasing function of . For another
entire function g, My (1) and p4 () are also defined and the ratios ]\1‘2 83
as well as Z;—E:; as r — oo are called the comparative growth of f with respect to g

when r — oo

in terms of their maximum moduli and the mazimum term respectively. The prime
object of the study of the growth investigation of entire functions has usually been
done through their mazimum moduli and mazimum term. Though v (r) is much
weaker than My (r) and pg4 (r) in some sense, from another angle of view % as
r — oo is also called the growth of f with respect to g where v, (r) denotes the
central index of entire g. Considering this, here we compare the central index of
composition of two entire functions with their corresponding left and right factors

under the treatment of the theories of slowly changing functions which in fact means
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Lar) _
L(r)

L = L(r). Actually in this paper we attempt to prove some results related to the

1 where

that L (ar) ~ L (r) as r — oo for every positive constant a i.e., ILm
T oo

growth rates of composite entire functions on the basis of central index using the
idea of L*-order (respectively, L*-lower order) of an entire function where L* is
nothing but a weaker assumption of L.Our notations are standard within the theory
of Nevanlinna’s value distribution of entire functions and therefore we do not explain
those in detail as those are available in [8]. To start our paper we just recall the

following definitions which will be needed in the sequel:

Definition 1. The order py and lower order Ay of an entire function f are define
as )
Pr _ gy Sup loglogMy(r) . sup log? M (r)

Af ro+oo inf logr r—+oo inf log r )

Therefore it seems reasonable to state suitably an alternative definition of order
and lower order of entire function in terms of its central index. He and Xiao [3]

introduced such a definition in the following way:

P _ qig SUP logry(r)

)\f r—-+00 inf logT
Let L = L (r) be a positive continuous function increasing slowly i.e., L (ar) ~
L (r) as r — oo for every positive constant a. Considering L (r) = logr and a =

10%°, one can easily show that lim LL((ar T)) = 1. Somasundaram and Thamizharasi [6]
r—00

introduced the notions of L-order (respectively L-lower order) of entire functions.
The more generalized concept for L-order and L-lower order for entire functions is

L*-order and L*-lower order whose definition are as follows:

Definition 2 ([6]). The L*-order pJLc* and L*-lower order )\JLC* of an entire function
f are defined as

L log log M logl?l M
foo— g S loglogMy() _ - sup log® My (r)
f

r—+oo inf log [r@L(T)] r—too 1nf log [T@L(T)]

p
A

Taking f (z) = expz and L (r) = logr, one can easily verify that py = Ay =1
and p]j%* = )\JLc* = %

In terms of central index of entire functions, Definition 2 can be reformulated as:

Definition 3. The growth indicators p]Lc* and )\]Lc* of an entire function f are defined

as:
P lim sup IOgi (T)

5; r—1>+oo inf log [reL(r)] ’
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The concept of (p,q)-¢ order of entire function was introduced by Shen et al.
[5] where p > ¢ > 1 and ¢ : [0,4+00) — (0,+00) be a non-decreasing unbounded
function. Shen et al. [5] also established the equivalence of the definition of (p, ¢)-¢
order of entire function in terms of maximum modulus and central index under some
certain condition. For details about it, one may see [5]. For particular if we consider
p=1,¢=1and ¢(r) = e then in view of Proposition 1.2 of [5], we can write
that

p/é* _ g SUP loglog My (r) gy SUP log v¢ (1)
)\%* _7"—>+oo inf log [reL(T)] _7”—>+oo inf 10g [reL("’)] '

2. LEMMAS

In this section we present some lemmas which will be needed in the sequel.

Lemma 1 ([3, Theorems 1.9 and 1.10] or [4, Satz 4.3 and 4.4]). Let f be any entire

function, then

T

t
log s () = log|ao| + /Vft()dt where ag # 0,
0
and forr < R,

My (r) < iy (r) {yf (R) + ler} .

Lemma 2 ([1]). Let f and g are any two entire functions with g (0) = 0. Also let
2
B satisfy 0 < f <1 and ¢(B) = %. Then for all sufficiently large values of r,

My (c(B) My (Br)) < Myog (r) < My (M (r)) -
In addition if 8 = %, then for all sufficiently large values of r,

Myog (r) > M; (;Mg (;)) .

Lemma 3. Let f be an entire function with 0 < Ay < py < oco. Also let g be
an entire function with non zero finite lower order. If 0 < a < Ay, then for all

sufficiently large values of r,
Viog(r) > v (exp(r®)) .
Proof. For any constant E, we get from the second part of Lemma 1, that

log M¢(r) < vy(r)logr+logvs (2r)+ E {cf. [2] } .
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Therefore from above we obtain that
log My (r) < wvy(2r)logr+uvs(2r)+E
i.e., logMys(r) < wvy(2r)(14logr)+E
(2r)log(e-r)+ E
(r)1

ze,long(g < vy (r)log ( 2>+E
r r E
1 e 1 M<f)< 1 <7) 1 .
In view of (1) we get for all sufficiently large values of r that
10g Vfog(r) > logl? Mfog( ) — log!? ( > —log |1+ b
2 2 Vfog(r)log (e.5)

log[Q] Mfog(%)

)

, lim inf 108 Vjog (r) > lim inf
r—oc logwp(exp(r®)) — r—oc logw(exp(r

1 14— F
08 ( + Viog(T) 1og(e.;)>

i logm (e.%) .

imsup———=*— — limsu

Tﬁooplog vi(exp(r®)) ol log v (exp(r®))
] . log Mo, (2

(2) , liminf o8 Vs g( r) > liminf o8 / g( )

o0 logvp(exp(r®)) = roe logvp(exp(r®))

Further in view of Lemma 2, we obtain for all sufficiently large values of r that
9 r 9 1 r
o My (5) 2 o™ 5 (G (7))

(3) ie., logl2 My, (%) > (A —e)é+ (Af—e) (%)Ag_a .

where we choose € in such a way that 0 < e < min (s, Ag) .
Again from the definition of Ay of entire function in terms of central index, we

obtain for all sufficiently large values of r that
logvs(exp(r®)) < (pf+¢)logexp(r®)
(4) i.e., logve(exp(r®)) < (ps+e)r®
Now from (3) and (4) it follows for all sufficiently large values of r that

log® Moy (5) _ (A —2) g+ —2) (5)™
logvy(exp(r®)) = Gy + e
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logl? My, (2 Nr—e)V L (O, — r\Ag—¢
(5) ]iminfog—fg(Q) > liminf( r=8s+Mr—¢) (4)
r—oo log Vf(eXp(T’O‘)) T—00 (pf + 6) ro

As oo < Ay we can choose € (> 0) in such a way that
(6) a< A —¢€.
Thus from (5) and (6) we get that

log? Mo, (2
(7) lim —2 soq (3) =00.
r—oolog v (exp(re))

Therefore from (2) and (7) we obtain that

log vfog4(7)

b€ r—oolog v (exp(r®)) -

So from above we obtain for all sufficiently large values of r and K > 1 that

logvieg(r) > Kloguy(exp(r®))
i.e., logvpog(r) > log {Vf(exp(ra))}K
i.€., Vfog(r) > vs(exp(r®)) .
This proves the theorem. O

In the line of Lemma 3, one can easily verify the following corollary and therefore
its proof is omitted.

Corollary 1. Let f be an entire function with non zero lower order. Also let g be
an entire function with 0 < Ay < pg < 00. If 0 < o < Ay, then for all sufficiently
large values of r,

Vfog(r) > vg(exp(r®)) .

3. RESULTS
In this section we present the main results of the paper.

Theorem 4. Let f be an entire function with non zero finite order and lower order
and g be an entire function with non zero finite lower order. If 0 < AJLC* < pJLc* < 00,
then for any A >0

 onfl (e ()
rggdog vs (exp (r@)) + K (r, A; L)

= o0,
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0ifr*=o0 {L (exp (exp (arA)))}
where 0 < a < Ay and K (r,A; L) = as r — oo
L (eXp (exp (aTA))) otherwise .

Proof. Let 0 < v < o < Ag. Now from the definition of L*-lower order we obtain

in view of Lemma 3, for for all sufficiently large values of r that

log vog (exp (’I"A)) > log vy (exp (exp (TA))O/)

i.e., logvyeg (eXP (TA))
Z <)\§* . 5) . log {exp (eXp (TA))a

.e., logvyeg (eXP (TA))

! /

> (W =) flew )7 4 L (o (e (7)) }

* (1 (e (e ())
> (M=) L (exp (P | 1 ;
> (0 —¢) {( p () (+ P
i.e., log[z] Vfog (exp (TA)) > O(1) + ' logexp (rA)

+1log {1 Lt (exp (exp (+)") }

(exp (r4))™

/

.exp L (exp (exp (TA))O/) }

i.e., logm Vfog (exp (rA)) >0(1)+ a'rd

+log {1 Lt (exp (exp ()" }

(exp (r4))”

i.e., log® vpoy (exp (1)) > O (1) + /74

+log |1+

L (exp (exp (o/rA))) ]

exp (a/r4)

ie., 10g vpoq (exp (1)) > O (1) + o/r* + L (exp (exp (ar?)))
— log [exp { L (exp (exp (O””A))) 1]

+log |1+

L (exp (exp (o/TA))) ]

exp (a/r4)
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i.e., log? Vfog (exp (T‘A)) >0 +ar*+L (exp (exp (arA)))

exp (a'r) + L (exp (exp (o'r%))) ]

exp {L (exp (exp (ar4)))} - exp (a/r4)

+ log

(8) ie., log® vrog (exp () > O (1) + o/rA=2) p0
+ L (exp (exp (a'rA))) .
Again we have for all sufficiently large values of r that
log vy (exp () < (pf " +¢) log {exp (1) eH0 ") |
ice., loguy (exp (r*)) < (pf + <) {logexp (r*) + L (exp (r*)}

pie., logvy (exp (1)) < (pf +2) (#* + L (exp ()

log vy (exp (r)) = (p} +¢) L (exp (r*))

(v +)

Now from (8) and (9) it follows for all sufficiently large values of r that
(10)  log® vyeg (exp (7))

>0(1)+ (i;fij?) [log vy (exp (r*)) — (p%* + 8) L (exp (1“0‘))}

+ L (exp (exp (arA)))

(9) i.e., <r®.

(11) o logl? Vfog (exp (rA)) - L (exp (exp (ow“A))) 0 (1)
.e., (

log vy (exp (1)) — log vy (exp (%))

+,u’?”(A*“) {1 ) (p%* + 5) (exp ;r“)) } |

p]Lc* +e log vy (exp (%))

Again from (10) we get for all sufficiently large values of r that
log® vyoy (exp (r4)) o O() —arUIL (exp (7))
log 7 (exp (7)) + L (exp (exp (ar4))) ~log vy (exp () + L (exp (exp (ar4)))

(R eent g e
log v (exp (r®)) + L (exp (exp (ar?))) " log vy (exp (r®)) + L (exp (exp (ard)))
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O(l)—o/r(A*“)L(exp(ro‘))
12) e logh! vjoq (exp (r?)) . Llexp(exp(arh)))
7 log vy (exp (1)) + L (exp (exp (ard))) = _logvs(exp(r®))
gy (exp (r®)) + L (exp (exp (ar?))) Tk oy + 1
M/T(Afa) o
<p§*+a )logyf (exp (%)) 1
+ +

L(exp(exp(ar4))) logvys(exp(r®))
e T CTIGN 1+ Trewena)

Case I If * = o { L (exp (exp (047"’4)))} then it follows from (11) that

oy 1087 geg (exp (1))
r—oo  log vy (exp (r?))

Case II. r* #£ o {L (exp (exp (arA)))} then two sub cases may arise.
Sub case (a). If L (exp (exp (ar?))) = o{logvs (exp (r®))}, then we get from
(12) that

s log 7o (exp (r))
roo log vy (exp (1)) + L (exp (exp (ar)))

Sub case (b). If L (exp (exp (ar?))) ~ log vy (exp (r)) then

(
lim L {exp (exp ( ’I”A))} 1
r—oo  logvy (exp (r%))

= .

and we obtain from (12) that

im log® vfog (exp (r4))
r—oolog vy (exp (r*)) + L (exp (exp (arA)))

Combining Case I and Case II we may obtain that

= 0.

I log[Q] Vfog (exp (TA))
rggolog vy (exp (r®)) + K (r, A; L)

Oifr* =o {L (exp (exp (ow“A)))}
where K (r,A; L) = as r — oo
L (exp (exp (arA))) otherwise .
This proves the theorem. ]

=0,

Theorem 5. Let f be an entire function with non zero finite order and lower order
and g be an entire function with non zero finite lower order. If )\Jé* > 0 and pg* < 00
then for any A >0

lim log" Vog (exp (TA))

r—oolog v, (exp (r%)) + K (r, A; L) -
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0ifr*=o0 {L (exp (exp (arA)))}
where 0 < a < Ay and K (r,A; L) = as r — oo
L (exp (exp (aTA))) otherwise .

The proof is omitted because it can be carried out in the line of Theorem 4.
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