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GENERALIZED HYERS-ULAM STABILITY OF A

QUADRATIC-CUBIC FUNCTIONAL EQUATION

IN MODULAR SPACES

Yang-Hi Lee

Abstract. In this paper, I prove the stability problem for a quadratic-cubic func-
tional equation

f(x+ ky)− k2f(x+ y)− k2f(x− y) + f(x− ky)

+ f(kx)− k3 − 3k2 + 4

2
f(x) +

k3 − k2

2
f(−x) = 0

in modular spaces by applying the direct method.

1. Introduction

In 1940, Ulam [19] first posed a stability problem in group homomorphisms. In

the next year, Hyers [7] gave a clear answer to this problem for additive mappings

between Banach spaces. Since then, many mathematicians came to deal with this

problem (cf. [1, 6, 11, 15]).

The definitions and terminologies used in this paper were introduced by Nakano

[14] and Musielak and Orlicz [13].

Definition 1.1 Let X be a real vector space.

(a) A functional ρ : X → [0,∞] is called a modular if for arbitrary x, y ∈ X,

(i) ρ(x) = 0 if and only if x = 0,

(ii) ρ(αx) = ρ(x) for every scaler α with |α| = 1,

(iii) ρ(αx+ βy) ≤ ρ(x) + ρ(y) if and only if α+ β = 1 and α, β > 0,

(b) We say that ρ is a convex modular if the last condition (iii) is replaced by

(iii′) ρ(αx+ βy) ≤ αρ(x) + βρ(y) if and only if α+ β = 1 and α, β > 0.
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A modular ρ defines a corresponding modular space, i.e., the vector space Xρ

given by Xρ = {x ∈ X : ρ(λx) → 0 as λ → 0}.

Definition 1.2 Let {xn} and x be in Xρ.

(i) The sequence {xn}, with xn ∈ Xρ, is ρ-convergent to x and write xn → x if

ρ(xn − x) → 0 as n → ∞.

(ii) The sequence {xn}, with xn ∈ Xρ, is called ρ-Cauchy if ρ(xn − xm) → 0 as

n,m → ∞.

(iii) A subset S of Xρ is called ρ-complete if and only if every ρ-Cauchy sequence

is ρ-convergent to an element of S.

Recently, Sadeghi [16] and K. Wongkum etc. [21] investigated the generalized

Hyers-Ulam stability of a generalized Jensen functional equation and a quadratic

functional equation for mappings from linear spaces into modular spaces, respec-

tively.

A solution of the functional equation

f(x+ y)− f(x− y)− 2f(x)− 2f(y) = 0

is called a quadratic mapping ([5, 17]) and a solution of the functional equation

f(x+ 2y)− 3f(x+ y) + 3f(x)− f(x− y)− 6f(y) = 0.

is called a cubic mapping. A mapping f is called a quadratic-cubic mapping if f

is represented by sum of a quadratic mapping and a cubic mapping. A functional

equation is called a quadratic-cubic functional equation provided that each solution

of that equation is a quadratic-cubic mapping and every quadratic-cubic mapping is

a solution of that equation. Many mathematicians investigated the stability problem

for several types of quadratic-cubic functional equations [3, 4, 9, 10, 12, 18, 20]. Now,

consider the following functional equation

f(x+ ky)− k2f(x+ y)− k2f(x− y) + f(x− ky)

+ f(kx)− k3 − 3k2 + 4

2
f(x) +

k3 − k2

2
f(−x) = 0,(1.1)

where f is a mapping from a real vector space to a ρ-complete modular space and

k is a fixed real number such that |k| >
√
2. In this paper, we show that the

functional equation (1.1) is a quadratic-cubic functional equation if k is a rational

number and we prove the stability of that equation by applying the direct method in

[7]. More precisely, starting from the given mapping f that approximately satisfies
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the functional equation (1.1), we explicitly construct an exact solution F of that

equation, which approximates the mapping f , given by

F (x) = lim
n→∞

(kn + 1)f(knx) + (kn − 1)f(−knx)

2k3n
.

2. Main Results

Throughout this section, let V and W be real vector spaces and let ρ be a convex

modular on a real vector space Y . For a given mapping f : V → W , we use the

following abbreviations:

fo(x) :=
f(x)− f − x)

2
, fe(x) :=

f(x) + f − x)

2
,

Qf(x, y) :=f(x+ y) + f(x− y)− 2f(x)− 2f(y),

Cf(x, y) :=f(x+ 2y)− 3f(x+ y) + 3f(x)− f(x− y)− 6f(y),

Dkf(x, y) :=f(x+ ky)− k2f(x+ y)− k2f(x− y) + f(x− ky)

+ f(kx)− k3 − 3k2 + 4

2
f(x) +

k3 − k2

2
f(−x)

for all x, y ∈ V . Notice that the solutions of the functional equations Qf ≡ 0 and

Cf ≡ 0 are called a quadratic mapping and a cubic mapping, respectively.

We need the following particular case of Baker’s theorem [2] to prove Theorem

3.2.

Theorem 2.1 (Theorem 1 in [2]). Suppose that V and W are vector spaces over

Q, R or C and α0, β0, . . . , αm, βm are scalar such that αjβl − αlβj ̸= 0 whenever

0 ≤ j < l ≤ m. If fl : V → B for 0 ≤ l ≤ m and

m∑
l=0

fl(αlx+ βly) = 0

for all x, y ∈ V , then each fl is a ”generalized” polynomial mapping of ”degree” at

most m− 1.

We easily obtain following theorem from Baker’s Theorem.

Theorem 2.2. If a mapping f : V → W satisfies either the functional equation

Dkf(x, y) = 0 for all x, y ∈ V , then f is a ”generalized” polynomial mapping of

”degree” at most 3.
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Suppose that f, g : V → W are generalized polynomial mapping of degree at

most 3. It is well known that if the equalities f(kx) = k2f(x) and g(kx) = k3g(x)

hold for all x ∈ V and any nonzero fixed rational number k such that |k| ̸= 1, then

f and g are a quadratic mapping and a cubic mapping, respectively.

In the next theorem we will show that the functional equation Dkf ≡ 0 is a

quadratic-cubic functional equation when k be a nonzero fixed rational number such

that |k| ̸= 1.

Theorem 2.3. Let k be a nonzero fixed rational number such that |k| ̸= 1. A

mapping f satisfies the functional equation Dkf(x, y) = 0 for all x, y ∈ V if and

only if fe is quadratic and fo is cubic.

Proof. If a mapping f satisfies the functional equation Dkf(x, y) = 0 for all x, y ∈ V ,

then the equalities fo(kx) = k3fo(x) and fe(kx) = k2fe(x) follow from the equalities

fo(kx)− k3fo(x) =
Dkf(x,0)−Dkf(−x,0)

2 , fe(kx)− k2fe(x) =
Dkf(x,0)+Dkf(−x,0)

2

for all x ∈ V . Since fo and fe are generalized polynomial mappings of degree at

most 3, fo is a cubic mapping and fe is a quadratic mapping.

Conversely, assume that fo is a cubic mapping and fe is a quadratic mapping, i.e.,

f is a quadratic-cubic mapping. Notice that fo satisfies the equality fo(kx) = k3fo(x)

and fo(x) = −fo(−x), fe satisfies fe(kx)−k2fe(x) and fe(x) = fe(−x) for all x ∈ V

and all k ∈ Q, and f(x) = fo(x) + fe(x).

The equalities D2fo(x, y) = 0 and D3fo(x, y) = 0 follow from the equalities

D2fo(x, y) =Cfo(x, y)− Cfo(x− y, y),

D3fo(x, y) =D2fo(x+ y, y) +D2fo(x− y, y) + 4D2fo(x, y)

for all x, y ∈ V . If the equality Djfo(x, y) = 0 holds for all j ∈ N when 2 ≤ j ≤ n−1,

then the equality Dnfo(x, y) = 0 follows from the equality

Dnfo(x, y) =Dn−1fo(x+ y, y) +Dn−1fo(x− y, y)−Dn−2fo(x, y) + (n− 1)2D2fo(x, y)

for all x, y ∈ V . Using mathematical induction, we obtain

Dnfo(x, y) = 0

for all x, y ∈ V and any n ∈ N. Since the equality Dnfe(x, y) = 0 follows from the

equality

Dnfe(x, y) =Qfe(x, ny)− n2Qfe(x, y)
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for all x, y ∈ V , we have

Dnf(x, y) = 0

for all x, y ∈ V and any n ∈ N. Using the equalities

Dkfo(x, y) =fo(x+ ky)− k2fo(x+ y)− k2fo(x− y) + fo(x− ky) + 2(k2 − 1)fo(x),

Dkfe(x, y) =fe(x+ ky)− k2fe(x+ y)− k2fe(x− y) + fe(x− ky) + 2(k2 − 1)fe(x)

for all x, y ∈ X and any k ∈ Q, we get

Dkf(x, y) =f(x+ ky)− k2f(x+ y)− k2f(x− y) + f(x− ky) + 2(k2 − 1)f(x)

for all x, y ∈ X and any k ∈ Q. Therefore, if k ∈ Q is represented by either k = n
m

or k = −n
m for some n,m ∈ N, then the desired equalities Dkf(x, y) = 0 follows from

the equalities

D n
m
f(x, y) =Dnf

(
x,

y

m

)
− n2

m2
Dmf

(
x,

y

m

)
,

D−n
m
f(x, y) =D n

m
fe(x, y)

for all x, y ∈ X and n,m ∈ N. �

The following properties given in the paper [8] are necessary to prove main the-

orem.

Remark. Let ρ be a convex modular on X. If 0 < α < β and αi > 0 with∑n
i=1 αi = 1, then properties ρ(αx) ≤ ρ(βx) and

ρ

(
n∑

i=1

αixi

)
≤

n∑
i=1

αiρ(xi)

hold for all x, x1, . . . , xn ∈ X .

Now we will prove the generalized Hyers-Ulam stability of the functional equation

Dkf(x, y) = 0.

Theorem 2.4. Let V be a real vector space, Yρ be a ρ-complete modular space and k

be a fixed real number such that |k| >
√
2. Suppose f : V → Yρ satisfies an inequality

of the form

(2.1) ρ(Dkf(x, y)) ≤ φ(x, y)

for all x, y ∈ V , where φ : V 2 → [0,∞) be a function such that
∞∑
i=0

φ(kix, kiy)

k2i
< ∞(2.2)
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for all x, y ∈ V . Then there exists a unique solution F : V → Yρ of the functional

equation (1.1) such that

ρ(f(x)− F (x)) ≤
∞∑
i=0

(
|ki+1 + 1|
2|k|3i+3

φ(kix, 0) +
|ki+1 − 1|
2|k|3i+3

φ(−kix, 0)

)
(2.3)

for all x ∈ V .

Proof. Notice that the inequality
∑∞

i=0

( |ki+1+1|
|k|3i+3 + |ki+1−1|

|k|3i+3

)
< 1 holds for |k| >

√
2.

Let Jnf : V → Yρ be the mappings defined by

Jnf(x) :=
(kn + 1)f(knx) + (kn − 1)f(−knx)

2k3n

for all x ∈ V and any n ∈ N. Then the equality

Jm+nf(x) = JmJnf(x)

follows from the equality

(km+n + 1)f(kn+mx) + (km+n − 1)f(−kn+mx)

2k3n+3m

=
(km + 1)(kn + 1)f(kn+mx) + (km + 1)(kn − 1)f(−kn+mx)

2k3n+3m

+
(km − 1)(kn + 1)f(−kn+mx) + (km − 1)(kn − 1)f(kn+mx)

2k3n+3m

for all x ∈ V and any n,m ∈ N ∪ {0}. Since the inequality

∞∑
i=0

( |ki+1 + 1|
2|k|3i+3

+
|ki+1 − 1|
2|k|3i+3

)
< 1

and the equality

Jif(x)− Ji+1f(x) =
−(ki+1 + 1)Dkf(k

ix, 0)

2k3i+3
− (ki+1 − 1)Dkf(−kix, 0)

2k3i+3

holds for all x ∈ V and any i ∈ N, we have

ρ
(
Jnf(x)− Jn+mf(x)

)
= ρ

( n+m−1∑
i=n

(
Jif(x)− Ji+1f(x)

))

≤ ρ

( n+m−1∑
i=n

(
−(ki+1 + 1)Dkf(k

ix, 0)

2k3i+3
− (ki+1 − 1)Dkf(−kix, 0)

2k3i+3

))
(2.4)
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≤
n+m−1∑
i=n

(
|ki+1 + 1|
2|k|3i+3

ρ
(
Dkf(k

ix, 0)
)
+

|ki+1 − 1|
2|k|3i+3

ρ
(
Dkf(−kix, 0)

))

≤
n+m−1∑
i=n

(
|ki+1 + 1|
2|k|3i+3

φ(kix, 0) +
|ki+1 − 1|
2|k|3i+3

φ(−kix, 0)

)
for all x ∈ V and any n,m ∈ N ∪ {0}. So, it is easy to show that the sequence

{Jnf(x)} is a Cauchy sequence for all x ∈ V . Since Yρ is complete, the sequence

{Jnf(x)} converges for all x ∈ V . Hence, we can define a mapping F : V → Yρ by

F (x) := lim
n→∞

(kn + 1)f(knx) + (kn − 1)f(−knx)

2k3n

for all x ∈ V . From the definition of F , we have the properties limn→∞ ρ(Jnf(x)−
F (x)) = 0 and

F (x) = lim
n→∞

Jm+nf(x) = lim
n→∞

JmJnf(x) = Jm lim
n→∞

Jnf(x) = JmF (x)

for all x ∈ V and any m ∈ N. If we choose m ∈ N such that

∞∑
i=0

(
|ki+1 + 1|
2|k|3i+3

+
|ki+1 − 1|
2|k|3i+3

)
+

|km + 1|
2|k|3m

+
|k|m − 1

2|k|3m
< 1,

then we obtain

ρ(f(x)− F (x))

= ρ(f(x)− JmF (x))

= ρ(
m+n−1∑

i=0

(Jif(x)− Ji+1f(x)) + JmJnf(x)− JmF (x))

≤ ρ

( n+m−1∑
i=0

(
−(ki+1 + 1)Dkf(k

ix, 0)

2k3i+3
− (ki+1 − 1)Dkf(−kix, 0)

2k3i+3

)
+

(km + 1)(Jnf − F )(kmx) + (km − 1)(Jnf − F )(−kmx)

2k3m

)
≤

n+m−1∑
i=0

(
|ki+1 + 1|
2|k|3i+3

φ((kix, 0) +
|ki+1 − 1|
2|k|3i+3

φ((−kix, 0)

)
+

|km + 1|ρ(Jnf(kmx)− F (kmx)) + |km − 1|ρ(Jnf(−kmx)− F (−kmx))

2|k|3m

)
→

∞∑
i=0

(
|ki+1 + 1|
2|k|3i+3

φ(kix, 0) +
|ki+1 − 1|
2|k|3i+3

φ(−kix, 0)

)
, as n → ∞
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for all x ∈ V , i.e., the inequality (2.3) holds for all x ∈ V . From the definition of F

and the properties of F , we get

ρ

(
DkF (x, y)

|k|3 + 4|k|2 + 6

)
= ρ

(
1

|k|3 + 4|k|2 + 6

(
(F − Jnf)(x+ ky)− k2(F − Jnf)(x+ y)

− k2(F − Jnf)(x− y) + (F − Jnf)(x− ky) + (F − Jnf)(kx)

− k3 − 3k2 + 2

2
(F − Jnf)(x) +

k3 − k2

2
(F − Jnf)(−x)

+
(kn + 1)Dkf(k

nx, kny)

2k3n
+

(kn − 1)Dkf(−knx,−kny)

2k3n

))
≤ 1

|k|3 + 4|k|2 + 6

(
ρ
(
(F − Jnf)(x+ ky)

)
+ k2ρ

(
(F − Jnf)(x+ y)

)
+ k2ρ

(
(F − Jnf)(x− y)

)
+ ρ
(
(F − Jnf)(x− ky)

)
+ ρ
(
(F − Jnf)(kx)

)
+

|k|3 + 3k2 + 2

2
ρ
(
(F − Jnf)(x)

)
+

|k|3 + k2

2
ρ
(
(F − Jnf)(−x)

)
+

|kn + 1|ρ(knx, kny)
2|k|3n

+
|kn − 1|ρ(knx, kny)

2|k|3n
))

→ 0, as n → ∞

for all x, y ∈ V . Hence we obtain the equality DkF (x,y)
|k|3+4|k|2+6

= 0 for all x, y ∈ V , i.e.,

F is a solution of the functional equation (1.1).

To prove the uniqueness of F , assume that F ′ : V → Yρ is another solu-

tion of the functional equation (1.1) which satisfies the inequality in (2.3). No-

tice that the property F ′(x) = JnF
′(x) is obtained from J0F

′(x) − JnF
′(x) =∑n−1

i=0
−(ki+1+1)DkF

′(kix,0)
2k3i+3 − (ki+1−1)DkF

′(−kix,0)
2k3i+3 for all x ∈ V and any n ∈ N . From

the relation

ρ

(
Jnf(x)− F ′(x)

)
= ρ

(
Jnf(x)− JnF

′(x)

)
≤ ρ(

(kn + 1)(f − F ′)(knx) + (kn − 1)(f − F ′)(−knx)

2k3n
)

≤
∞∑
i=0

(
|kn + 1||ki+1 + 1|

2|k|3i+3n+3
φ(ki+nx, 0) +

|kn + 1||ki+1 − 1|
2|k|3i+3n+3

φ(−ki+nx, 0)

)
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+

∞∑
i=0

(
|kn − 1||ki+1 + 1|

2|k|3i+3n+3
φ(−ki+nx, 0) +

|kn − 1||ki+1 − 1|
2|k|3i+3n+3

φ(ki+nx, 0)

)

≤
∞∑
i=0

(
|kn+i+1 + 1|
2|k|3i+3n+3

φ(ki+nx, 0) +
|kn+i+1 − 1|
2|k|3i+3n+3

φ(−ki+nx, 0)

)

≤
∞∑
i=n

(
|ki+1 + 1|
2|k|3i+3

φ((kix, 0) +
|ki+1 − 1|
2|k|3i+3

φ((−kix, 0)

)
→ 0, as n → ∞

for all x ∈ V , we get the equality F ′(x) = limn→∞ Jnf(x) for all x ∈ V , i.e.,

F ′(x) = F (x) for all x ∈ V . �

We can easily prove the following corollary by using Theorem 2.4.

Collorary 2.5. Let X be a real normed space and let p, θ be nonnegative real

constants such that p < 2. If a mapping f : X → Yρ satisfies the inequality

ρ(Dkf(x, y)) ≤ θ(∥x∥p + ∥y∥p)

for all x, y ∈ X, then there exists a unique solution F : X → Yρ of the functional

equation (1.1) such that

ρ(f(x)− F (x)) ≤ θ

k2 − |k|p
∥x∥p(2.5)

for all x ∈ X.

Proof. If we put φ(x, y) := θ(∥x∥p + ∥y∥p) for all x, y ∈ X, then φ satisfies the

inequality (2.5). �
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