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MEASURES OF COMPARATIVE GROWTH ANALYSIS
OF COMPOSITE ENTIRE FUNCTIONS ON THE BASIS
OF THEIR RELATIVE (p,q)-TH TYPE AND
RELATIVE (p,q)-TH WEAK TYPE

TANMAY BISWAS

ABSTRACT. The main aim of this paper is to establish some comparative growth
properties of composite entire functions on the basis of their relative (p, ¢)-th order,
relative (p, ¢)-th lower order, relative (p, q)-th type, relative (p,q)-th weak type of
entire function with respect to another entire function where p and ¢ are any two
positive integers.

1. INTRODUCTION AND DEFINITIONS

Let us consider that the reader is familiar with the fundamental results and the
standard notations of the theory of entire functions which are available in [14].For x €
[0,00) and k € N, we define expll 2 = exp (exp[k_l] :1;) and log[k] x = log (log[k_l] :1:)

074 = 7 and exp[o} T =

where N be the set of all positive integers. We also denote log
x. However for any entire function f defined in the open complex plane C, the

maximum modulus function M (r) is defined as My (r) = m|ax]f (2)|. Since My (r)

is strictly increasing and continuous, therefore there exists its inverse function Mf_1 :

(| (0)],00) — (0,00) with 1i>m M;l (s) = co. However, for another entire function

g, My (r) is defined and the ratio ]\J\Z E:; as r — oo is called the growth of f with
respect to g in terms of their maximum moduli. The maximum term p¢ () of f can

be defined in the following way:

_ n
py (r) = max (jan|r™).
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14 TANMAY Biswas

In fact pf (r) is much weaker than My (r) in some sense. So from another angle
of view Z;—E:; as 1 — 00 is also called the growth of f with respect to g where 4 (7)
denotes the maximum term of entire g.

However, the order p (f) and lower order A (f) of an entire function f which are
generally used in computational purpose are defined in terms of the growth of f

with respect to the exp z function as

T log log My (r) loglog My (r)

p(f) = r—oclog log Mexyp - (1) S log r
and
A(f) = lim loglog My (r) _ hmw
r—oolog log Mexpz (7") r—oo log r '

Extending this notion, Juneja et. al. [6] defined the (p, q)-th order (respectively
(p, q)-th lower order) of an entire function f for any two positive integers p, ¢ with

p > q which is as follows:

logP! M (r)
(.a) - T g Mr\r)

(respectively AP:0) (f) = lim

These definitions extend the generalized order pm (f) and generalized lower order
M (f) of an entire function f considered in [10] for each integer I > 2 since these
correspond to the particular case pl!l (f) = pD (f) and Al (f) = XED (f) . Clearly,
P20 () = p(f) and ABD (f) = A(f).

In this connection we just recall the following definition due to Juneja et. al. [6]:

Definition 1 ([6]). An entire function f is said to have index-pair (p, ¢) where p and
q are any two positive integers with p > ¢, if b < p®9 (f) < 0o and p®P~14=1 (f) is
not a nonzero finite number, where b = 1 if p = ¢ and b = 0 for otherwise. Moreover
if 0 < p®9 (f) < 0o, then

pPa=n) () = for n<gq,

pP=1:9) (f) = 0 for n <p,
0
pletmatn) (£y =1 for n=1,2,---

Similarly for 0 < AP (f) < oo, one can easily verify that

AP=7:0) () =
APa=n) () =
A (p+n,g+n) (f)

for n <p,
for n<g,
1 for n=1,2,---

I ©g
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An entire function f of index-pair (p,q) is said to be of regular (p,q) growth if
its (p, ¢)-th order coincides with its (p, ¢)-th lower order, otherwise f is said to be
of irregular (p,q) growth.

Since for 0 < r < R,

py(r) < My (r) < py (R) {cf. [12] }

R—r

it is easy to see that

[p) [p]
pP9 (f) = Tim log? piy(r) and AP (f) = lim log™ 1(r) Hf(r).

In order to compare the growth of entire functions having the same (p,q)-th
order, Juneja, Kapoor and Bajpai [7] also introduced the concepts of (p, q)-th type
and (p, q¢)-th lower type in the following manner :

Definition 2 ([7]). The (p, ¢)-th type and the (p, ¢)-th lower type of entire function
f having finite positive (p,¢)-th order p®% (f) (b < p®9 (f) < o0) (p,q are any
two positive integers, b =1 if p = ¢ and b = 0 for p > ¢) are defined as:

loglr—11 17 logP=1 M

o0 (f) = Tim - f(p(,:))(f) and 77 (f) = lim =2 JZP(;)(f)'

T 00(1 lg—1] )p ree (1 la—1] >p
ogld—Hty ogr T

It is obvious that 0 < 79 (f) < o9 (f) < 00 .

Likewise, to compare the growth of entire functions having the same (p,q)-th
lower order, one can also introduced the concepts of (p,q)-th weak type in the

following manner :

Definition 3. The (p, ¢)-th weak type 7% (f) and the growth indicator 7% (f)
of an entire function f having finite positive (p,q)-th tower order \®9 (f) (b <
AP (f) < 00) are defined as:

logP~1 M (r)
APa) (f)

logP=1 A
79D (f) = lim and 79 (f) = lim = ){(p(;?(f)’
r—00 <log[q_” r) (log[q_l] 7")

where p, q are any two positive integers, b=1if p=qgand b=0 for p > q .
It is obvious that 0 < 7P (f) < 7P (f) < oo,

L. Bernal [1, 2] introduced the concept of relative order between two entire func-

tions to avoid comparing growth just with exp z. In the case of relative order, it was
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then natural for Lahiri and Banerjee [8] to define the relative (p, ¢)-th order of entire

functions as follows.

Definition 4 ([8]). Let p and g be any two positive integers with p > ¢. The relative
(p, q)-th order of f with respect to g is defined by

—loglP= U At (Mg (1))

Improveing the Definition 4 by ignoring the restriction p > ¢, Sdnchez Ruiz et
al. [9] gave a more natural definition of relative (p, ¢)-th order and relative (p, ¢)-th

lower order of an entire function in the light of index-pair which are as follows:

Definition 5 ([9]). Let f and g be any two entire functions with index-pairs (m, q)
and (m,p) respectively where p, g, m are all positive integers such that m > p and
m > q. Then the relative (p, ¢)-th order and relative (p, ¢)-th lower order of f with
respect to g are defined as

log!! Mg—l (Mj (r)) and AP () = lim logl?! Mg—l (Mg (1))
00 logld r g awont logld r

If f and g have got index-pair (m, 1) and (m, k), respectively, then Definition 5
reduces to generalized relative order of f with respect to g. If the entire functions
f and g have the same index-pair (p,1) where p is any positive integer, we get the
definition of relative order introduced by Bernal [1, 2] and if g = exp™ =1z, then
pg (f) = p™ (f) and pép’q) (f) = p'™ (f). Further if f is an entire function with
index-pair (2,1) and g = exp z, then Definition 5 becomes the classical one given in
[13].

An entire function f for which relative (p, ¢)-th order and relative (p, ¢)-th lower
order with respect to another entire function g are the same is called a function of
regular relative (p,q) growth with respect to g. Otherwise, f is said to be irregular
relative (p, q) growth with respect to g.

In terms of maximum terms of entire functions, Definition 5 can be reformulated

as:

Definition 6. For any positive integer p and ¢, the growth indicators pép ) (f) and
)\gp ) (f) of an entire function f with respect to another entire function g are defined

as:

[P 1
and @0 (f) = lim log?! g (py(r))
00 logl®) r g =00 logl®) r
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In fact, the equivalence of Definition 5, Definition 6 has been established in [3].

In order to refine the above growth scale, now we intend to introduce the defi-
nitions of an another growth indicators, such as relative (p, ¢)-th type and relative
(p, q)-th lower type of entire function with respect to another entire function in the

light of their index-pair which are as follows:

Definition 7. Let f and g be any two entire functions with index-pairs (m, ¢) and
(m, p) respectively where p,q and m are all positive integers such that m > p and
m > q. The relative (p, ¢)-th type and relative (p, ¢)-th lower type of entire function
f with respect to the entire function g having finite positive relative (p, q) th order
pgp’Q) (f) (0 < pép’Q) (f) < oo) are defined as:

[p—1] A y—1
& 0:0) (f) = Tim log Mg (My (r))
g r—oo p(p,CI)(f)
<1og[q*1] r) !

and

logh Tt gt (0 ()
ngq f
(log[q_l] T) P (f)

Analogously, to determine the relative growth of two entire functions having same

o () = 1

r—00

nonzero finite relative (p, ¢)-th lower order with respect to another entire function,
one can introduced the definition of relative (p,q)-th weak type Tg(p ) (f) and the
growth indicator fgp ) (f) of an entire function f with respect to another entire
function ¢ of finite positive relative (p,q)-th lower order )\gp ) (f) in the following

way:
Definition 8. Let f and g be any two entire functions having finite positive rela-
tive (p, q)-th lower order )\ép’q) (f) (O < )\ép’q) (f) < oo) where p and ¢ are any two

positive integers. Then the relative (p, ¢)-th weak type Tg(p ) (f) and the growth in-
dicator ?gp ) (f) of entire function f with respect to the entire function g are defined
as: o] )
log®?~ " M+ (Mg (r
ngp’q) (f) = lim g g ( f( ))

(p;q)
r—00 (10g[q71} r) >‘g (f)

log~! M (M (r))

(log[qfll r) o

and

0=
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For entire functions, the notions of their growth indicators such as order, type,
weak type are classical in complex analysis and during the past decades, several re-
searchers have already been exploring their studies in the area of comparative growth
properties of composite entire functions in different directions using the classical
growth indicators. But at that time, the concepts of relative orders, relative type
and relative weak type of entire functions and as well as their technical advantages
of not comparing with the growths of exp z are not at all known to the researchers
of this area. Therefore the studies of the growths of composite entire functions in
the light of their relative orders relative type and relative weak type are the prime
concern of this paper. Actually in this paper we establish some newly developed re-
sults related to the growth rates of composite entire functions on the basis of relative

(p, q)-th order, relative (p, q)-th type and relative (p, q)-th weak type.

2. LEMMAS

In this section we present some lemmas which will be needed in the sequel.

Lemma 1 ([11]). Let f and g be any two entire functions. Then for every a > 1
and 0 <r < R,

a—1

11og 1) = =iy (2 ()

Lemma 2 ([11]). If f and g are any two entire functions with g (0) = 0, then for

all sufficiently large values of r,

1 1 r
> —pup(—pg (=) — .
Prog(r) = Shy <8ug (4> Ig(0)|>
Lemma 3 ([5]). If f be an entire and o > 1, 0 < 5 < «, then for all sufficiently

large r,
pg(ar) > Bug(r).

Lemma 4 ([2]). Suppose f is an entire function and o > 1, 0 < 8 < a. Then for
all sufficiently large r,
My(ar) = BMy(r).

Lemma 5 ([4]). If f and g are any two entire functions then for all sufficiently

large values of r,

My (3500 (5)) = Myea(r) < 21y (01, 0).
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3. MAIN RESULTS

In this section we present the main results of the paper.

Theorem 9. Let f,g and h be any three entire functions such that 0 < )\gp’q) (f) <
pép’q) (f) < oo and o™ (g) < oo where p,q,m,n are all positive integers with

m>n and g =m — 1. Then for any 8 > 1

Tm IOg[P] p}:l (Hfog (1)) _ o (man) (g) - pglp,q) ()
r—00 (m,n) = ( ’ ) .
— log[p] M};l <Hf <6Xp[q] (10g[n_1] BT‘)p (g))> /\hpq (f)

Proof. Since ;' (r) is an increasing function of r, taking R = Br, (8 > 1) in Lemma

1 and in view of Lemma 3 it follows for all sufficiently large values of r that

log!! fol (1fog (1)) < log?! M,?l <qu (MM (57’)>>

ivees Tog i 1oy (1) < (P9 (1) + € ) 10gl? g (Br) + O(1).
Since ¢ = m—1 and g4 (1) < M, (r) {cf. [12] }, we get from above for all sufficiently
large values of r that

Log”) " (11709 (1)) < (P77 (f) + € ) log™ =1 M, (B7) + O(1)

(1) i.e., log[p} M;l (,Uffog (T)> <
p(m,n)(g)

(PP () +2) (o (9) + ) (g (8m)" " +0(1).

Now from the definition of Aép ) (f) in terms of maximum terms, we obtain for

all sufficiently large values of r that

_ _ p(m™)(g)
@) logh ;! (M (expm (log[n 1 ﬁr) >> .

(
_ p
(7 (1)) (1 o)
Therefore from (1) and (2), it follows for all sufficiently large values of r that

™) (g)

log! 11" (g0 () <
(m,mn) -
log?) pi; ! <Mf (eXP[Q] (10g[”_” ﬂ'f’)p (g)>>
ptmm) (g)
<pgp7q) (f) + 8) (0™ (g) +¢) <10g[n—1] (57“)) +0(1)
plmm)(g)
(Agbp’Q) (f)— 5) <log[”*1] 57“)
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ice., Tm tog” ;! (g (1)) 20" () (f)
T r S0 ) < : .
> log!”! Mﬁl <Mf (exp[q] (10g[n—1] ﬁr)p (9)>> Agp a) (f)
Thus the theorem is established. O

Remark 10. In Theorem 9, if we will replace “oc(™™ (g)” by “G(™™) (¢g)”, then

Theorem 9 remains valid with “ limit inferior” replaced by * limit superior”.

Now we state the following theorem without its proof as it can easily be carried

out in the line of Theorem 9.

Theorem 11. Let f,g and h be any three entire functions such that )\glp’n) (g) >0,

p;lp’q) (f) < oo and o™ (g) < oo where p,q,m,n are all positive integers with

m>n and g =m — 1. Then Then for any 5 > 1

m IOg[P} Mﬁl (Hog (1)) _ o (min) (g) - p;bp,q) ()
r—00 (m,n) — (pn) .
— ]og[P} M}Zl (Mg (exp[n] <log[n71} B'I”)pg >> )‘hp (g)

Remark 12. In Theorem 11, if we will replace “c(™™ (g)” by “G"™™ (g)”, then

Theorem 11 remains valid with “ limit inferior” replaced by “ limit superior”.

14

Remark 13. We remark that in Theorem 11, if we will replace the condition
pgp»‘I) (f) < 00" by « )\](th) (f) < 00”7 , then

(3  lm log” 1! (150 (1))
r=001 18] 1 1] g, )" @
log® g1y~ | g expln] <log ﬁr)

_ o (g) - NP (f)
RYAR )

Remark 14. In Remark 13, if we will replace the conditions “ Agp ) (9) > 0 and
)\gp,q) (f) < " by “pgp’n) (g9) > 0 and pgp’q) (f) < o0” respectively, then is need to

go the same replacement in right part of (3).

Using the concept of the growth indicator 7(™™) (g) of an entire function g, we
may state the subsequent two theorems without their proofs since those can be

carried out in the line of Theorem 9 and Theorem 11 respectively.
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Theorem 15. Let f,g and h be any three entire functions such that 0 < A;lp’q) (f) <
pép’q) (f) < oo and F(m.n) (g9) < oo where p,q,m,n are all positive integers with

m>n and g=m — 1. Then for any 8 > 1

Tim lOg[p] Mlzl (Mfog (’I”)) - ?(m,n) (g) . pgp,q) (f)
r—00 ) < : ‘
— ]Og[p] /1’];1 <Hf <6Xp[q1 (1Og[n—1] BT) (Q))) )\gp ) (f)

[43

Remark 16. We remark that in Theorem 15, if we will replace the condition
0 < APY(f) < pP? (f) < oo and 7™ (g) < 00" by © 0 < APY (f) < o0 or
0< ngp’Q) (f) < oo and o(™™ (g) < 00” , then

. logm Mi:l (Mfog (T)) m,n
o Ry <o )
IOQﬂu;1<uf<emﬂﬂ<bgm‘”Br) ))

Theorem 17. Let f,g and h be any three entire functions such that /\gp,n) (g9) >0,

ng,Q) (f) < oo and 7™ (g) < co where p,q,m,n are all positive integers with

m>n and g=m — 1. Then for any 8 > 1

m IOg[P] M}jl (Kfog (1)) - =(m.n) (g) - pglp,q) ()
r—00 A(m,n) = ( m) .
" loghl ! < s (exp[n] (log[nq] m) <g>>> AP (g)

Further using the notion of (p,¢)-th weak type we may also state the following
two theorems without proof because it can be carried out in the line of Theorem 15

and Theorem 17 respectively.

Theorem 18. Let f,g and h be any three entire functions such that 0 < )\gp’q) (f) <

p;lp’q) (f) < oo and (mmn) (g) < oo where p,q,m,n are all positive integers with

m>n and g =m — 1. Then for any 8 > 1

lim tog" 1" (1y0y (1)) _ 7t () (1)
A(m,n) —_ ; .
r%oolog[p] :U'}Zl <Mf <€‘Xp[q] <10g[n—1] BT) (g))) )\;Lp q) (f)

Remark 19. We remark that in Theorem 18, if we will replace the condition “0 <
)\ép,q) (f) < pgp’q) (f) < oo and 7™M (¢) < o0” by “ 0 < )\Elp’q) (f) < ocor0 <
pﬁlp’q) (f) < oo and 7™ (g) < 00” | then

. ]'Og[p] /’L}:]- (Nng (T)) —(m.,n
I 1l NN S = (g).
log” 11, (Mf (exp[ﬂ (log " Br> ))
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Theorem 20. Let f,g and h be any three entire functions such that )\Ebp’n) (g9) >0,
pép’q) (f) < oo and (m.n) (g9) < oo where p,q,m,n are all positive integers with

m>n and g=m — 1. Then for any 8 > 1

lim 10g[p] /1};1 (MfOQ (’r‘)) - 7.(m,n) (g) . p;lp,q) (f)
A(m,n) — ( 7n) .
r—>oolog[p] M,Zl <Hg (exp[n] (10g[n—1] 57"> (g)>) )\hp (9)

Remark 21. We remark that in Theorem 20, if we will replace the condition “

pgp,q) (f) < o0 and 7™ (g) < 00” by “ )\Elp’q) (f) < 0o and 7™ (g) < o0” | then

log®! 1t (11 se
(4) h7m Og #h ('uf Y (T)) )\(m,n)(g)
" logl?l iyt (ug (exp["] (log[”’” 67“) > )

_ F(m,n) ((g) ,))\ELP,Q) (f)
)‘hp’ (9)

Remark 22. In Remark 21, if we will replace the conditions “ /\gf ) (9) > 0 and
A;LP’Q) (f) < o0” by “pgp’n) (g9) > 0 and pgp’Q) (f) < o0” respectively, then is need to

go the same replacement in right part of (4).

Remark 23. The same results of above theorems for § = 1 and in terms of maxi-
mum modulus of entire functions can also be deduced with the help of the second

part of Lemma, 5.

Theorem 24. Let f,g and h be any three entire functions such that 0 < Agp’q) (f) <
pgp’q) (f) < o0 and g(mn) (9) > 0 where p,q, m,n are all positive integers with m > n
and ¢g =m — 1. Then for any > 1

lim log” 1" (s1504(r) L™ (g) - NP ()
r—00 _ e , p(m,n)(g) - )
i o G (@) A

Proof. In view of Lemma 2, we get for all sufficiently large values of r that

ugea) = s (g0 (5) ) tef. 121

As ;' () is an increasing function of 7, in view of above and Lemma 3 we get

for all sufficiently large values of r that

_ _ 1 T
815" 10 = 087 " (1 (g5 (7)) )
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. - 1 T
i.e., Tog 1 (pupog(r)) > (A%p,q) (f) - 5) log!? {48“9 <4)} '

Since My (r) < %,uf (Br) for any g > 1{cf. [12] }, we obtain from above for
all sufficiently large values of r that

log?! 11 (1tg0q(r)) > (Aém) (f) - 5) logl? {418 (ﬁ g 1) My <4r5>}

r

b 108117 ngog0) 2 (N2 (1) = ) o, ) 4+ 0(1)

(5) e, logl” ! (1pog(r)) >

(/\Slpyq) (f) - 8) (E(m:n) (9) — 5) (log[nl] (47“6>>p(m,n>(9) L o).

Now from the definition of /\gf ) (f) in terms of maximum terms, we obtain for

all sufficiently large values of r that

p(mm) (g)
6) logh ! (Mf (expm <10g[n11 <7“>> )) <
48
(m.m)(g)
(p.9) o1 (7))
(o (f”g)(log (4/9’)) |

Therefore from (5) and (6), it follows for all sufficiently large values of r that

)

()\Elpzq) (f) — E) (E(m,n) (9) — 8) (10g[n_1] (4%>)p(mv">(g) +00)
<pgpvq) (f) + 8) <log["—1] (@))pw’”)(g)

10g[p] M};l (Mfog (1))
logl! ;! (Nf <exp[q] (log[”‘” (

&l

i.e., lim log? 5! (j1509(r)) L 7™ (g) - NP (f)
rovo0 - RN ) - (p.q) :
" logh ! <:uf <exp[‘ﬂ (log[ ! (@)) >) pn ()
Thus the theorem is established. 0

Remark 25. In Theorem 24, if we will replace “G("™™ (g)” by “c(™™) (g)”, then

Theorem 24 remains valid with “ limit superior” replaced by “ limit inferior”.
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Remark 26. We remark that in Theorem 24, if we will replace the condition “
0 < APD (£) < pPD (£) < 00" by “0 < AP (f) < 00 or 0 < PP (f) < 00" |

then

[p] ,—1
Tim log® iy, (pyoq(r)) > 5mn) (g).

T logl?l ;! (uf (exp[q] (log["*ﬂ (é) ) plr) (g)) )

Now we state the following theorem without its proof as it can easily be carried

out in the line of Theorem 24.

Theorem 27. Let f,g and h be any three entire functions such that 0 < /\gp,q) (f),
pgp’n) (9) < 0o and 7™ (g) > 0 where p, q,m,n are all positive integers with m > n
and g = m — 1. Then for any > 1

lim log™ 1y (11709(r) _ o) (g) - N (f)
r—00 _ e , p(m,n)(g) - (p,n) .
T logh ! <ug (exp[nl (10g~ () >> " (9)

Remark 28. In Theorem 27, if we will replace ‘(™™ (g)” by “c(™™ (g)”, then

Theorem 27 remains valid with “ limit inferior” replaced by “ limit superior”.

13

Remark 29. We remark that in Theorem 27, if we will replace the condition
p;van) (g) < o0” by « )\glpvn) (g) < 00” , then

o = log?! 11" (t1£0g(7))

Tﬁoolog[p] ! (Mg <exp["] (log[n—l] (Jﬁ))p(m’n)(g)>>

L7 (9) A ()
A (9)

Remark 30. In Remark 29, if we will replace the conditions “ 0 < )\ép ) (f) and
)\gp,n) (9) < o0” by “0 < pgbp’q) (f) and pgp’n) (g9) < o0” respectively, then is need to

go the same replacement in right part of (7).

Using the concept of (m,n)-th weak type of an entire function g, we may state
the subsequent two theorems without their proofs since those can be carried out in

the line of Theorem 24 and Theorem 27 respectively.

Theorem 31. Let f,g and h be any three entire functions such that 0 < A;lp’q) (f) <

pépﬂ) (f) < 0o and 70™™) (g) > 0 where p, ¢, m,n are all positive integers with m > n
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and ¢q =m — 1. Then for any 5 > 1

lim log[P] Mf_zl (Mfog(r)) - 7_(m,n) (g) ) /\gp,q) (f)
r )\(m,n)( ) - ( 7 )
—><>010g[p} M}tl (:U’f (exp[‘I] (log[nfl} (&)) 9 >) phpq (f)

Now we state the following two theorems without their proofs as those can easily

be carried out in the line of Theorem 24 and Theorem 31 respectively.

Remark 32. In Theorem 31, if we will replace “r(™™ (g)” by “F(™™) (g)” then

Theorem 31 remains valid with “ limit superior” replaced by “ limit inferior”.

Remark 33. We remark that in Theorem 31, if we will replace the condition “

0 < APD (£) < pPD (£) < 00" by “0 < AP (f) < 00 0or 0 < PP (f) < 00" |
then

im log[p] ,u,:l (/J’fog(r)) > ~(mn) ( )
rlg)lo )\(m,n)(g) =T g)-
[p] ,—1 [q] [n—=1] ( 1
log®™ py, <,uf <exp (log <4ﬂ>) >>

Theorem 34. Let f,g and h be any three entire functions such that 0 < /\gf’q) (f),
pgp’n) (9) < oo and (min) (9) > 0 where p,q, m,n are all positive integers with m > n
and ¢ =m — 1. Then for any 5 > 1

lim log” ! (1724(r) L7 () M ()
r—00 )\(m,n) - ( ,’I’L) .
= ]og[P] M;fl <,ug (exp[”] (log[”_l} (ﬁ)) (g)>> Php (9)

Remark 35. In Theorem 34, if we will replace “7(™™) (¢)” by “7("™") (g)” then

Theorem 34 remains valid with “ limit superior” replaced by “ limit inferior”.

13

Remark 36. We remark that in Theorem 34, if we will replace the condition
0< )\ELP#Z) (f)n by “0< pglpz(I) (f)n ’ then

®  Im log” 11 (11704(1))

T loglh! ! <ug <exp[n1 (1ogl~ (4@)%“’““(9)))

7(mm) (g) - i 0 ()

o (g)

>

Remark 37. In Remark 36, if we will replace the conditions “ 0 < pgp ) (f) and
0< p% ) (g)” by “0 < Agp’q) (f) and 0 < )\Elp’n) (9)”, then is need to go the same

replacement in right part of (8).
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Remark 38. The same results of above theorems for 8 = § and in terms of maxi-
mum modulus of entire functions can also be deduced with the help of the first part

of Lemma 5.

Theorem 39. Let f,g and h be any three entire functions such that 0 < ,o(p ) (f) <
0o, oV (f) = ™™ (g), o™ (g) < 00 and 0 < oV (f) < oo where p,q,m,n
are all positive integers with ¢ =n =m — 1. Then for any 5 > 6,

9) lim log”! 1! (Mfog( r)) < pgp’q) (f) - olmm) (g)
r—)oolog[p ] (Nf (B2r)) ~ U}(me 0

Proof. In view of the condition pép’q) (f) = p™™ (g) ,we obtain from (1) for all

sufficiently large values of r that

(10)  logl py ! (pgog (r)) <

(A2 (1) +€) (07 (g) + €) [log" (4 } o
< 7

Now taking R = ar in the inequalities g (1) < My (1) g (R) {cf [12] },
for 0 < r < R we obtain that

My (r) < pgt(r).
Since M, (r) and p;* (r) are increasing functions of 7, then for any o > 1 it follows
from the above and the inequalities py (r) < My (r) < Z%pus (ar) {cf. [12] } that

(07

M 01y ) < 3 (S ).

Therefore in view of Lemma 3, we obtain from above that

-1 -1 2a-1)a
(11) My~ (Mg (1)) < pg <Nf <(a_1) : T>> :
Now if we consider 8 = (Q(Z:P)a, then we get from (11) for all sufficiently large

values of r that
(g (Br) = Myt (Mg ().
Therefore using the definition of a,(Lp ) (f), we get from above for a sequence of

values of r tending to infinity that

(12) ot (g (5%r)) =

(p )
tog 1 04, (017 (81)) = (o0 (1) = ) (log D o)) ™.
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Now from (10) and (12), it follows for a sequence of values of r tending to infinity
that

log™! g1 " (1150 ()
log?~ !yt (ug (87r)) ~

pglp»q)
(AP () +€) (00 (9) +2) (10 (80)) ™"+ 001

(Ug,’q) () — 6) (log["fl] ﬂr) PP (f)

Since ¢ (> 0) is arbitrary, it follows from above that

gy (g () i (F) -0t (9)
r—oologP~1] i (g (B2r) O_}(lp,q) (f)

O

Remark 40. In Theorem 39, if we will replace the conditions “ ¢(™™ (g) < c0” and
“0 < a,gp’q) (f) < 00” by “G™M (g) < 00” and “0 < Egp’q) (f) < o”, then is need
to go the same replacement in right part of (9). Also if we replace the conditions
0 < pgp’q) (f) < coand 0 < U}(Zp’q) (f) < oo of Theorem 39 by 0 < )\Elp,q) (f) <
pép’q) (f) < ooand 0 < Eép’q) (f) < oo respectively, then

108 (ugey (1) AP () o) (g)
eelog? T (ug (B2) P (f)

Further if we replace the condition 0 < E,(lp ) (f) < oo of Theorem 39 by 0 <

a}(lp @) (f) < oo, then Theorem 39 remains valid with “ limit superior” replaced by

limit inferior”.

Now we state the following three theorems without itheir proofs as those can

easily be carried out in the line of Theorem 39.

Theorem 41. Let f,g and h be any three entire functions such that 0 < )\gp’q) (f) <
pép’q) (f) < o0, Agp’q) (f) = A(man) (9), F(mn) (9) < o0 and 0 < ?;f’q) (f) < oo where

p,q,m,n are all positive integers with g =n = m — 1. Then for any § > 6,

log? 1 (10 (1)) _ ot () - 7™ (9)
roologl ™t (up (82r)) © # PO ()

(13)

Remark 42. In Theorem 41, if we will replace the conditions “ 7™ (g) < 00”
and “0 < ?,(lp’Q) (f) < o0” by “r(mm) (g) < 00” and “0 < T,(Lp’q) (f) < o0”, then

is need to go the same replacement in right part of (13). Also if we replace the
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conditions 0 < )\Elp’q) (f) < pép’q) (f) < ooand0< ?glp’Q) (f) < oo of Theorem 41 by
0< Ai(zp’Q) (f) <ocoand 0 < T,Ep’Q) (f) < oo respectively, then

i loglP ]uﬁl( rog (1) _ AP (). mn) (9).
r—oolog? 1 it (1 (82r)) 7P ()

Further if we replace the condition 0 < Tép ) (f) < oo of Theorem 41 by 0 <

,Ep ) (f) < oo, then Theorem 41 remains valid with “ limit superior” replaced by “

limit inferior”.

Theorem 43. Let f,g and h be any three entire functions such that 0 < /\gp,q) (f) <
APV (f) < 00, NPV (f) = plme®) (g) , o) <g> <00 and 0 < 7"V (f) < 00 where
p,q,m,n are all positive integers with g =n =m — 1. Then for any B > 6,

(14) i OB g () p&f’q (5) -0 ()
T—)oolog[p 1] (/‘f (52 )~ 5117 )(f)

Remark 44. In Theorem 43, if we will replace the conditions “ ¢(™™) (g) < oc0”
and “0 < ?gp’Q) (f) < o0” by “G™" (g) < 00” and “0 < T}(Lp’q) (f) < oo”, then
is need to go the same replacement in right part of (14). Also if we replace the
conditions 0 < A;LP’Q) (f) < pgp’Q) (f) < ooand 0 < ?,(f’q) (f) < oo of Theorem 43 by
0< )\Elp’q) (f) < ocand 0 < T}Ep’q) (f) < oo respectively, then

lim 1Og[p]1“/? Hbgog (1) _ M (£) 0t ()
r—>oolog[P }M (qu (52 ) }(qu) 0

Further if we replace the condition 0 < Tép 2 (f) < oo of Theorem 43 by 0 <

,Ep & (f) < oo, then Theorem 43 remains valid with “ limit superior” replaced by ¢

limit inferior”.

Theorem 45. Let f,g and h be any three entire functions such that 0 < pgp’q) (f) <
00, pglp ) (f) = Xmm) (g) | Fmn) (g) < o0 and 0 < U(p 9 (f) < oo where p,q,m,n

are all positive integers with ¢ =n =m — 1. Then for any B > 6,
(15) lim log[p] rul:l (Mfog ( )) < pgzp,q) (f) . 7 (m,n) (g)
r—)oolog[p 1] (:qu (/82 )) O'}(lp’q) (f)

Remark 46. In Theorem 45, if we will replace the conditions “ 7" (g) < 0o” and
“0 < 0}(1 )(f) < o0” by “r(mm) (g) < 00” and “0 < 02 )(f) < o0”, then is need

to go the same replacement in right part of (15). Also if we replace the conditions



MEASURES OF COMPARATIVE GROWTH ANALYSIS 29

0 < pépxl) (f) < o0 and 0 < g}(f”q) (f) < oo of Theorem 45 by 0 < )\Elp’q) (f) <
p%’o,Q) (f) < oo and 0 < 5gp,q) (f) < oo respectively, then

fim OB ey (1) AP ()7 )
T—)oolOg[P 1] (Nf (82r)) Egp’q) 0

Further if we replace the condition 0 < ng ) (f) < oo of Theorem 45 by 0 <

Egp @) (f) < oo, then Theorem 45 remains valid with “ limit superior” replaced by

limit inferior”.

Remark 47. The same results of Theorem 39 to Theorem 45 for 5 = 1 and in terms
of maximum modulus of entire functions can also be deduced with the help of the

second part of Lemma, 5.

Theorem 48. Let f,g and h be any three entire functions such that 0 < A;lp’q) (f) <
oD (f) < o0, oV () = ptm) (g), 70 <g> < 00 and 0 <7 (f) < 0o where

p,q,m,n are all positive integers with g =n =m — 1. Then for any g > 3,
—  logl ! (igeg(r)) Aﬁp‘") (f)-a™m™ (g)

(16) im > o .
'r—>oolog[P 1] (qu (#)) Eh ? (f)

Proof. In view of the condition p(p ) (f) = pl™™ (g), we obtain from (5) for all

sufficiently large values of r that

(A7) log?! 1" (pgog (1)) =
(10 q)

(A2 (1)~ &) (7 (g) — ) (log[" 2 (4 )) o).

Taking R = ar in the inequalities p, (r) < M (1) < z5pg (R) {cf. [12] }, for
0 < r < R we obtain that

Since M, ! (r) and p; ' (r) are increasing functions of 7, then for any o > 1 it follows
from the above and the inequalities puf (1) < My (1) < %y (ar) {cf. [12] } that

iy ) < @bty (2005 ).

Therefore, in view of Lemma 4 it follows from above that

(18) py (g (r)) < aMy! (Mf<<2;_11> T>>




30 TANMAY Biswas

Now if we consider 5 = 20‘3‘:11, then we get from (18) for all sufficiently large values

of r and any o > 1 that

i (g () < @My (M (Br) .

Therefore in view of definition of agp @) (f), we get for a sequence of values of r

tending to infinity that

(19) logP~1 T <,uf <4;2)> < loglP~1l Mt <Mf <4Tﬁ)> +0(1) <

(—(]Nl) (f) +€> <10 [n—1] <T>)P;Paq)(f) _|_O(1)
o, g 15 )

Now from (17) and (19),it follows for a sequence of values of  tending to infinity
that

log”! " (11504(7))
s~ (s ()
(Agpﬂ) (f) _ 8) (E(m,n) (g) _ 8) (10g[n_1] <47nﬁ>>ﬁ’§3’,q>(f) i O(l)

(p,a)
Sl e\ \Pe )
(7 (1) +2) (log 1 (1)) + oq)
Since ¢ (> 0) is arbitrary, it follows from above that
lim 1og[p] ,u}:l (Mng(T)) > A;Lp’q) (f) . z(mn) (9)
T gglP—1] ,u;l (Hf (ﬁ)) El(lpvq) f)

>

O

Remark 49. In Theorem 48, if we will replace the conditions “ (™™ (g) < 00”
and “0 < Egp’Q) (f) < 00" by “o(™m (g) < 00” and “0 < U}(LP’Q) (f) < o0”, then
is need to go the same replacement in right part of (16). Also if we replace the
conditions 0 < Agp’q) (f) < pép’Q) (f) <ocand0< Eép’q) (f) < oo of Theorem 48 by

0< pﬁf"” (f) <ooand 0 < U}(Lp’q) (f) < oo respectively, then

—og® i (upeg() g (£) -7 (9)
r—>oolog[p71} M;:l (,Uf (ﬁ)) U](lpg) (f)

Further if we replace the condition 0 < Egp ) (f) < oo of Theorem 48 by 0 <

o,(lp ) (f) < oo, then Theorem 48 remains valid with “ limit inferior” replaced by

limit superior”.
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Now we state the following three theorems without itheir proofs as those can

easily be carried out in the line of Theorem 48.

Theorem 50. Let f,g and h be any three entire functions such that 0 < /\ELp’q) (f) <
00, )\Elp,q) (f) = A(m.n) (9), 7(m.n) (9) < 00 and 0 < T}(Lp’q) (f) < oo where p,q,m,n

are all positive integers with ¢ =n =m — 1. Then for any B > 3,

= logl?! 11! (11 50g (7)) >A§f’q) (f) - rimn) (9).

(20) o010l 1] o1 (v ()~ w70

Remark 51. In Theorem 50, if we will replace the conditions “ 7(™™) (g) < o0o” and
“0 < T,Ep’q) (f) < 00” by “Fmm) (g) < 00” and “0 < ?Elp’q) (f) < o0”, then is need
to go the same replacement in right part of (20). Also if we replace the conditions
0 < Agp’q) (f) < oo and 0 < T,(Zp’q) (f) < oo of Theorem 50 by 0 < )\,(lp’q) (f) <
pﬁlp’Q) (f) <ooand 0 < ?23’(1) (f) < oo respectively, then

Tim log[P] /’L}tl (Mfog(T» - pgbpaQ) (f) . T(m’n) (g)
r—)OO]og[Pfl] 'ugl (qu (JF)) FELP#J) (f)

Further if we replace the condition 0 < T}(Lp ) (f) < oo of Theorem 50 by 0 <

?Elp ) (f) < oo, then Theorem 50 remains valid with “ limit inferior” replaced by

limit superior”.

Theorem 52. Let f,g and h be any three entire functions such that 0 < )\zp’q) (f) <
00, )xﬁlp’Q) (f) = p(m’") (9), glmn) (9) < 00 and 0 < T,sp’q) (f) < oo where p,q,m,n

are all positive integers with ¢ =n =m — 1. Then for any B > 3,

S TG AP (f) - gmm) (9)

(21) rggolog[p—u M/Zl (Hf (ﬁ)) - TF(LPJI) (f)

Remark 53. In Theorem 52, if we will replace the conditions “ 7" (g) < 0o” and
“0 < T](lp’q) (f) < o0” by “o(™™) (g) < 00” and “0 < ?gp’q) (f) < 00”, then is need
to go the same replacement in right part of (21). Also if we replace the conditions
0 < /\gf’q) (f) < oo and 0 < T,Ep’q) (f) < oo of Theorem 52 by 0 < )\Elp’q) (f) <
pép’q) (f) <ooand 0 < ?gf’q) (f) < oo respectively, then

o logP (g () p () -3 (g)

lim

r—>oolog[p71} M}:l (,Uf (ﬁ)) = ?EZP,Q) (f)
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Further if we replace the condition 0 < T,Ep @) (f) < oo of Theorem 52 by 0 <
?%p ) (f) < o0, then Theorem 52 remains valid with ¢ limit inferior” replaced by
limit superior”.

Theorem 54. Let f,g and h be any three entire functions such that 0 < Agp’q) (f) <
pPD(f) < oo, pPD () = A (g), (™) () < 00 and 0 < TPY (f) < oo where

p,q, m,n are all positive integers with g =n =m — 1. Then for any B > 3,

L 1 [p] ,,—1 . )\(p,q) . ~(myn)
(22) i ogl Mhl (Brog(r)) M (jz q)T (9)
r%wlog[p*}u}: (Mf <ﬁ)) 0h7 (f)
Remark 55. In Theorem 54, if we will replace the conditions « 7™ (g) < oc”
and “0 < Egp’Q) (f) < 00” by “Fmm) (g) < 00” and “0 < O'}Lp’Q) (f) < o0”, then
is need to go the same replacement in right part of (22). Also if we replace the

conditions 0 < A;Lp’q) (f) < pép’q) (f) <ocand 0 < E,(LP’Q) (f) < oo of Theorem 54 by
0< ng’q) (f) <ocand 0 < ng’q) (f) < oo respectively, then

—og® p (upeg(r)) i (4) T (g)
r—)oolog[pfl] M}:l (Mf (47“@)) O_ISP:‘J) (f)

Further if we replace the condition 0 < Eép ) (f) < oo of Theorem 54 by 0 <

U;Lp 2 (f) < oo, then Theorem 54 remains valid with “ limit inferior” replaced by “

limit superior”.

Remark 56. The same results of Theorem 48 to Theorem 54 for § = % and in
terms of maximum modulus of entire functions can also be deduced with the help

of the second part of Lemma 5.
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