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(L,%,®)-QUASIUNIFORM CONVERGENCE SPACES
INDUCED BY OPERATORS

Jung M1 Ko? AND YONG CHAN Kim P *

ABSTRACT. In this paper, we introduce quasiuniform convergence structure induced
by operators on ecl-premonoid (L, ¥, ®). Moreover, we obtain (L, %, ®)-quasiuniform
convergence structure induced by two (L, *, ®)-quasiuniform convergence structures
and gives their examples.

1. INTRODUCTION

Gaher [2,3] introduced the notions of fuzzy filters in a frame L. Hohle and Sostak
[4] introduced the concept of L-filters for a complete quasimonoidal lattice L. For
the case that the lattice is a stsc quantale, L-filters were introduced in [12]. Jager
[5-6] developed stratified L-convergence structures based on the concepts of L-filters
where L is a complete Heyting algebra. Yao [15] extended stratified L-convergence
structures to complete residuated lattices and investigated between stratified L-
convergence structures and L-fuzzy topological spaces. As an extension of Yao
[15], Fang [7-11] introduced L-ordered convergence structures and (pre, quasi,semi)
uniform convergence spaces on L-filters and investigated their relations. Ko and
Kim [13] introduced the (L, *, ®)-quasiuniform convergence spaces as an extension
of Fang’s uniform convergence spaces on ecl-premonoid in Orpen’s sense [14].

In this paper, we introduce quasiuniform convergence structure induced by op-
erators on ecl-premonoid (L, *,®) and gives their examples. Moreover, we obtain
(L, %, ®)-quasiuniform convergence structure induced by two (L, *, ®)-quasiuniform

convergence structures.
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2. PRELIMINARIES

Definition 2.1 ([14]). A complete lattice (L, <, L, T) is called a GL-monoid (L, <

, %, L, T) with a binary operation * : L x L — L satisfying the following conditions:
(Gl)ax T =a, foralla € L,

G2) axb=bxa, for all a,b € L,

G3)ax(bxc)=(axb)*c, for all a,b € L,

G4) if a < b, there exists ¢ € L such that b* c = q,

G5) ax Viep bi = Viep(a* bi).

We can define an implication operator:

a:>b:\/{c|a>kc§b}.

(
(
(
(

Remark 2.2 ([1, 4, 14]). (1) A continuous t-norm ([0, 1], <, %) is a GL-monoid.
(2) A frame (L, <,A) is a GL-monoid.

Definition 2.3 ([1, 4, 14]). A complete lattice (L, <, L, T) is called a cl-premonoid
(L, <,®) with a binary operation ® : L x L — L satisfying the following conditions:
(CLl) a<a®Tand a < T ®a, forall a € L,
(CL2)ifa<band c<d,thena®c<bOd,
(CL3) a® Vierbi = Vier(a © i) and V;cpa; ©b =V cp(a; ©b).
We can define an implication operator:

a—)b:\/{c]aé)cgb}.

Definition 2.4 ([1, 4, 14]). A complete lattice (L, <, L, T) is called an ecl-premonoid
(L, <,®, %) with a GL-monoid (L, <, *) and a cl-premonoid (L, <,®) which satisfy
the following condition:

D) (a®b)*(cod) < (a*xc)® (bxd), for all a,b,c,d € L.

An ecl-premonoid (L, <,®, *) is called an M-ecl-premonoid if it satisfies the fol-
lowing condition:

(M)a<a®aforall a € L.

In this paper, we always assume that (L,<,®,x*) is an ecl-premonoid unless

otherwise specified.

Lemma 2.5 ([1, 4, 13]). Let (L, <,®, *) be an ecl-premonoid. For each a,b,c,d,a;,b; €
L and for t€ {—,=}, we have the following properties.
(1) Ifb<c,thena®b<aGcandaxb<axc.
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(2)a®b<ciffa<b—c. Moreover,axb<ciffa<b=c.
(3) Ifb<c,thenatb<atcandcta<bta.

4D a<biffa=b=T

(5)a*b<a®b a—>b<a:>banda*(b® )< (axb)®c
6) (atb)o(ctd) <(a®c) T (b@d).

(7) (b1ec) <(a®b) T (a®c).

8) (btc)<(atd)t(atc)and(bta)<(atc)t(bTc).
(9) (b—c)<(atb)—(atec)and (bTa)<(a—c)—(b1c)
(10) a; 70 < (Njer ai) T (Ajer bi)-

(11) a; 10 < (Vier i) T (Vier bi)-

(12) (cta)* (b —d) < (a—b) = (cTd).

Definition 2.6 ([4, 13]). For LX = {f | f : X — L is a function}, a mapping
F:LX — Lis called an (L, *)-filter on X if it satisfies the following conditions:
(F1) F(Lx) =1L and F(Tx) =T, where Lx(z) =1, Tx(x) =T for x € X.
(F2) F(f * g) > F(f) * Flg), for each f,g € L,
(F3) if f < g, F(f) < (o).
The pair (X, F) is called an (L, x)-filter space. We denote by Fy(X) the set of all
(L, x)-filters on X.

Theorem 2.7 ([13]). Let U,V € F.(X x X). We define U o V : LX*X = L as

follows:
U ox V) (w \/{L{ v) |uov < w}
where wov(z, z) = \/yex(u(af,y) xv(y, 2)).
(1) uov = Lxxx impliesU(u) ®V(v) =L iff Uop V) € Fi(X x X).
(2) IfU(1p) = T where In(xz,2) =T and Ia(x,y) = L forz £y € X, Uold > U.
(3) [(z, )] ox [(, 2)] = [(x, z)].
(4) Asex[(@ )] ox Apex[(@, )] = Apex[(z; 2)].

Definition 2.8 ([13]). Amap A : Fi(X xX) — Lis called an (L, %, ®)-quasiuniform
convergence structure on X if it satisfies the following conditions:

QC1) A([(z,x)]) =T, for each x € X.

QC2) If U <V, then A(U) < A(V).

QC3) AU) O AV) < AUGYV).

QC4) AlU) © A(V) < AU op V) where U o V € Fi(X x X).

The pair (X, A) is called an (L, x, ®)-quasiuniform convergence space.

o~ o~~~
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An (L, *, ®)-quasiuniform convergence space is called an (L, x, ®)-uniform con-

vergence space if it satisfies the following condition;

(U) AU) < AUY) wheredH(u) = U(u™t) and u(z,y) = u(y,z) for x,y € X.

We say Aj is finer than Ay (or Ag is coarser than Aq) iff Ay < As.
We define At, A : Fi(X x X) — [0,1] as follows:

AT (W) = { T, #W>[(z,2)], Ve e X

1, otherwise. ALW) =T, YW € F.(X x X)
Then At (resp. A)) is the finest (resp. coarsest) (L, *, ®)-quasiuniform convergence
structure.

Let (X,Ax) and (Y, Ay) be (L, *, ®)-quasiuniform convergence spaces. A map
v (X, Ax) — (Y, Ay) is called quasiuniformly continuous if for all U € F, (X x X),

Ax(U) < Ay (¢ x ¢)= (U)).

3. (L, *,®)-QUASIUNIFORM CONVERGENCE SPACES
INDUCED BY OPERATORS

Theorem 3.1. Let M : F,(X x X) — LI e maps satisfying the following
conditions:

(M1) M([(z,x)]) T [(z,2)] = T, for each € {—,=} and x € X.

(M2) IfU <V, then M(U) > M (V).

(M3) MUOV) < MU)© M(V).

(M4) M(U ox V) < M(U) oc M(V).

For each 1€ {—, =}, we define a map AMT: F,(X x X) — L as follows:

ATy = N (M) TUw).
ueLXXX

Then the following properties hold.

(1) AMT is an (L,*,®) quasi-uniform convergence structure.

(2) If v : (X,Mx) — (Y,My) is a map such that My ((¢p x )7 U))(v) <
MxU) (1 x %) () for each U € Fu(X x X), then ¢ = (X, A¥T) = (Y, A¥T) is

quasi-uniformly continuous.
Proof. (1) (QC1) Since M([(z, z)]) T [(z,z)] = T,
A (@) = A (M([(@,2)(w) 1 [(z,2)](w) = T.

u€LX XX
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(QC3) For each U,V € F,(X x X), by Lemma 2.5(6),
AMT () & AMT(V)
= (Aueprx (M) () 1 U)) © (Avemﬂ V) > V()

< Nuerxnx Averox ((M@)() 1 U(w) © (MOV)(0) 1 V()
< Nuerxox Ao M(M)(u)@M( ><> <u>@ V(v)
< Nuerox (M@U)(u) © MV)(w) 1 U(u) © V(w))

< Aepsex (MUOV)(@) T U © v>< >)
=AM U oV).
(QC4) For each U,V € Fi(X x X), by Lemma 2.5(6),
AU 0p V)
= Auepxex (MU oo V)() T U oo V)())
> Aepxr ((MU) 0o M(V)(u) T U 05 V)(u >)
> Nueros (Vigou<a M) () © MV)(u2) 1 U 06 V)(w))
= Nuerx Nuomsza (MU (w) © <><u> <uo@v>< >)
M(U) () © M(V)(uz) T U(ur) © V(us))
(MU)(w) T Ulur)) @ <M< () T V(1))
1U))) © (Appepros (M) (u2) +V(u2)))

> /\uELXXX /\u1oug<u

- /\ulGLXXX /\UQELXXX

/N

= </\u1€LX><X Ul)
= AMT(U) © AMT(V).

(2) For each U € F,(X x X), by Lemma 2.5(8),
AU >¢AMT<<wxw> ( )
> (/\uELxXx (M (U) () T U(w)))
1 (/\UemY(MY«w x w ) w) T (@ x ¥)= U)()))
> (Aerror (Mx@)((6 x 9)(0) TU x $)* () 1
(Averyor My (¥ x )7 @) T (6 x 1) W) v)))
> Averrr ((Mx@)((¥ x 9)(0) TU( x ) (©)))
(My (¥ x )7 U)) () TU(W x ¥)(©))
> Apeprr (My (6 X 9)7 @) (0) T Mx@)((# x )= ().

Since My ((¢ x )~ (U))(v) < Mx (U)((¢ x )< (v)) for each v € LYY U € F (X x
X), by Lemma 2.5(4),
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A (M x ) @) w) = Mx@)((@ x ) (0))) = T.

veLY XY
Hence AYTU) = AT((¢ x )= U)) = T. Thus ¢ : (X,AY") = (V,AYT) is
quasi-uniformly continuous. O

Example 3.2. Let (L = [0,1],<,®,%,0,1) be an M-ecl-premonoid. Let a map
Mx : Fo(X x X) — [0,1]00% defined as Mx (U) = A\, cx (2, 2)].
(1) Let (L =10,1],<,A,%,0,1) be an M-ecl-premonoid. Since
Mx(U) = N [(z,2)] < [(z,2)],

zeX
MxUOV) = Npexl(@:2)] < Apex(@,2)] © Apex((z, )] = Mx (U) © Mx (V) and
(Mx (U) op Mx(V))(u) = Mx (U)(u) © Mx(U)(14)

= Nl 2o A l@o)da) = N @ o)w),

zeX zeX zeX
it satisfies the following conditions (M1), (M2) and (M3). For each t€ {—,=1},
ATy = A (Al o)l ru@) = N\ (N wle,2) tUw).
u€LX*XX zeX weLXXX xeX

Then AMXT is an (L, *, ®)-quasi-uniform convergence structure.

Let ¢ : (X, Mx) — (Y, My) be a map with My (V) = A cy[(y,y)] for all V €
F(Y x Y). Since My (¥ x $)=@U)(©) = Ayey v(1:9) < Apex v(6(), v(x)) =
MxU)((¢p x ) (v)) for each v € LY*Y then v : (X,AMxT) — (Y, AM¥T) is
uniformly continuous.

Example 3.3. Let X = {a,b,c} be a set and (L = [0,1], <,A,%,0,1) an M-ecl-
premonoid with a * b = (a +b— 1) V0. Put u € [0, 1]X*X as follows:
u(a,a) =u(b,b) =1,u(c,c) =04, u(a,b) =u(b,a)=0.6,
u(a, c) = u(c,a) = 0.5,u(b, c) = u(c,b) = 0.4.

Define [0, 1]-filter as U : [0, 1]X*X — [0, 1] as follows:

1, ifw> 1A,

Uw) =< 0.2, ifu<wPlap,

0, otherwise.
Since vo la = v, we obtain U o =U =U" and 0.2 = U(u) < [(¢,0)](u) = 0.4.
Put Mx(W) =U for all W € F,(X x X). Then Mx satisfies the conditions (M1)-

(M4). For each 1€ {—,=}, we obtain an (L, *, A) uniform convergence structure
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AMXT F (X x X) — [0,1] as follows:

AMTON) = Ayepxox (Mx (W) (0) T W(v)) = Ayepxax (V(0) TW(0))
ATV = Agepoos (Mx (W1 () T W Hv))
= Noerxxx (V) TWH0)) = Ayepocx V7Ho) T W)
= Averxxx (V™) T W(v™h) = AMXT(W)

where a = b= (1—a+b) A1l and

b 1, ifa<hb,
TV T b, ifa g

Example 3.4. Let X = {a,b,c} be a set, (L =[0,1],<,®,*,0,1) an ecl-premonoid
with axb=a-b, a®b=as -b3 and u € [0, 1]X*X defined as follows:
u(a,a) = u(b,b) = u(c,c) =1, u(a,b) =0.5,u(b,a) = 0.6,
u(a, c) = u(e,a) = 0.5,u(b,c) = 0.6,u(c,b) = 0.4.
xX

Define [0, 1]-filter as U : [0, 1]X*X — [0, 1] as follows:

17 if w= 1X><X7
Uw) =< 0.6", ifu” <wPFu"tneN,
0, otherwise.
where "1 = " % u and ©¥ = 1y« x.

Since u” o u™ = u", we obtain

1, if w= 1X><X7
U oo U)(w) =< 0.6"©0.6", ifu<wP}u"tneN,,
0, otherwise.
1, ifw=1xxx,
UU)(w) =L 0.6"®0.6", ifu"<wPu"lnecN,
0, otherwise.

Put Mx(W) =U for all W € F, (X x X).
(1) Let (L =[0,1],<,A,%,0,1) be an M-ecl-premonoid with a x b = a - b with

Lpe 1, ifa<hb, e 1, ifa<b,
T dfagh, TV T\ b, ifagd.
Since UopU = UNU = U, M satisfies the conditions (M1)-(M4). For each t€ {—,=
}, we obtain an (L, *, A) quasi-uniform convergence structures AMxT : F (X x X) —

[0,1] as follows:

a’

AMXT(W) = /\veLXXX
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So, we have

1 if 0.6" < W(u"),VYn € N
AMX:> — ) " I
W) { W) i 0.6 £ W(un),

1, if 0.6" < W(u"),Vn € N

W(u"), if 0.6" £ W(u™).

Since 1 = AMXx=7(@U) = 0.6 — U(u) £ AM>=U) = 0.6 — Uu™) = 0.6 —
0.36 = 0.36, AMx~ is not an (L, *, A) uniform convergence structure on X. Since
1= AMX=U) = 0.6 = U(u) £ AMX=U™1) = (0.6 = U(ut)) = L, AMx™ is not
an (L, *, A\) uniform convergence structure on X.

Let ¢ : (X, M%) — (Y, M;f(x)) be a map with My (V) = (¢ x )7 (U) for all
V€ F(Y xY). Then My (1 x %)= U)(v) = (¥ x )= (U) (v) = U(( x ) (v)) =
Mx (U)((¢ x 1) (v)) for each U € Fy(X x X). Thus ¢ : (X, AMxT) — (Y, AMxT) is
uniformly continuous.

(2) Let (L =10,1],<,®,%,0,1) be an M-ecl-premonoid with axb=a-b, a ©b =

a3 - b3 with

A= (W) = {

L, L ife<d 0 [ ifa <b,
CTUEUL ifagn, TTTUT (&), ifagh.

We obtain an (L, *, ®) quasi-uniform convergence structures AMx= AMx—= . F (X x
X) — [0, 1] as follows:

a’

1 if 0.6" < W(u"),¥n € N
/X]\4X:> = ] n ’
V) { W) if 0.6 £ W(u),
1 if 0.6" < W(u"),¥n € N
AM)(% — Y n s
W { (WGr))s, 3£ 0.6" £ W(un).

Theorem 3.5. Let Ay and Ay be (L, *,®)-quasi-uniform convergence spaces on X .
We define a map A1 ©x Ay : Fo(X x X) — L as follows:

(A1 ©x M) (U) = \/{ A1 (Uh) © Ao (Uho) | Uy % Uy < U

Then A1 ®xAg is an (L, *, ®)-quasi-uniform convergence space on X which is coarser
than Ay and Aa. Moreover, A1, Ao is the finest (L, *, *) -quasi-uniform convergence

spaces on X which is coarser than A1 and As.
Proof. (QUC1) Since [(z,z)] * [(z, x)] < [(z,x)],
(A1 O« Ao)([(z, 2)]) = Ma([(w,2)]) © A ([(,2)]) =T
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Since (Uy © V1) * (U © Vo) < (Uy xUs) © (V1 * Va),

(Al (OM AQ)(U) ® (A1 (OM AQ)(V)

= V{A1(Uh) © Ao(Ue) | Uy x Uz <UL O V{AL1(V1) © A2(V2) [ V1% V2 <V}
= V{A1(Uh) © Ao (Uz) © Ai(V1) © Aa(Va) | Uy x Uy S UV % Vo <V}

< VA{AL(U) © Aa(U) © Ai(V1) © Ao(Va) | Ur xUs S U V1 % Vo <V}
<SV{A (UL OV) O AU © Vo) | (U O V1) * (U © Vo) SU OV}

< (A O A)UBY).

Since (Uy o V1) * (U2 0p Va) < (Uy *Usz) o (V1 % Va),

(A1 Ok A2)(U) © (A1 Ok A2)(V)

= V{A(U) © Aa(Ue) [ Uy xUs <UY O V{A1 (V1) © Aa(Va) | V1 % Vo < V)
= \/{Al(ul) ® AQ(UQ) ® Al(Vl) ® AQ(VQ) | U xUs <U, V1 % Vo < V}

< VA{AL(U) © Aa(U) © Ai(V1) © Ao(Vo) | Uy xUs S U V1 % Vo <V}

< V{A1 (U 0o V1) © Aa(Us 0p V) | (Ur 0 V1) * (Uz 06 V2) < U o V}

< (A1 Ok A2)(U 06 V).

Since U * [(z,x)] < U, then (A1 O« A2)(U) > A1(U) © Ao([(z,x)]) = AL (U).
Similarly, A1 ©®s Ay > As.
If ®=xand A; <A for i € {1,2}, we have Aq *, Ay < A from:

(A1 Ky AQ)(U) = \/{Al(ul) * AQ(UQ) ‘ Z/fl *Z/{Q S U}
< VAW * AUs) | Uy +Us <UY < AW).
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