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SOME INEQUALITIES FOR THE WEIGHTED CHAOTICALLY
GEOMETRIC MEAN

SILVESTRU SEVER DRAGOMIR ®P

ABSTRACT. In this paper we obtain some new inequalities for the weighted chaoti-
cally geometric mean of two positive operators on a complex Hilbert space.

1. INTRODUCTION

For positive operators A and B consider the weighted arithmetic and chaotically
geometric means

AV,B:=(1—a)A+aB

and

AQoB :=exp[(l1 —a)ln A+ aln B|
with a € [0,1].
We recall that Specht’s ratio is defined by [6]

1
— B ifhe (0,1)U(1,00),
eln( hh—T
(1.1) S(h) = ( )
1if h=1.
It is well known that limj_,; S(h) =1, S(h) = S(3) > 1 for h > 0, h # 1. The
function is decreasing on (0,1) and increasing on (1,00).
It has been shown in [4] that, if 0 < mI < A, B < M1, for some scalars m < M
and h := %, then

(1.2) S~ (h) AQuB < AV,B < S (h) AO.B
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for any « € [0, 1], where I is the identity operator.
With the same assumptions for A and B we also have the additive version ob-
tained in [5]

(1.3) —L(m,M)InS (h)I < AVyB — A0oB < L(m,M)InS (h)I,
where
1n%:ﬂllm’ lfM?ém’
L(m,M) :=
M, if M #m

is the logarithmic mean.
Motivated by these results, we establish in this paper other inequalities involving
the chaotically geometric mean.

2. THE RESULTS

‘We have:

Theorem 2.1. If 0 < ml < A, B < M1 for some scalars m < M, then

2
1 2
< L(m, M) (InAVa B+ U (m, M) 1) - <\/M - \/m) I~ AOuB
2
< = _
S WM —om InAVoIn B —InG (mM)I|,
where
InM— M1
U(m,M)::mn nm,G(m,M)::\/nTM
M—m
and

ImAV,InB=(1-—a)lnA+alnB.

Proof. Recall the following result obtained by Dragomir in 2006 [1] that provides a

refinement and a reverse for the weighted Jensen’s discrete inequality:

_ N 1o
n  min }{pj} ﬁZCID(a:j)—(P EZ%
j=1 j=1

je{1,2,...n

1 — 1 —
(2.2) <5 > pi®(z) - B > pjx;
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1< 1<
<n max {p;}|— P(xj))—d [ — T; ,
ey b | = | D3

where ® : C — R is a convex function defined on convex subset C of the linear
space E, x1,...,x, are vectors in C' and pq,...,p, are nonnegative numbers with
P, = Z’? 10 > 0.

For n = 2, we deduce from (2.2) that

(2.3) 2 min {v,1 — }{@( ) @(x;yﬂ
<v®(z)+ l—v<1>(y) <I>[ +(1-v)yl
< 2max{r,1 - v} [q)(w . @(T)}
for any z,y € R and v € [0,
If we take @ (z) = exp (x ), then we get from (2.3)
(2.4) 2min {v,1 — v} [eXp () ;eXp W) _ oxp (T)}
<wvexp(z) + (1 —v)exp(y) —exp vz + (1 —v)y]

a1 -0} [exp (z) —;—exp W exp (x + y)]

for any z,y € R and v € [0, 1].
Let 0 <m < M and take x =In M and y = Inm to get

(2.5) 2min{v,1 —v} <m—|2—M — \/'mM)
<vM+(1—-v)m—expvln M+ (1 —v)lnm]
<2max{r,1— }<m+M \/mM>

for any v € [0, 1].
Let z € [lnm,In M] and take v € [0,1] such that vInM + (1 —v)lnm = z,

z—Inm
namely v = ;

nM—-Inm"
Since
1 1 1 z—1Inm 1
. 1_ I N U S 1
min {v,1 - v} 2~ ¥ 2' 2 |mM—Inm 2‘
1 1
= O T M o PG (mM)]
and )
max {v,1 —v} = |z —InG (mM)|
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then by (2.5) we have
2

(2:6) 3 (VAT =) (1 "W —Tom

z—1Inm . InM -z
" InM—-Inm InM—1Inm

<5 (VAT vy (14 e -G )

InM —
for any z € [Inm,In M].
If X is a selfadjoint operator with Sp (X) C [Inm,In M], then by (2.6) we have

(2.7) % (VaI - \/@2 (I 2

u—hmmme)

m — exp z

" InM—1nm
X —Inml n InMI - X
“InM—-Inm InM —1Inm

%(\/M_\/E)Q (I—{_lnj\filnm |X—1nG(mM)I|> .

\X—lnG(mM)I])

m —exp X

IN

X —Inml InMI - X

WM —lom . WM —Tom "

. M-m minM — MInm

 InM —1nm + InM —1Inm
minM — MlInm

:L(m,M)<X+ - I)

=L(m,M)(X4+U(Mm,M)I),

then by (

2.7) and (2.8) we get
(2.9) ;(¢M—¢Rf<1 QIWJX—mewﬂH>
<

~InM —1In
L(m,M)(X+U(m,M)I)—expX

<§(m‘m)2<”mzw_m

that is equivalent to

2 ]X—meMﬂo,
m

2

InM —1Inm

<L(m,M)(X+U(m,M)I)
2

< =

“InM-—-Inm

This inequality is of interest in itself.

(2.10) |IX —InG (mM)I|

—%(\/M—\/%y]—epr

X —InG (mM)I].
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If we take X =In AV, In B, a € [0,1], then Sp (X) C [lnm,In M] and by (2.10)
we get the desired result (2.1). O

We also have:

Theorem 2.2. With the assumptions of Theorem 2.1 we have

(2.11) 0<L(m,M)(InAVyInB+U (m,M)I)— A0.B
<L(m,M)(InMI—-InAV,InB)(In AV,In B —InmI)

1
< Z(lnM—lnm) (M —m)l,
for any o € [0,1].

Proof. We use the following inequality for convex functions, see for instance [2]: If
the function f : I C R — R is a differentiable convex function on I , then for any
a,be I and v € [0,1] we have
(2.12) 0<(1-v)f(a)+vfd) —f((1—-v)a+urvd)
<v(l-v)(b-a)[f ()~ f(a)].
If we write this inequality for the convex function f (z) = exp (z), then we have
(2.13) 0<(l—-v)expa+vexpb—exp((l1—v)a+vb)
<v(l—v)(b—a)lexpb—expal,
for any a,b € R and v € [0,1].
Let 0 < m < M and take b =1In M and a = Inm to get
(2.14) O<vM+(1—-v)m—explvlnM + (1 —v)Ilnm)|
<v(l—v)(InM —Inm) (M —m).

Let z € [Inm,In M| and take v € [0, 1] such that vIn M + (1 — v) Inm = z, namely

v= lnz]‘}l% Then by (2.14) and upon some simple calculations we get

0<L(m,M)(z+U(m,M))—expz<L(m,M)(InM — z)(z —Inm)

for any z € [Inm,In M].
Since

(InM —z)(z—Inm) < = (In M —Inm)?,

> =
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then we have
(2.15) O0<L(m,M)(z+U(m,M))—expz<L(m,M)(InM — z) (2 —Inm)
< i(lnM—lnm) (M —m)

for any z € [Inm,In M].
If X is a selfadjoint operator with Sp (X) C [Inm,In M|, then by (2.15) we have

(2.16) 0<L(m,M)(X+U(@m,M)I)—expX
< L(m,M)(InMI — X) (X —Inml)
S%(lnM—lnm) (M —m)I,

which is an inequality of interest in itself as well.
If we take X =In AV, In B, a € [0, 1], then Sp (X) C [Inm,In M| and by (2.16)
we get the desired result (2.11). O

We also have:

Theorem 2.3. With the assumptions of Theorem 2.1 we have

(2.17) %m(lnAVa InB—Inml)(InMI—-1InAV,InB)
<L(m,M)(InAVyInB+U (m,M)I) — AQ.B
< %M(lnAValnB —InmI)(In MI —1In AV,InB),

for any o € [0,1].

Proof. We use the following result for twice differentiable functions, see for instance
[3]:

Let f: I C R — R be a twice differentiable function on the interval I, the interior
of I. If there exists the constants d, D such that

(2.18) d< f"(t)<Dforanytel,

then

(2.19) “v(l=v)db—a)?<A—v)f(a)+vf®)—f((1—-v)a+vb)
< %y(l—u)D(b—a)Q

for any a,b € I and v € [0,1] .
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If we write this inequality for the convex function f (z) = exp (x), then we have

(2.20) %y (1= ) (b— a)? exp (min {a, b})
<(1-v)expa+vexpb—exp((1 —v)a+vbd)
< %1/ (1 —v) (b— a)? exp (max {a,b}),

for any a,b € R and v € [0,1].
Let 0 < m < M and take b=1In M and a = Inm to get

1
(2.21) §U(1—I/) (In M —Inm)*m
<(1—-v)m+vM—exp((1 —v)lnm+vinM)
1
< 51/(1—1/) (In M —Inm)* M,

for any v € [0,1].
Let z € [Inm,In M]. If we take v = 52 € [0, 1], then we get

(2.22) %(z —tnm) (In M — 2)m < L (m, M) (= + U (m, M)) — exp =
< %(z —Inm)(InM — z) M,

for any z € [Inm,In M].
If X is a selfadjoint operator with Sp (X) C [Inm,In M], then by (2.22) we have

(2.23) %m (X —InmI) (In MI — X) < L (m, M) (X + U (m, M) I) — exp X
< %M(X “nml) (in MT — X)),

which is an inequality of interest in itself as well.
If we take X =In AV, In B, o € [0,1], then Sp (X) C [Inm,In M] and by (2.23)
we get the desired result (2.17). O

Remark 2.4. Since
(InAVyInB —Inml)(InMI —InAV,InB) < i (InM —Inm)?1,
then from (2.17) we get the following simpler upper bound
(2.24) L (m, M) (In AVaIn B+ U (m, M) T) — AQuB < éM (In M — Inm)> .
In [7], M. Tominaga obtained the following reverses of Young’s inequality

(2.25) (a0 <)(1—v)a+vb< S (%) a7y
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and
(2.26) 0<)(1—v)a+vb—a"0 <L(a,b)ns (%)
for any a,b > 0 and v € [0,1].

Theorem 2.5. With the assumptions of Theorem 2.1 we have

(2.27) (A0uB <)L (m,M)(InAV,InB+U (m,M)I) < S <A7r{> AOy.B
and
(2.28) (0<)L(m,M)(InAV,nB+U (m,M)I)— AQ,B

m

M
§L(m,M)lnS<)I
for any o € 0,1].
Proof. For 0 < m < M we have by (2.25) that
m 1—vjp v M
. — < — = — —
(2.29) (1 V)m—l—VM_S<M>m M S<m>exp((l v)lnm+vinM)

for any v € [0,1].
Similarly,
(2.30) (I1—=v)ym+vM —exp((1—v)lnm+vinM) < L(m,M)InS <J\WJL>
for any v € [0, 1].
Let z € [Inm,In M]. If we take v = hf*& € [0,1] in (2.29) and (2.29) then

M—Inm
we get
(2.31) L(m, M) (= + U (m, M)) < S (J‘nf) exp 2
and
(2.32) L (m, M) (z + U (m, M)) — expz < L (m, M)In S (%)

for any z € [Inm,In M].
If X is a selfadjoint operator with Sp (X) C [lnm,In M], then by (2.31) and
(2.32) we have
(2.33) L(m,M)(X—I—U(m,M)I)§S<Aﬂf>epr
and

(2.34) L(m,M)(X +U (m,M)I)—expX < L(m,M)InS <M> I,

m
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which are inequalities of interest in themselves.
If we take X =In AV, In B, a € [0, 1], then Sp (X) C [lnm,In M] and by (2.33)
and (2.34) we deduce the desired results (2.27) and (2.28). O

REFERENCES

1. S.S. Dragomir: Bounds for the normalized Jensen functional. Bull. Austral. Math. Soc.
74 (2006), no. 3, 417-478.

2. S.S. Dragomir: A note on Young’s inequality. Rev. R. Acad. Cienc. Exactas Fis. Nat.
Ser. A Mat. RACSAM 111 (2017), no. 2, 349-354. Preprint RGMIA Res. Rep. Coll. 18
(2015), Art. 126. [Onlinehttp://rgmia.org/papers/v18/v18a126.pdf] .

3. S.S. Dragomir: A note on new refinements and reverses of Young’s inequality. Transylv.
J. Math. Mech. 8 (2016), no. 1, 45-49. Preprint RGMIA Res. Rep. Coll. 18 (2015), Art.
131. [Online http://rgmia.org/papers/v18/v18a131.pdf].

4. M. Fujii, S.H. Lee, Y. Seo & D. Jung: Reverse inequalities on chaotically geometric
mean via Specht ratio. Math. Inequal. Appl. 6 (2003), no. 3, 509-519.

5. M. Fujii, J. Miéi¢, J. Pecaric & Y. Seo: Reverse inequalities on chaotically geometric
mean via Specht ratio, II. J. Inequal. Pure Appl. Math. 4(2) 2003 Art. 40.

6. W. Specht: Zer Theorie der elementaren Mittel. Math. Z. 74 (1960), 91-98.

7. M. Tominaga: Specht’s ratio in the Young inequality. Sci. Math. Japon. 55 (2002),
583-588.

“MATHEMATICS, COLLEGE OF ENGINEERING & SCIENCE, VICTORIA UNIVERSITY, PO Box 14428,
MELBOURNE CiTY, MC 8001, AUSTRALIA
Email address: sever.dragomir@vu.edu.au

bScHOOL OF COMPUTER SCIENCE & APPLIED MATHEMATICS, UNIVERSITY OF THE WITWATER-
SRAND, PRIVATE BAG 3, JOHANNESBURG 2050, SOUTH AFRICA
Email address: sever.dragomir@vu.edu.au



