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A FIXED POINT APPROACH TO THE STABILITY OF 3-LIE
HOMOMORPHISMS AND 3-LIE DERIVATIONS

SIRILUK PAOKANTA ® AND JUNG RYE LEEP*

ABSTRACT. Using the fixed point method, we prove the Hyers-Ulam stability of
3-Lie homomorphisms and 3-Lie derivations in 3-Lie algebras for Cauchy-Jensen
functional equation.

1. INTRODUCTION AND PRELIMINARIES

The stability problem of functional equations originated from a question of Ulam
[15] concerning the stability of group homomorphisms. Hyers [8] gave a first affir-
mative partial answer to the question of Ulam for Banach spaces. Hyers’ Theorem
was generalized by Aoki [1] for additive mappings and by Rassias [14] for linear
mappings by considering an unbounded Cauchy difference. A generalization of the
Rassias theorem was obtained by Gavruta [7] by replacing the unbounded Cauchy
difference by a general control function in the spirit of Rassias’ approach.

A Lie algebra is a Banach algebra endowed with the Lie product

[w,y] = (wy ; yl‘) )

Similarly, a 3-Lie algebra is a Banach algebra endowed with the product

_ |z ylz = z[z,y
) 2] o= =2l
Let A and B be two 3-Lie algebras. A C-linear mapping H : A — B is called a 3-Lie

homomorphism if
H([[x,y], 2]) = [[H(x), H(y)], H(z)]
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for all x,y,z € A. A C-linear mapping D : A — A is called a 3-Lie derivation if

D([l2,),21) = ID@), 91, 2] + [l2, D)), 2] + [l ), D(2)]

for all z,y,2z € A (see [17]).

We recall a fundamental result in fixed point theory.

Theorem 1.1 ([2, 5]). Let (X,d) be a complete generalized metric space and let
J : X — X be a strictly contractive mapping with Lipschitz constant o < 1. Then

for each given element x € X, either
d(J"z, J" ) = oo

for all nonnegative integers n or there exists a positive integer ng such that
(1) d(J"x, J"x) < oo, Yn > no;

(2) the sequence {J"x} converges to a fized point y* of J;

(3) y* is the umque fized point of J in the set Y = {y € X | d(J™x,y) < co};
(4) d(y,y*) < 25d(y, Jy) for ally €Y.

In 1996, Isac and Rassias [9] were the first to provide applications of stabil-
ity theory of functional equations for the proof of new fixed point theorems with
applications. By using fixed point methods, the stability problems of several func-
tional equations have been extensively investigated by a number of authors (see
3,4, 6,12, 13)).

Throughout this paper, we suppose that A and B are two 3-Lie algebras. For

convenience, we use the following abbreviation for a given mapping f: A — B

(BT i) + T )+ (BT )

D,uf(l‘aya ) _f 2

—2uf(x) —2uf(y) — 2uf( )

forall p € T':={A € C: |\ =1} and all z,y,2 € A.
Throughout this paper, assume that A is a 3-Lie algebra with norm || - || and that

B is a 3-Lie algebra with norm || - ||.

2. STABILITY OF 3-LIE HOMOMORPHISMS IN 3-LIE ALGEBRAS

We need the following lemmas which have been given in for proving the main

results.
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Lemma 2.1 ([16]). Let X be a uniquely 2-divisible abelian group and 'Y be linear
space. A mapping f: X — Y satisfies

@) S+ fC )+ L ) =20 (@) + ) + ()

forall xz,y,z € X if and only if f : X — Y is additive.

Lemma 2.2 ([10]). Let X and Y be linear spaces and let f : X — Y be a mapping
such that

(2.2) D,f(x,y,2) =0

for all p € T' and all x,y,z € A. Then the mapping f : X — Y is C-linear.

Using the fixed point method, we investigate the Hyers-Ulam stability of 3-Lie

homomorphisms in 3-Lie algebras associated to the functional equation (2.1).

Theorem 2.3. Let ¢ : A3 — [0,00) be a function such that there exists an L < 1

with

(2.3) o (z.y,2) < 2L (3,4,2)

for all z,y, 2 € A. Suppose that f : A — B is a mapping satisfying
(2.4) I1Duf (@, y,2)|| < (2, y, 2),

(2.5) 10,91, 2D) = [F@), S S < ol 2)

for all € T and all x,y,z € A. Then there exists a unique 3-Lie homomorphism

H : A — B such that

1
(2.6) If(z) = H(z)| < m@(%%x)

forallxz € A.

Proof. Letting p =1 and x =y = z in (2.4), we get

(2.7) 13f(22) = 6f(2)|| < oz, 2,2)
for all x € A.
Consider the set
S:={g9:A— B, ¢(0)=0}

and introduce the generalized metric on S:
d(g,h) =inf{p € Ry : |lg(z) — h(@)|| < po (z,2, %), Vo € A},

where, as usual, inf ¢ = 400. It is easy to show that (S, d) is complete (see [11]).
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Now we consider the linear mapping J : S — S such that

1
To(a) := 50 (22)
for all z € A.
It follows from (2.7) that

o) ja20

1
< g¢(@,2,2)

for all z € A.
Let g,h € S be given such that d(g,h)) = e. Then

lg(z) = h(z)|| < ep(z,z,2)

for all z € A. Since
1 1
H2g (20) — Ln(22)

for all z € A, d(Jg,JJh) < Le. This means that
d(Jg, Jh) < Ld(g,h)

1
< S (2x,2z,2z) < Lep (v, x, x)

for all g,h € S.
It follows from (2.7) that d(f,Jf) < 3.
By Theorem 1.1, there exists a mappings H : A — A satisfying the following:
(1) H is a fixed point of J, i.e.,
1
(2.8) H(x) = §H(2x)
for all z € A. The mapping H is a unique fixed point of J. This implies that H is
a unique mapping satisfying (2.8) such that there exists a pu € (0, 00) satisfying
If(x) = H(@)[ < pep(a,z,2)

for all x € A;
(2) d(J'f,H) — 0 as | — oo. This implies the equality

1 !
S ?f (2 x) = H(z)
for all x € A;
(3) d(f, H) < {2£d(f, Jf), which implies

1
|f(z) — H(z)| < m@ (z,z,7)

for all z € A. Thus we get the inequality (2.6).
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It follows from (2.3) that

1
1Dt (z,y, 2)l| = lim oDy f (2", 2%y, 2"2)]|

n—o0

. 1
< lim 274,0(2”3:,2"2/, 2"2) =0

for all z,y,z € A and all p € T'. So D,H (z,y,z) = 0 for all p € T' and all
z,y,2z € A. By Lemma 2.2, the mapping H : A — B is C-linear.
It follows from (2.5) that

1H ([, 9], 2]) — [[H (), H(y)], H(2)]|
= Tim [ (2", 2", 2°2)) — [[f(2"2), £2"9)], £(2"2)]]

n—oo 8N
1 1
< s n n n < : n n n —
_nh_I)lgo—Sngp(Q x,2"y,2"z) _7}51;0—271@(2 x,2"y,2"2) =0

for all z,y,2z € A. Thus

H([lz,y], 2]) = [[H (2), H(y)], H(2)]

for all x,y,z € A.
Therefore, the mapping H : A — B is a 3-Lie homomorphism. O

Corollary 2.4. Let 0,1 be positive real numbers with r < 1. Suppose that f : A — B

s a mapping such that

(2.9) 1Dt (2,y, 2) || < Oz + llyll" + [I=["),

(2.10) ([, w], 2D) = [[F @), F] F@)E < 0=l + Nyl + l12]1")

for all i € T and all x,y,z € A. Then there exists a unique 3-Lie homomorphism
H : A— B such that

(2.11) 1f(z) — H(z)|| <
forallx € A.

el

Proof. The proof follows from Theorem 2.3 by taking L = 2"~ and ¢(x,y,2) =
Ozl + [lyll" + [|2[]") for all z,y, z € A. O

Theorem 2.5. Let ¢ : A3 — [0,00) be a function such that there exists an L < 1
with

(2.12) @ (f Y 7) < §¢(w7y,z)
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for all x,y,z € A. Suppose that f: A — B is a mapping such that

”D,Lbf(x7y> Z)HB S (P(l’,y, Z),

1 ([, o], 2]) = [[f (@), fFW)], F(2II < 2y, 2)

for all € T and all z,y,z € A. Then there exists a unique 3-Lie homomorphism
H : A— B such that
L
(2.13) [f(z) — H(z)|| < mﬂmax’x)
forallxz € A.

Proof. Let (S,d) be the generalized metric space defined in the proof of Theorem
2.3.
Now we consider the linear mapping J : .S — S such that

Jg(z) :=2g (%)

for all x € A.
It follows from (2.7) that
x 1 /2 oz x L
oG5 s
lr@—21(5)| <50 (5 5:3) < gel@a.a)
for all z € A.
The rest of the proof is similar to the proof of Theorem 2.3. O

Corollary 2.6. Let 0r and q3 be non-negative real numbers with v > 1. Suppose
that f : A — B is a mapping satisfying (2.9) and (2.10). Then there exists a unique
3-Lie homomorphism H : A — B such that

(2.14) If(2) = H(z)|| <

for all x € A.

el

Proof. The proof follows from Theorem 2.5 by taking L = 2'™" and ¢(z,y,2) =
Oz + [lyll" + [|=[]") for all z, y, z € A. O

3. STABILITY OF 3-LIE DERIVATIONS ON 3-LIE ALGEBRAS

Using the fixed point method, we investigate the Hyers-Ulam stability of 3-Lie

derivations in 3-Lie algebras associated to the functional equation (2.1).
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Theorem 3.1. Let ¢ : A3 — [0,00) be a function satisfying (2.3). Suppose that
f:+A— A is a mapping satisfying

1Duf (2,y, 2) |l < ¢(2,y,2),

B0 [yl 2) = [[F (@), s 2] = ([, F()], 2] = ([, 0], F < e, 9, 2)

for all p € T' and all x,y,2 € A. Then there exists a unique 3-Lie derivation
D : A — A satisfying (2.6).

Proof. By the proof of Theorem 2.3, there exists a unique C-linear mapping D :
A — A satisfying (2.6) and

D(x) = Tim _f(2"z)
for all 2 € A. Tt follows from (3.1) that
1Dl D = 10(6), 3]~ s, D), 2 = 31, D
= lim (12, 2], 2°2) ~ [[£(2"0), 2", 272] — [0, f(2")], 2"2] ~ [[2", 2], £(2"2) |

1
< lim 8—g0(2”x,2"y,2"z) =0

n—oo

for all x,y,z € A. So

D([[z, y],2]) = [[D(2),y], 2] + [[z, G(W)], 2] + [z, 9], D(2)]
for all x,y,z € A. Therefore, the mapping D : A — A is a 3-Lie derivation. O
Corollary 3.2. Let 0,1 be positive real numbers with r < 1. Suppose that f : A — A

is a mapping satisfying (2.9) and (2.10). Then there exists a unique 3-Lie derivation
D : A — A satisfying (2.11).

Theorem 3.3. Let ¢ : A3 — [0,00) be a function satisfying (2.12). Suppose that
f:A— A is a mapping satisfying
||D/ﬁf($7 Y, Z)H S ¢(5Ua Y, Z)’
||f([[x,y], Z]) - Hf(x)7y]a Z] - HCL’, f(y)]a Z] - Hxay]v f(z)]H < Q/)(IE,y, Z)

for all p € T' and all x,y,2 € A. Then there exists a unique 3-Lie derivation
D : A — A satisfying (2.13).

Proof. By the proof of Theorem 2.5, there exists a unique C-linear mapping D :
A — A satisfying (2.13) and
D(z):= lim 2"f ( —)

n—o0
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all z € A.
The rest of proof is similar to the proof Theorem 3.1. U

Corollary 3.4. Let 0,7 be non-negative real numbers with r > 1. Suppose that

f:

A — B is a mapping satisfying (2.9) and (2.10). Then there exists a unique

3-Lie derivation D : A — A satisfying (2.14).
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11.
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