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(L,%,®)-QUASIUNIFORM CONVERGENCE SPACES

Jung M1 Ko? AND YONG CHAN Kim P *

ABSTRACT. In this paper, we define the notion of (L, *,®)-quasiuniform conver-
gence spaces on ecl-premonoid. From (L, *, ®)-quasiuniform structures, we can ob-
tain various (L, *, ®)-quasiuniform convergence structures and give their examples.

1. INTRODUCTION

Géher [2,3] introduced the notions of L-filters in a frame. Hoéhle and Sostak [4]
introduced the concept of L-filters for a complete quasimonoidal lattice L. For the
case that the lattice is a stsc quantale, L-filters were introduced in [12]. Jéger [5-
6] developed stratified L-convergence structures based on the concepts of L-filters
where L is a complete Heyting algebra. Yao [14] extended stratified L-convergence
structures to complete residuated lattices and investigated between stratified L-
convergence structures and L-fuzzy topological spaces. As an extension of Yao
[14], Fang [7-11] introduced L-ordered convergence structures and (pre, quasi,semi)
uniform convergence spaces on L-filters and investigated their relations.

In this paper, we define the (L, *, ®)-quasiuniform convergence spaces as an ex-
tension of Fang’s uniform convergence spaces on ecl-premonoid in Orpen’s sense [13].
From (L, %, ®)-quasiuniform structures, we can obtain various (L, %, ®)-quasiuniform

convergence structures and give their examples.

2. PRELIMINARIES

Definition 2.1 ([13]). A complete lattice (L, <, L, T) is called a GL-monoid (L, <
, %, L, T) with a binary operation  : L x L — L satisfying the following conditions:
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(Gl)ax T =a, foralla € L,

(G2) axb="bxa, for all a,b € L,

(G3) ax* (bxc)=(axb)xc, forall a,be L,

(G4) if a < b, there exists ¢ € L such that bxc=a,
(G5) a* Viep bi = Viep(a x bi).

We can define an implication operator:

a:>b:\/{c|a>kc§b}.

Example 2.2 ([1, 4, 13]). (1) A continuous t-norm ([0, 1], <, %) is a GL-monoid.
(2) A frame (L, <,A) is a GL-monoid.

Definition 2.3 ([1, 4, 13]). A complete lattice (L, <, L, T) is called a cl-premonoid
(L, <,®) with a binary operation ® : L x L — L satisfying the following conditions:
(CLl) a<a®Tanda<T ®a, foralla €L,
(CL2)ifa<band c<d,thena®c<bod,
(CL3) a ® Vyerbi = Vier(a ©@b;) and V;cpa; ©b =V cp(a; ©b).
We can define an implication operator:

a—)bz\/{c]a@cgb}.

Example 2.4 ([1, 4, 13]). (1) Every GL-monoid (L, <, ) is a cl-premonoid.
(2) Defines maps ®; : [0,1] x [0,1] — [0, 1] as follows:

1 1
zOry=ar-yr(p=1), 202y = (2" +y")Allp > 1).
Then (L, <,®;) is a cl-premonoid for i = 1, 2.

Definition 2.5 ([1, 4, 13]). A complete lattice (L, <, L, T) is called an ecl-premonoid
(L, <,®, ) with a GL-monoid (L, <, *) and a cl-premonoid (L, <,®) which satisfy
the following condition:

(D) (a®b)*(c®d) < (a*xc)® (bxd), for all a,b,c,d € L.

An ecl-premonoid (L, <,®,*) is called an M-ecl-premonoid if it satisfiesthe fol-
lowing condition:

(M) a<a®a for all a € L.

In this paper, we always assume that (L,<,®,*) is an ecl-premonoid unless

otherwise specified.

Example 2.6 ([1, 4, 13]). (1) Let (L,<,*) be a GL-monoid and (L,<,A) is a

cl-premonoid. Then (L, <, A, *) is an M-ecl-premonoid.
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(2) Let (L, <,%) be a GL-monoid. Then (L, <, %, %) is an ecl-premonoid. If « = -,
0.5£0.5-0.5=0.25. (L,<,-,-) is not an M-ecl-premonoid.

(3) Let (L,<,-) be a GL-monoid. Define a map ® : [0,1] x [0,1] — [0,1] as
r®y=(zx+y)ALl Then (L, <,®,) is not an M-cl-premonoid because

0.7=(0.3®0.4) (0.5 0.7) £ (0.3-0.5) ® (0.4-0.7) = 0.15+ 0.28 = 0.43

(4) Let (L,<,-) be a GL-monoid. Define a map ® : [0,1] x [0,1] — [0,1] as
TOY = 3 y% Then (L, <,®,-) is an M-cl-premonoid.

Lemma 2.7 ([1, 4, 13]). Let (L, <,®,*) be an ecl-premonoid. For each a,b,c,d,a;, b; €
L and for t€ {—,=}, we have the following properties.
)Ifb<c, thena®b<a®candaxb<axc.
2)a®b<ciffa<b— c. Moreover, axb<c iffa<b=c.
3) Ifb<c,thenatb<atcandcta<b?a.
Hha<biffa=b=T

5)axb<a®b, a—>b<a:>b(mda>k(b® c)<(axb)®c
6) (atb)O(ctd)<(a®c) T (bOd).
7)(b1Te)<(a®@b) T (a®c).

8) (b1e) < (ath)t(ate) and (bta)< (ate)t (bt o).

9) (b—=c)<(atb)—=(atc)and (bta)<(a—c)— (btc)
10) ai 1 bi < (Ajer ai) T (Njer bi)-

1) a1 bs < (Viep as) T (Ve bo):

12) (cta)*(b—d) < (a—b) = (cTd).

(1
(
(
(
(
(6) (a1
(7) (
®) (
9) (
(

(

(

Definition 2.8 ([4, 13]). A mapping F : LX — L is called an (L, *)-filter on X if
it satisfies the following conditions:

(F1) F(1p) = L and F(1x) =T, where 1p(z) = L,1x(z) =T for z € X.

(F2) F(f xg) > F(f) * F(g), for each f,g € LX,

(F3) it f < g, F(f) < Flg).

An (L, *)-filter is called stratified if

(S) Flax f) > ax F(f) for each f € LX and a € L.
The pair (X, F) is called an (resp. a stratified)(L, )-filter space. We denote by
F.(X) (resp. F(X)) the set of all (resp. stratified) (L, *)-filters on X.

Let (X,F1) and (Y, F2) be two (L, *)-filter spaces and ¢ : X — Y called an
L-filter map if F2(g) < Fi(¢(g)) for all g € LY where ¢ (g9) = g o ¢.
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Example 2.9 ([4, 13]). (1) Define a map [z] : LX — L as [z](f) = f(z). Then [z]
is a stratified (L, %)-filter on X.

(2) Define a map inf : L — L as inf(f) = A,cx f(z). Then inf is a stratified
(L, x)-filter on X.

3. (L,*,®)-QUASIUNIFORM CONVERGENCE SPACES

Theorem 3.1. Let U,V € F.(X x X). We define U oV : LX*X — L as follows:
(U o0 V)(w \/{Uu v) |uov <w}

where uov(z,z) =V, ex(u(z,y) xv(y, 2)).

(1) uowv = L implies U(u) © V(v) = L iff (U op V) € Fiu(X x X).

(2) Ifuov = L impliesU(u) ©V(v) = L andU € F(X xX) orV € F{(X x X),
then U on V € FZ(X x X).

(3) IfU(1p) = T where In(xz,2) =T and Ia(x,y) = L forz £y € X, Uold > U.

(4) Uoo [(z,2)] € F3(X x X), Uos [(,2)] > U.

() [(2, )] ox [(2, 2)] = [(x, z)].

© Auex (2] o Al 2)]) = Al 2))

(1) Uo, U™ € Fy(X x X).

8) Uoo V)t =V ool

Proof. (1) Since (u; * ug) o (v * vg) < (ug o vy) * (ug o va),
(U o V)(u) x (U og V)(v
= Vu10v1<u (ul) © V(vl ) Vu20v2 (U(’U,Q) © V(UQ))
(U(ur) © V(on) * Uluz) © V(v2)))
< \/(ulovl)*(ugovg)gu*v ( ( ) ( )) © (V(Ul) * V(UQ))>
< v(u1*u2)0(v1*v2)§u*v(u(u1 *uz) © V(vy *v2))
< (U o V)(ux*v).
Other cases are easily proved.
(2) Let U € FF(X x X). Since ax (b©c) < (a0 T)x(boc) < (axb)®(Tx*c) =
(a*b) ® ¢, we have
ax UopV)(u) =axV, o <,U(u) ©V(01))
= Vo <l (U(u1) © V(v1)))
< \/(ulovl)gu((a * u(ul)) © V(Ul))

< V((a*ul)ovl)ga*u(u(a * ul) © V(Ul))
< WUoo V(o)

< \/ (u10v1)*(ugov2) <ukv
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(3) For uola =u, UopU(u) > U(u) OU(LIA) =U(u).
(4) Since [(z,2)](a*xu) = axu(x,z) = a* [(z,z)](u), [(z,x)] € F(X x X). For
u o 1la = u, we have
(U op [(z,2)])(u) > U(uw) © [(z,2)](1a) = U(w).
(5) For uy o ug < u, we have
(I, 2)] ox [(z, 2))) (u) = \/ ([, 2)](wr) * [(z, 2)] (u2)) < u(z,z) = [(,)](u).

zeX

(6) For uo1a = u, we have

(Azex(@,2)] 0k Apex (@, 2)])(u) 2 ﬁmex[(%x)](?ﬁ #[(z,2)](1n)

For uowv < w,
(Neex[(@,2)](w) * (Apex (@, 2)](v) = Apex u(@, 2) * Apex v(@,2)
< Neexl(@, 2)](wov) < Apex (2, 2)](w).
(7) For wov = L, we have U (u)*U " (v) <U(uxv™!) = L because uxv =1 (z,y) <
uowv(z,z) = L.

1

(8) Since (vou)t =u"tov™! we have

Voo U w) = VIV ) 0U () |vou < w)
=V{ve Hotu") |utovt <wl}
=U oo V(w™) = Uox V) H(w).
Definition 3.2. A subset U of F,(X x X) is called an (L, *, ®)-quasiuniform struc-
ture on X if it satisfies the following conditions:
(QU1) U < [(z,x)], for each x € X.
(QU2) U <Uop U.
The pair (X,U) is called an (L, *, ®) quasiuniform space.
An (L, *, ®)-quasiuniform space is called an (L, %, ®)-uniform space if it satisfies
the following condition;
Uy u <ut.
Let (X,Ux) and (Y,Uy) be (L, *, ®)-quasiuniform spaces. A map ¢ : (X,Ux) —
(Y,Uy) is called quasiuniformly continuous if for all u € LYY Uy (u) < Uy ((¢ x

) (w).

Example 3.3. Let X = {a,b,c} be a set and (L = [0,1], <, A,%,0,1) an M-ecl-
premonoid with a* b= (a +b— 1) V0. Put u,v € [0, 1]X*X as follows:

u(a,a) = u(b,b) =u(c,c) =1, u(a,b) = u(b,a) = 0.6,
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u(a, ¢) = u(c,a) = 0.5,u(b, ¢) = u(c,b) = 0.4.
v(a,a) = v(b,b) = 1,v(c,c) = 0.4, v(a,b) =v(b,a)=0.6,
v(a,c) =v(c,a) = 0.5,v(b,c) = v(c,b) = 0.4.
(1) Define a ([0, 1], )-filter as U : [0, 1]X*X — [0,1] as follows:

1, ifw=1xxx,
0.6, ifu<w#lxxx,
0.3, ifuxu<w*u,
0, otherwise.

Uw) =

Since uou = u, we obtain Y =U o =U"! and

1, ifw=lyxx,
Uo,U)(w) =] 02, ifu<w#lxxx,
0, otherwise.

Furthermore, U(w) < [(z,z)](w), for each # € X, w € L*X*X. Hence U is an
(L, *, A\)-uniform structure on X but not an (L, , *)-uniform structure on X because
0.6 =U(u) £ (U o U)(u)=0.2.
(2) Define [0, 1]-filter as V' : [0, 1]X*X — [0,1] as follows:
1, ifw> 1,
0.6, ifv<w?lp,
0.3, ifvxv<wP}w,
0, otherwise.

V(w) =

Since v o 1o = v, we obtain Vo,V = Vo,V =V = VL. But 0.6 = V(v) £
[(¢,¢)](v) = 0.4. Hence V is neither an (L, %, A)-uniform structure nor an (L, , x)-

uniform structure on X.

Definition 3.4. A map A : F.(X x X) — L is called an (L, %, ®)-quasiuniform
convergence structure on X if it satisfies the following conditions:

(QC1) A([(z,z)]) =T, for each z € X.

(QC2) If U <V, then A(U) < A(V).

(QC3) AU) G AV) < AUOV).

(QC4) AU) ©A(V) < AU 0p V) where U o V € Fu(X x X).

The pair (X, A) is called an (L, x, ®)-quasiuniform convergence space.

An (L, *, ®)-quasiuniform convergence space is called an (L, x, ®)-uniform con-
vergence space if it satisfies the following condition;

(U) AU) < AUY).
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We say A; is finer than Ay (or Ag is coarser than Ajp) iff Ay < As.
We define A+, A, : Fi(X x X) — [0,1] as follows:

T, ifW>|[(z,2)],VzeX

AT(W) = { L, otherwise. AJ_(W) =T, VWe F(X X X)

Then At (resp. A) is the finest (resp. coarsest) (L, *, ®)-quasiuniform convergence
structure.

Let (X,Ax) and (Y, Ay) be (L, *, ®)-quasiuniform convergence spaces. A map
Y (X, Ax) — (Y, Ay) is called quasiuniformly continuous if for all i € F,(X x X),
Ax(U) < Ay (6 x )= Q).

Theorem 3.5. Let (X,Ax) be an (L,*,®)-quasiuniform convergence space. We
define a map Ay : Fu(X x X) — L as

A M) =AxU™)

Then
(1) (X,AyY) is an (L, *, ®)-quasiuniform convergence space.
(2) If ¥ : (X,Ax) — (Y, Ay) is quasiuniformly continuous, then ¢ : (X, A') —

(Y,AY") is quasiuniformly continuous.

Proof. (1) (QC1) It is easy because [(z, )]~ = [(z, 7)].
(QC2) fU < V, then U™+ < V7L Thus Ay (U) = AxU™Y) < Ax(V7Y) =
AL V).
(QC3) AY U OAK (V) = Ax (U HoAx (V! < AxU oV = A UoY).
(QC4)
AU OAL (V) =AY V) OALU) =Ax(V ) O AxU™)
<Ax(V oo™ =Ax(Uox V)
= A;(l (Uox V).

(2) A U) = AxU™Y) < Ay((¥ x )7 U™Y) = Ay((Y x )7 U)™Y) =
AV () x )= U)).

Example 3.6. Let X = {a,b,c} be aset, (L =[0,1],<,®,*,0,1) an ecl-premonoid
withaxb=a-b,a®b= a3 - b3 and u € [0, 1]X*X defined as follows:

u(a,a) = u(b,b) = u(e,c¢) =1, u(a,b) =0.5u(b,a) = 0.6,

u(a, c) = u(e,a) = 0.5,u(b, c) = 0.6,u(c,b) = 0.4.
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Define [0, 1]-filter as U : [0, 1]X*X — [0, 1] as follows:

1, ifw=1xxx,
Uw) =< 0.6 ifu" <wPu"lneN,
0, otherwise.

where "1 = 4" % u and u¥ = 1y x.

Since u™ o u™ = u", we obtain

1, ifw=1xxx,
UoxU)(w) =2 0.6"®0.6", ifu" <wFu"lneN,,
0, otherwise.
1, ifw=1xxx,
UU)(w) =L 0.6"®0.6", ifu"<wP}u""lnecN,
0, otherwise.
We define A : F.(X x X) — [0, 1] as follows:
1, itW > [(z,2)],z € X
AW) =< 0.5 ity <w 2yt ne N
0, otherwise.

where U =y © ¢ and 0.5I"1 = 0.5" © 0.5.
Then A is an (L, ¥, ®)-quasiuniform convergence structure on X.
We obtain A=!: F(X x X) — [0,1] as follows:

1, ifW > [(z,2)],r € X
AT W) = {05t iEplel <y it
0, otherwise.

where V = Yy, vt = il oy and 0.5 = 0.5 © 0.5, Then A~! is an

(L, %, ®)-quasiuniform convergence structure on X.

Example 3.7. Let X = {a,b,c}, ([0,1],%), v € [0,1)¥*X and U as defined in
Example 12. We define A : F,, (X x X) — [0, 1] as follows:
Lo ifW > [(z,2)],
AW)=1<¢ 0.6, ifU <W % [(z,2)],
0, otherwise.

Since U onU =U NU =U =U', Ais an (L, *, A)-uniform convergence structure.

Theorem 3.8. Let (L,<,®,*) be an M-ecl-premonoid. Let U be a quasiuniform
structure on X. We define a map AY : F(X x X) — L as follows:
AWy = A Uw) = W(w).
ucLXxX

Then
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(1) AY is an (L,*,®) quasiuniform convergence structure.
(2) If ¥ : (X, Ux) — (Y,Uy) is quasiuniformly continuous, then ¢ : (X,A%) —
(Y, AY) is quasiuniformly continuous.

Proof. (QC1) Since U < [(z,z)],

M@= N U@ = [(z,2)(w)=T.

ueLX*xX
(QC3)
AY W1 O AY (W)
(Avepsex @) = Wi@)) © (Aeprex ) = Wo(v)))
< Ao (U@ = Wiu u< ) = Wa(u)
< Auersex (U) @ <u> © Wa(u))
< Awepex (Uw) = (W1 © W)(
= AU (W1 & Ws).
(QC4)
A (Voo W)
= Auepxx (Ulu) = <v 05 W)(w))
> Nepnx (U) 00 U)(w) — (Vou W)(u))
> Nuepsex vul%q( <u1> O U(uz)) = (Voo W)(u)))
= Nuerres Nuousza (Ul11) ©UC2) = (Vou W)(w))
> Nuersnx Auyousa (@) ©Uluz)) = V() © W(us)))
> Nersos Apeps () = V() © Uuz) —» Wiu)))
> (Auyepex Ulun) = V() © (Agyepro Uluz) = Wiu)))
= A V) o AYW).
2)
A (W) — A”Y«w x w> W)
> (Auepror Us () > W(w)))
= (Averror U (v > (¥ x )" W)@)))
> (Aueryer ux«w X ) (0)) = W x B)* (1)) >
(Averyar Uy (0) = (& x )= (V) (©)))
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> Noeryr (U (@ x )7 (0)) = U x 0)~ (@) =
(Uy (v) = U x $)* (1))
> Nperrer (Uy(0) = Ux (6 x )7 ()

Example 3.9. Let X = {a,b,c}, ([0,1],%), v € [0,1]¥*X and U as defined in
Example 12. Since (X,U) is an (L, x, A) is uniform structure and (L, <, A, %) is an

Me-ecl-premonoid, we obtain an (L, *, A)-quasiuniform convergence structure AY
F. (X x X) —[0,1] as follows:

AOV) = Npepxoox (Uv) = W())
= (0.6 > W(u)) A (0.3 > W(uxu))

where (a — b) =1 if a < b and (a — b) = b, otherwise.

10.

11.

REFERENCES

R. Beélohldvek: Fuzzy Relational Systems. Kluwer Academic Publishers, New York,
2002.

W. Géhler: The general fuzzy filter approach to fuzzy topology I. Fuzzy Sets and
Systems 76 (1995), 205-224.

: The general fuzzy filter approach to fuzzy topology II. Fuzzy Sets and Systems
76 (1995), 225-246.

U. Hohle & A.P. Sostak: Axiomatic foundation of fixed-basis fuzzy topology, Chapter

3 in Mathematics of Fuzzy Sets, Logic, Topology and Measure Theory, Handbook of
fuzzy set series. Kluwer Academic Publisher, Dordrecht, 1999.
G. Jager: Subcategories of lattice-valued convergence spaces. Fuzzy Sets and Systems
156 (2005), 1-24.

: Pretopological and topological lattice-valued convergence spaces. Fuzzy Sets
and Systems 158(2007), 424-435.
Jinming Fang: Stratified L-order convergence structures. Fuzzy Sets and Systems 161
(2010), 2130-2149.

: Lattice-valued semiuniform convergence spaces. Fuzzy Sets and Systems 195
(2012), 33-57.
Stratified L-order quasiuniform limit spaces. Fuzzy Sets and Systems 227
(2013), 51-73.
. Lattice-valued preuniform convergence spaces. Fuzzy Sets and Systems 251
(2014), 52-70.

: Relationships between L-ordered convergence structures and strong L-tologies.
Fuzzy Sets and Systems 161 (2010), 2923-2944.



(L, *,®)-QUASIUNIFORM CONVERGENCE SPACES 265

12. Y.C. Kim & J.M. Ko: Images and preimages of L-filter bases. Fuzzy Sets and Systems
173 (2005), 93-113.

13. D. Orpen & G. Jiger: Lattice-valued convergence spaces. Fuzzy Sets and Systems 190
(2012), 1-20.

14. W. Yao: On many-valued L-fuzzy convergence spaces. Fuzzy Sets and Systems 159
(2008), 2503-2519.

“DEPARTMENT OF MATHEMATICS, GANGNEUNG-WONJU NATIONAL GANGNEUNG 25457, KOREA
Email address: jmko@gwnu.ac.kr

PDEPARTMENT OF MATHEMATICS, GANGNEUNG-WONJU NATIONAL GANGNEUNG 25457, KOREA
Email address: yck@gunu.ac.kr



