J. Korea Soc. Math. Educ. Ser. B: Pure Appl. Math.
6(1999), no. 1, 13-16

ON THE w-DERIVED SET

YooN HoE Goo AND DAE HEE Ry

ABSTRACT. We introduce the notion of the w-derived set and w-dense, and investi-
gate some of their properties.

1. Introduction

We define the notion of the w-derived set which is more general than that of the
derived set, and examine the relation between the derived set and the w-derived
set. And we investigate some properties of the w-derived set.

Also, we introduce the notion of w-dense, and study its property.

2. w-derived set

We denote by A’ and cl A the derived set and the closure of the set A, respectively.
Definition 2.1. Let X be a space. For a subset 4 of X, the w-derived set A, of
A is defined by

Al = {z € X| (A - {z}) NclU # @ for all neighborhoods U of z}.

It is obvious that A’ C A/, but as the following example illustrates, there exists
a subset A of a space X such that A’ # A.

Ezample 2.2. Consider the topology 7 = {0, {1}, X} on X = {0,1}. Let 4 = {0}.
Then A’ = () and A!, = {1}. Therefore, A’ # A;,.
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Theorem 2.3. Let X be a Ti-space and let V be an open subset of X. Then
V' =V,.
Proof. Let x € V. Then for any neighborhood U of z, (V — {z}) nclU # 0.

Take y € (V — {z})NclU. Since y € clU and (V ~ {z}) is a neighborhood of v,
(V-—{z})NnU #0. Thusz € V', s0 V,, CV'. Since V' CV,, V' =V!. O

Theorem 2.4. Let A and B be subsets of a space X. Then the followings hold.

(1) If AC B, then A, C B.,.
(2) (AUB),, = A", UB.,.

Proof. (1) Let z € A;, and let V be any neighborhood of z. Then (A~ {z})NclV #
0. Since (A - {z})NclV C (B-{z})NeclV, (B-{z})NclV # 0. Thus z € B.,,
so Al, C Bj,.

(2) Suppose z ¢ A, U B;,. Then z ¢ A), and z ¢ B],. Therefore there exist
neighborhoods U and V of z such that (A—{z})NclU =@ and (B—-{z})NclV = 0.
Now U NV is a neighborhood of z and (AU B — {z}) Ncl(U NV) = 0. Therefore
z ¢ (AUB),, so (AUB),, C A, UB,,. Since AC AUB and B C AUB, by
(1) A!, c (AU B),, and B;, C (AU B),,. Therefore A;, U B,, C (AU B),,. Hence
(AuB),, =Al,uB,. O
Definition 2.5. Let X be a space and let A be a subset of X. The w-closure
cl, (A) of A is defined by

cly(4) = {z € X| ANclU # ¢ for all neighborhoods U of z}.

It is clear that A C clA C cl, (A).
Theorem 2.6 [2]. For any open subset U of X, clU = cb,(U).
Theorem 2.7. For subsets A and B of a space X, the followings hold.

(1) cl,0 = 0.

(2) ACcly(4).

(3) cly(A) C cly(B) whenever A C B.
(4) cly(AU B) = cly(A) Ucly(B).

(5) cl, (AN B) C cly(A4) Ncly(B).

Proof. (1) Since @ is an open set and c10 = §, by Theorem 2.6, c1§ = cl,,§. Therefore
cly,® = 0.
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(2) Since A C cl A C cly(A), A C cly,(A).

(3) Let z € cl,(A) and let U be any neighborhood of z. Then A N clU # 0.
Since A C B, BNclU # 0. Therefore z € cl,,(B), so cl,(A) C cl,(B).

(4) By (3), cluw(4) C cly(A U B) and cly,(B) C cly(4 U B). Hence cl,(4) U
cly(B) C ¢cly(A U B). Now suppose = ¢ cl,(A) Ucly(B). Then z ¢ cl,(A) and
T ¢ cly,(B). Therefore there are neighborhoods U and V of z such that ANclU = §
and BNclV = (). Now UNV is a neighborhood of z and (AUB)Ncl (UNV) = 0. Thus
z ¢ cly, (AUB), so cl,, (AUB) C cly, (4)Ucly (B). Hence cl, (AUB) = cl, (4)Ucl, (B).

(5) Since ANB C Aand ANB C B, by (3) cl,(ANB) C cly,(A) and cl,(ANB) C
cly(B). Therefore cl,,(AN B) C cl,(4A)Ncl,(B). O

In the following example, we show that there exist subsets A and B of a space
X such that cl, (AN B) # cl,(A) Ncly (B).

Ezample 2.8. Let T be a topology {0, {1},X} on X = {0,1}, and let A = {0} and
B = {1}. Then AN B =0, so cl,(AN B) = . However, cl,,(A) = cl,(B) = X, so
cly(A) Ncly(B) = X. Therefore cl, (AN B) # cly, (4) Ncly, (B).

The following result is a consequence of Theorem 2.7.

Corollary 2.9. For subsets A and B of a space X,

X — cly(AUB) = (X — clu(4)) N (X = cly(B)).

Theorem 2.10. Let A be a subset of a space X. Then cl,(A) = AU Al,.

Proof. Let z € cl,,(A) and let U be any neighborhood of z. Then ANclU # 0. If
z ¢ A, then (A — {z})NclU # 0 and hence z € A!,. If z € A, we are through.
Thus cl,(A) C AU A!,. On the other hand, since A C cl,,(A4) and A, C cl,(4),
we obtain AU A}, C cl,(4). O

Theorem 2.11. A space X is regular if and only if for each subset A of X, A’ =
A,

Proof. For each subset A of X, suppose A’ = A;,. Let x € X and let U be a
neighborhood of z. Since 2 ¢ X —U and X -U =cl(X -U) = (X -U) U
(X-U)=(X-U)u(X -U),,, weobtain X — U = cly(X — U) from Theorem
2.10, so z ¢ cl,(X — U). Therefore there is a neighborhood V of z such that
(X-U)nclV=0,s0clVCX—-(X-U)=U. Hence X is regular.
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Conversely, suppose X is regular. Let z € A,,. Then for any neighborhood U of
z, there exists a neighborhood V of & such that clV C U. Since (A - {z})NclV #
0, (A—{z})NU #0. Thus x € A, s0o A}, C A'. Since A' C 4!, A'=A/,. O

Definition 2.12. A subset A of a space X is w-dense in X provided cl,, (4) = X.

If a subset A of a space X is dense in X, then A is w-dense in X. However,
in the Example 2.8, since c14 = {0} and cl,,(A) = X, the converse does not hold
generally, but in every regular space it holds.

Theorem 2.13 [2]. A space X is regular if and only if for any subset A of X, we
have cl A = cl, (A).

As a consequence of Theorem 2.13, we obtain the following corollary.

Corollary 2.14. Let A be a subset of a reqular space X. Then a set A is w-dense
in X if and only if A is dense in X.
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