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SOME STABILITY RESULTS FOR COINCIDENCE POINT
ITERATIVE ALGORITHMS WITH THREE MAPPINGS

SEUNG-HYUN KiM? AND MEE-KwWANG KANG P *

ABSTRACT. In this paper, we introduce a new concept of stability of coincidence
iterative algorithm for three mappings and derive a new three-step Jungck-type
iterative algorithm. And, we prove a stability result and a strong convergence result
for the Jungck-type algorithm using the M j-contractive condition. Our results
extend and unify the corresponding ones in [3, 6, 7, 13].

1. INTRODUCTION AND PRELIMINARIES

A concept of the stability of fixed point iterative algorithms was initiated by
Harder and Hicks [1] in 1988. As their results show, the study of stability of iterative
algorithms has been both theoretical and numerical interests. In fact, the study of
stability of fixed point iterative algorithms for various mappings in normed spaces or
metric spaces has been rapidly developed into many directions [6, 7, 8,9, 11, 12, 14].

In 2004, Singh et al. [13] introduced a concept of the stability of coincidence point
iterative algorithms for two mappings and proved some stability results of Jungck
and Jungck-Mann iterative algorithms. In 2008, Olatinwo [7] introduced Jungck-
Ishikawa iterative algorithm, and obtained some stability and strong convergence
results for Jungck-Ishikawa iterative algorithm. Recently, Olatinwo [6] proved some
stability and strong convergence results for Picard, Mann, Ishikawa and Jungck type
iterative algorithms by M j-contractive conditions.

Inspired by the above results, in this paper, we introduce a new concept of stabil-
ity of coincidence iterative algorithm for three mappings and derive a new three-step
Jungck-type iterative algorithm. And, we prove a stability result and a strong con-
vergence result for our iterative algorithm using the M j-contractive conditions in

[6]. Our results extend and unify the corresponding ones in [6, 13, 3, 7].
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Let K be an arbitrary subset of a normed space E and S,T,R € M(K)(=
{T : T is a mapping from K to E}) with T(K) U R(K) C S(K). We define a

coincidence point iterative algorithm by
(1.1) Stpy1 = f(T,R,x,) for n >0,

where z9 € K is the initial approximation and f is a function M(K) x M (K) x K
to E.

In actual computations, since it’s difficult to get the exact value of x1; due to
various errors (rounding errors, numerical approximation of functions, derivatives
or integrals, etc.), where Sx; = f(T, R, x¢), the following method is used to get
an approximation of {Sz,}. Take y; closely enough to z;, so that Sy; ~ Szi.
Take yo closely enough to o so that Sy, ~ Szxo = f(T,R,y;). Continuing this
process, we obtain a sequence {Sy,4+1} approximating closely to {Sz,11} with
Stp+1 = f(T,R,y,) for n > 0. Now, we introduce a new concept of stability

for the coincidence point iterative algorithm (1.1) as follows;

Definition 1.1. Let g € C(S,T,R)(:={q € K : S =Tq = Rq}). For any xg € K,
let the sequence {Sxz,} generated by (1.1) converge to Sq, say p. Let {Sy,} C E
be an arbitrary sequence and set €, = [|Syp+1 — f(T, R, yn)||. Then, the iterative
algorithm (1.1) is said to be (5,7, R)-stable if lim Sy, = p for lim ¢, = 0.

n—oo n—oo

Definition 1.1 reduces to that of the stability of iterative algorithm due to Singh
et al. [13] when K = E and f(T, R, zy) = f(T, xy).

Example 1.1. Let S,T, R : [0,1] — [0, 2] be mappings defined by

1, x€[0,4]
1 2 ’ 12 1, ze[o,1
Sm={§+ 7:627&3 Tx = 2,:6:% andR:c:{()’xEEfQ]]
, L= 3, , &L 99 4]
5 2 ze(5 U\ {3} ?

Then, SO =70 = R0 = 1. Let 29 € [0,1] and
(1.2) Sxpt1 = f(T,R,zp,) = (1 — ayp, — by) Sz + apTxy + by Rz, for n > 0.

Take a,, = % and b, = % for n > 0. If 29 € [0, %], then

1 1 1 1 1
Sx1 4($0+ )+ 5 +4 4$0+ , 1 4560,
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1/1 1 1 1
Sty = Z(Z$O+1)+§+Z 42$0+1 T2 = 570
1 1
Sx, = 4—n:c0+1 xn—4nx0 for n > 0.
Ifa:():%,then
1 1
Sty = Z-O+§-2=1, x1 =0;
1 1 1
Sxo 1 1+2 1—|—4 1 , g =0;
1 1 1
Sz, = Z-l—i-i-l—l—z-l, z, =0 for n > 0.
If g € (%, 1]\ {%}, then we have
1 1 3 1 1
= - 1 - == - 1 = —xg.
Sx1 4(.21004— )+2 5 4:E0+ , T1 4$0

Thus, z; € [0, ] so Sz, = 4n xo + 1 for n > 2. Hence, we obtain hm Sz, = 1.
Now, we show that the iterative algorithm (1.2) is (S, T, R)- stable Take a se-
quence {Sy,} = {1 + 1} for n > 0, then

en = |SYnt1 — (1 —an — byn)SYn — anTyn — b Ryy|
B ’ 1 1 1(1 +1) 1 1
 In+1 4\n 2 4

_‘1

1
f—‘ for n > 2.
n+1 4n

Thus, we have hm en = 0 and hﬁm Sy, = hm ( + 1) = 1. Hence, the iterative
algorithm (1. 2) is (S T, R)-stable.

Remark 1.1. (i) We derive a new three-step iterative scheme from (1.1) as follows;

Sxpy1 = f(T,R,x,) = (1 —ap — by)Szy, + anTry + by Ry,
(1.3) Srp, = (1—al, = b,)Sz, + a,Ts, + b, Rsp,
Ssp = (1—all —b")Sxy, + al'Tx, + b Rx,, for n >0,

where S is injective and {ay}, {al,}, {al'}, {bn}, {b],}, {b]'} are sequences in [0, 1].
i) K=E S=1Tandb, =0, =0b!=0(n>0)in (1.3), then we obtain the
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following Noor iterative algorithm [5]

Tntl1 = (1 - an)xn + anT'rp,
(1.4) rn = (1 —al)z, + a),Tsy,
sp=(1—a)z, +a Tz, for n >0,
where {a,}, {a),}, {all} are sequences in [0, 1].
(ii) If @) = 0 (n > 0) in (1.4), then we obtain the following Ishikawa iterative

algorithm [2]

(1 5) Tpt+l = (1 — an)l'n + anTTnv
) rn=(1—al)x, +a, Tz, for n >0,

where {a,} and {a},} are sequences in [0, 1].
(iv) If @) = 0 (n > 0) in (1.5), then we obtain the following Mann iterative algorithm
[4]

{xn+1 =(1—ap)xy +ayTx, for n >0,
where {a,} is a sequence in [0, 1].

Definition 1.2 ([6]). Let S,7 : K — E be mappings with T(K) C S(K), where
S(K) is a complete subspace of F and let o : R3; — R>( be a continuous mapping
satisfying the following condition (x); B

(%) : an inequality a < a(b, b, a) guarantees the existence of k € [0,1) with a < kb.
A pair (S,7T) is said to be a M -contraction with respect to a mapping a with

condition (x) if it satisfies the following inequality;

[Tz =Tyl < oSz - Syll,maz{|[Sz — Tz|, [|Sy — T},

(1.6) maz{|[Sy — Ty|™ - ||Sz — Tz||', || Sz - Ty})
for z,y € K and m,l € Rx.

Lemma 1.3 ([10]). Ifd € [0,1) and {v,} is a sequence of nonnegative real numbers
such that lim v, = 0, then for any sequence of nonnegative real numbers {uy}
n—oo

satisfying
Un+1 < dun + vn fOT n = 07

we have lim u, = 0.
n—oo
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2. STABILITY RESULT

In this section, we establish a stability result of iterative algorithm (1.3).

Theorem 2.1. Let S, T, R be mappings from K(C E) to a normed space E with
T(K)UR(K) C S(K), S be an injective mapping and C(S,T, R) # (). Assume that
(S,T) and (S, R) are Mj-contractions with respect to a and & with condition (x),
respectively. For xy € K, let {Sx,} C E be an iterative algorithm defined by (1.3)

converging to p(: Sq=Tq = Rq): where {an}7 {a;’b}7 {CLZ}, {bn}: {b;’b}? {b;.;} are
sequences in [0,1] such that 0 < w = ir;fo apn. Then, {Sxz,} is (S, T, R)-stable.
n>

Proof. Take {Syn} in E with €, = ||Synt1 — (1 — an — by)Syn — anTcn — by Rey |,
Scn, = (1—al,—b.,)Sy,+a,Td,+b),Rd, and Sd,, = (1—al —b")Sy,+a!' Ty, +b! Ry,
(n > 0). Assume that nh_}ngo en, = 0. From (1.6), we have
ITq = Teall < a(l[Sq — Seall, max{||Sq — Tql|, [|Sen — Tql|},
max{|[Sc, — Tea||™ - Sq — Tqll', |Sq — Teqll})
= a(lSq = Seal, [[Sen = Sql|, 1Tqg — Tenl))
and
IRq — Renl| < o/(|ISq — Senll, max{||Sq — Rql|, [|Sen — Rall},
max{||Sc, — Rea|™ - [|Sq — Ryl', [[Sq — Rea|})
= d(1Sq = Senl|, [[Sen — Sqll, [1Rg — Renl)).

From the above inequalities and condition (), we obtain

(2.1) |Tqg—Tenl| < Fki|lSq— Senll
and
(2.2) |Rg — Renl| < k2l[Sq — Senl|

for some ki, ko € [0,1). By the same method, from (1.6) and condition (x), we get

(2.3) [Tq—Tdn|| < ks||Sq— Sdnll,
(2.4) |IRq — Rdy|| < k4||Sq— Sdn],
(2.5) 1Tq—Tyall < ks|Sq— Syll,
and

(2.6) [Rg — Rynll < kellSq — Synll
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for some ks, k4, ks, ke € [0,1). From (2.1)-(2.6), we get

1SYn+1 + (1 — ap — by)Syn — (1 — ay, — by)Syn + anTcy — anTey
+byRey, — by Rey, — (1 — ap — by + apn, + by)p||

(1= an = bn)[ISyn — pll + anl|Ten — pll 4 bnl|Ren — pll + n

(1= an = bn)[[Syn — pll + anllTq — Ten| + bnl|Rg — Real +en
(L= an = bn)[ISyn — pll + ank1l|Sq — Scnll+ buka|[Sq — Sen | +en,

IN

|Syn+1 —p| =
<

(2.7) <

HScn - SQH
(2.8)
and
|Sd,, — Sq||
(2.9)

IN

<

Applying (2.8) and

1Synt1 — pll

(1 —al, —V,)Syn + a, Td, + b, Rd,, — Sq|

(1 = ay, = b,)[1Syn — Sqll + ay | Tdyn — Sql| + by, || Rdr, — Sq
(1 = ay, = b,)[1Syn — Sqll + ap | Tdn — Tql| + by [| Rdy — Rq|
(1 —ap, = 0)1Syn — pll + apks|[Sdn — Sl + b kal| Sdr, — Sqll

(1 = an = Op)1Syn — Sqll + anl|Tyn — Sqll + byl Ryn — Sl

(1 = apy = V) 1Syn — pll + @ | Tyn — Tql| + || Ry — Rall

(1 = ap = b)[1Syn — pll + agks||Syn — pll + bk Syn — pl-
(2.9) to (2.7) and putting k = max k;, we obtain

< (1 —ap —b)||Syn — pll + (an + bp)k||Sq — Sen|| + en

< {M = an —by) + (an + b)) k(1 — a;z - bln)}”Syn -l
+(an + by)(a), + b)) E?||Sd,, — Sql| + e

< {1 = an = bp) + (an + ba)k(1 = a;, — b3) }ISyn — pl|
+(an + ba)(ay, + b)) K {(1 — ay — b)) |[Syn — pl|
+(ap + V) k| Syn — plI} +en

< {1 —ay —by) + ank + by — (an + bp)k(a, + 1))
+(an + bp)k(al, + V) — (an + by)(al, + V) k?(all 4 1)
+(an + bn) (@, + b3)K* (ar, + b)) HISyn — pll +n

= {1-(0=Fk)an}|Syn —pll +¢n

< {1- Q1 =kw}|Syn —pll + en.

From Lemma 1.3, we have lim ||Sy, —p| =0, i.e., lim Sy, = p. O
n—00 n—0o0
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Remark 2.1. By putting a(t1, ta, t3) = kty for t1,t2,t3 € R>0, k € [0,1) and a,, = 1,
by, =a, =0, =a) =/ =0 (n>0)in Theorem 2.1, we obtain Theorem 3.1 in [13]
for the sequence {Sz,} defined as

Stpy1 = Ty,

which is the Jungck iterative algorithm considered in [3].

By putting b, = b}, = a, = b) = 0 (n > 0) in Theorem 2.1, we obtain the

following theorem in [6] for the sequence {Sx,} defined as

(2.10) Stpi1 = (1 —ap)Szy + apnTry,
. Srn, = (1—al,)Sxy, + a), Tz, for n >0,

which is the Jungck-Ishikawa iterative algorithm considered in [7].

Theorem 2.2. Let S and T be mappings from K(C E) to a normed space E with
T(K) C S(K), S be an injective mapping and C(S,T) # 0. Assume that (S,T) is a
M j-contraction with respect to o with condition (x). For xg € K, let {Sz,} C E be
an iterative algorithm defined by (2.10) converging to p(= Sq = Tq). Then, {Sx,}
is (S, T)-stable.

Remark 2.2. In [6], Theorem 2.2 is proved under the assumption that 0 < w < a,
and 0 < w’ < a), for some w,w’ € [0,1]. However, the assumption “0 < w’ < a), for

some w’ € [0,1]” is superfluous.

3. STRONG CONVERGENCE RESULT
In this section, we prove a stong convergence of iterative algorithm (1.3).

Theorem 3.1. Let S, T, R be mappings from K(C E) to a normed space E with
T(K)UR(K) C S(K), S be injective and C(S,T,R) # (. Assume that (S,T) and
(S, R) are M j-contractions with respect to a and o with condition (), respectively.
For xy € K, let {Sxy,} be an iterative algorithm defined by (1.83), where {ay}, {al,},
{al}, {bn}, {b),}, {V!} are sequences in [0,1] such that 0 < w < a, for some
w € [0,1]. Then, {Sx,} converges strongly to a coincidence point of S, T and R.

Proof. For g € C(S,T, R), since M j-contractions (S,7T) and (S, R) satisfy (1.6), we

have
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ITq = Trall < a(l[Sq = Srall, max{[|Sq — Tql|, [|Smm — Tqll},
max{||Srn — Tral™ - |Sq = Tqll', I|Sq — Tral})
= a([|Sq = Srall, [1Srn — Sqll, [Tq = Tral)

and

|Rq — Rry|| < o/(||[Sq — Srall,max{||Sq — Rql, ||Sr» — Rl },
max{[|Srn, — Rry||™ - |Sq — Rqll', [ Sq — Rra|})
= a/(HSq_STnHaHSTn_SqH7HRq_anH)-

From the above inequalities and condition (), we obtain

(3.1) |Tqg —Tral| < ki|lSq— Sra
and
(3.2) [Rg — Ryl < kolSq — Sryl

for some k1, k2 € [0,1). Above and the same way, from (1.6) and condition (x), we

get
(3.3) [Tq—Tsnll < ksl[Sq— Ssnl,
(3.4) [Rq — Rspll < kallSq— Ssall,
(3'5> HTq_Tan < k5HSq_S$nH7
and
(3.6) |Rq — Rxnll < kellSq— Swnl|

for some ks, k4, ks, k¢ € [0,1). If we put p = Sq and apply (3.1)-(3.6) to (1.3), then

we get

|1Szps1 —pl| = [|(1—an —bp)Sxn + anTry + by Rry — (1 — an, — by, + apn + by)p|
< (L=an = bn)||Szn — pll + an|[Trn — pl| + bul| Rrn — p
= (L=an = bn)l[S2n — pll + an||Tq = Trall + bnl Rg — Rra||
< (1 —ap —by)||Szn — pl| + anki||Sq — Sty + bnkz2||Sq — Sru||
(3.7) = (I=an = b)|[Szn = pll + (anks + buk2)[|Sq = Srall,
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[Sq— Srnll =
<
<

(3.8) =

and

[Sq— Ssnll =
<
<

(3.9)

(1 —al, =V, +a,+b)Sq— (1 —al, —V,)Sz, —a,Ts, — b, Rs,||

(1 - d) — 8,)[1Sq — Saall + @ [|Sq — Tsul| + ¥, 1Sq — R,
(1= df, — )| S — pll + a4 |Tq — T + V]| Rg — R
(1= a — B[S0 — pll + alyks||Sq — Ssull + Ykl Sq — Ssnl
(L= a), — 1) [[Szn — pll + (ks + bl k1) Sq — S

(1 —al b +al+b)Sq— (1 —a) —b!)Sz, — arTx, — b Ry
1 —ay, = b,)[[Sq = Swnll + ay[[Sq = Tan || + 0;]1Sq — Ran||

1- a;; - b/ri)stn - pH + a;fbHTq - Tan + bZHRq - RmnH

1 —apy = 0)lISzn — pll + apks||Sq — Swn|l + bk Sq — Saa

1 —ay, = by)[[Szn — pll + (anks + byke) [ Sq — Sanl.

n

(
(
(
(

Combining (3.7) with (3.8) and (3.9), we have

[Sznt1 = pll

< (L=an = bn)|lSzn — pll + (an + bn) k| Sq — Sra|

< (I=an = bn)l[Szy — pll + (an + bp)k{(1 — a;, — by,) [ Sz —
+(ay, + b))kl Sq — Ssnll}

< (L=an = bn)l[Szn — pll + (1 = ay, = by,)(an + bn)E[| Szn — p
+(al, + ) (an + by)E2(1 — af — b + al'k 4+ V'K)|| Sz, — p||

< (L= an = bn)|lSzn — pll + (an + bn) k[ Szn — p

< {1-QA=Fkan}||Szn —pll

< {1-QA=kw}[Szy —pll = 0||Szn — pl|

< 0)|Szna —pll <

< 0"Y|Szp —p|| = 0 as n — oo,

where k = max{ki, ko2, k3, k4, ks5,ke} and 0 < 0§ =1 — (1 — k)w < 1. Hence, {Sx,}

converges strongly to p (as n — 00). O

Remark 3.1. By putting b, = b/, = a!! = b =0 (n > 0) in Theorem 3.1, we obtain
Theorem 3.1 in [6] for the sequence {Sx,} defined as (2.10).
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