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COMMON FIXED POINT RESULTS ON FUZZY METRIC
SPACES AND MODULAR METRIC SPACES VIA SIMULATION
FUNCTION

BHAVANA DESHPANDE

ABSTRACT. In this paper, we prove common fixed point theorems for two map-
pings by using simulation function on fuzzy metric spaces. We also deduce some
consequences in modular metric spaces.

1. INTRODUCTION AND PRELIMINARIES

George and Veeramani [5] modified the concept of fuzzy metric space introduced
by Kramosil and Michalek [8] and defined the Hausdorff topology on fuzzy metric
spaces which has important application [14] in quantum particle physics.

Recently, the notion of simulation function was given by Khojasteh et al. [7].
In [9] and [11] authors revised the definition of simulation function introduced by
Khojasteh et al. [7].

Definition 1.1 ([9, 11]). A mapping ¢: [0,00) x[0,00) — R is a simulation function

if it satisfies the following conditions:
(C1)¢(t,s) < s—tforall t,s > 0.
(C2) If {t,}, {sn }are sequences in (0, 00) such that lim, o t, = limy, 00 $p > 0
and t, < s, for all n € N then limsup,,_, .. sup ((tn, sn) < 0.
The set of all simulation functions is denoted by Z.

Several examples of simulation function are given in [4], [7], [9]. [10], [13], [15].
It is clear from ((;) that ((¢,¢) < 0 when ¢ > 0.

Definition 1.2 (Schweizer and Sklar [12]). A binary operation * : [0, 1] x [0, 1] — [0,

1] is continuous ¢-norm if it satisfies the following conditions:
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) * is commutative and associative,

) * is continuous,

)ax1=uaforallacl0 1],
)a*xb<cx*dwhenever a < cand b<d foralla, b, ¢, d € [0, 1].
A few examples of continuous t-norm are

(1
(2
(3
(4

a*xb=ab, a*xb=min{a, b}, a*xb=max{a+b—1, 0}.

Definition 1.3 (George and Veeramani [5]). A fuzzy metric space is an ordered
triple (X, M, ) such that X is an arbitrary non-empty set, x is a continuous t-norm
and M is a fuzzy set on X2 x [0, oo) satisfying the following conditions, for all z, v,
ze€Xand s, t>0:

(FM—l) ('CC Y, )>07

(FM —2) M(z,y,t) =1iff 2=y,

(FM =3) M(z,y,t) =My, z, t),

(FM —4)M(x, y, t)x M(y, z, s) < M(x, z, t+ s),

(FM —5) M(z, y, -):[0, c0) — [0, 1] is continuous.
then the triple (X, M, %) is called a fuzzy metric space. If we replace (FM — 4)
by

(FM —6)M(x,y,t) « M(y,z,t) < M(z,z,t)

then the triple (X, M) is called a non-Archimedean fuzzy metric space. We note
that if (X, M, .) is nondecreasing for all x, y, z € X then (FM — 6) is equivalent to

(FM —6)M(x,y,t) « M(y,z,s) < M(z,z,max{t, s})

that implies (FFM —4).Thus each non-Archimedean fuzzy metric space is a fuzzy

metric space, if (X, M, .) is nondecreasing for all z, y, z € X.

Definition 1.4. Let (X, M, %) be a fuzzy metric space. Then
(i) a sequence {z,,} converges to xg € X iff for all ¢ > 0lim,, oo M (2, x0,t) =1
(ii) a sequence {x,} in X is a Cauchy sequence [5] if and only if for all € € (0, 1)
and t > 0 there exists ng such that M (x,, 2y, t) > 1 — ¢ for all m,n > ng

(iii) (X, M, %) is complete [6] if every Cauchy sequence converges to some z € X.

Definition 1.5. ([1]). Let (X, M, ) be a fuzzy metric space. The fuzzy metric M

is called triangular when

1 1 1
- << — 14— 1 f 11 c X allt>0.
Mzyt) = Mt My o ormmyress
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2. CoOMMON FIXED POINT VIA SIMULATION FUNCTION ON Fuzzy
METRIC SPACES

Theorem 2.1. Let (X, M, %) be a non-Archimedean fuzzy metric space with M

triangular and let A, B : X — X be two given mappings. Let there exists ( € Z such

that

GroT ~ Y1
M(Azx, Ay,t) ~ M(Bx,By,t)

If AX C BX and AX or BX is a complete subset of X. Then A and B have

unique coincidence point in X. Moreover if A and B are weakly compatible then A

(2.1) —1)>0 forallxz,y e X

and B have a unique common fixed point in X.

Proof. First of all we will prove that if coincidence point of A and B exist then it is
unique.
Suppose if possible v; and vy are two distinct coincidence points of A and B then

there exists two points u1, ue € X such that
Au1 = Bu1 = V1 75 Vo = A’UQ = BUQ

then by (2.1) we have

1 1
-1 -1
M(Aul,AuQ,t) 7M(Bu1,BuQ,t) )
1 1
-1 -1
(M('Ul,’UQ,t) 7M(r0151}25t) )
<0,

0 < ¢(

but this is a contradiction. Thus we have v; = vs.

Let o € X be arbitrary. Since AX C BX therefore there exists 1 € X such
that Azy = Bxy continuing this process, we obtain Ax,, = Bzr,y1 foralln € N

Let Ax,, = Bxypy1 = ynIf Y = yn41 for some n € N then Bxpi1 = Yn = Yn+1 =
AZpy1.

Thus x,,+1 is the unique coincidence point of A and B. Therefore let us suppose
that y, # yn41 for all n € N. Hence we have

1 1
0= C(M(Axn,Aa;n_H,t) -1 M (Bzy, Brpiq,t)
1 1

22) N C(M(ynayn+1at) - b M (Yn—1,Yn, 1) -
< SWn—1,Yn,t) = S(Yn, Yn+1,0),

—1)
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where S(yn_l,yr,“t) = m —1.
Therefore {S(yn—1,yn,t)} is a decreasing sequence of + ive real numbers. Thus

there exists z > 0 such that
(2.3) nh—>Holo S(Yn—1,Yn,t) = 2
Suppose z > 0 then by (2.2) and ({2) it follows that
0 < lim sup ¢(SYn, Yn+1,t), S(Un—1,Yn,t)) <0
n—oo

where t, = S(Yn, Yn+1,t) < S(Yn—1,Yn,t) = sp and t,, s, — z > 0.

Clearly this is a contradiction and so z = 0.By (2.3) we obtain

(2.4) lim M (yn—1Yn,t) =1

n—oo
Now we prove that the sequence {y,} is Cauchy. Suppose if possible {y,} is not
a Cauchy sequence in X, therefore lim, ,,—y00 inf M (Y, Yn, to) < lfor some ¢y > 0.
Suppose there exists 0 < e < land two sub sequences {ym,, } and {y,, } of {y, }such
that nj is the smallest index for which ny > my > k and

(25) M(ym/wynkato) S 1—e¢
and
(26) M(ymmynk,ptoj >1—e

Now we have

1—€e> M(yrmmynwt@)
> M(ymk»ynkﬂ sto) * M(ynkfl ) ynk’to)
> 1 — € k M(ynk_l,ynk)to)

Letting £ — oo and using (2.4), we get
(2.7) klggo M (Ymy s Ynysto) =1 — €
By the same reasoning as above, we obtain

1— € > M (Ynmy, Yny» to)
> M(ymkvymk717t0) * M(ymkfl’ynkfl’to) * M(ynk*“ynk’t(])

and

M(ymk—l yYngp_1s to) > M(ymkﬂ,ymk ,to) * M(ymkv y”k7t0) * M(y”k7y”k—l ;t0)
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By letting k¥ — oo and using (2.4) and (2.7), we obtain
(2.8) Bm M (Ymy, 1 Yny_q,t0) =1— €
k—o0

Using (2.7) and (2.8), we obtain
1

3, S Y o) = lim ey T
— lim — M(ymka Yny, to)
k—oo M(ymk y Yny, s to)

1-(1-¢
N 1—c¢
€
Cl—c¢

and

k;lggo S(ymk—17ynk—17t0) - 1 i B
Let

te = S (Y Yny to)
Sk = S(ymk,1 9 ynk,1 9 to)
Thus by using (2.1) and ({2) we have

0 S hm sup C(S(ymk7ynk7t0)v S(ymk71 ) ynkfpto)) < 0
k—o0

Above inequality is not true and hence {y,} is a Cauchy sequence in X. Now
since AX or BX is a complete subset of (X, M, *) therefore there exists u € X such
that y, — Bu as n — oo. If there exists a subsequence {yy,} of {y,} such that
Yn,, = Au then letting k — oo we get Au = Bu and hence the claim. So we suppose
that y,, # Au for all n € V.

Since yn—1 # yn there exists a subsequence {yy, } of {y,} such that y,, # Bu
for k € N.Using (2.1) we have

1 1
0= C(M(AxnkH,Au, t) -1 M(Bzy,, ,, Bu,t) -1
= C(S(ynk+1 , Au, t), S(ynk, Bu,t))

< S(Yny,, Bu,t) — S(yn, 1 Au, t).

This shows that yp, ., — Au and hence Au = Bu is a unique coincidence point
of A and B. If A and B are weakly compatible then by using well known result due

to Jungck, we can prove the existence of unique common fixed point of A and B.
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Theorem 2.2. Let (X, M,x) be a non- Archimedean fuzzy metric space with M
triangular and A, B : X — X be two given mappings. Suppose there exists ( € Z
and a function ¢ : [0,00) — [0,00) such that

1 1
(2.10) 0 < o(t) <t forallt € (0,4+00) and $(0) =0

If AX C BX and AX or BX is a complete subset of X. Then A and B have
unique coincidence point in X. Moreover if A and B are weakly compatible then A

and B have a unique common fixed point in X.

Proof. First of all we will prove that if coincidence point of A and B exist then it is
unique.
suppose if possible v1 and vy are two distinct coincidence points of A and B then

there exists two points u1, us € X such that
Au1 = Bu1 = V1 7& Vo = AU2 = BU2

then by (2.9) we have

1 1
0 = C(M(Aul,AuQ,t) B 1,¢(M(BU,1,BU2,t)
1 1
<¢(M(U1,U2,t) _1)_ M(Ulvv27t) _1)

- 1)

— 9

but this is a contradiction. Thus we have v{ = vs.

Let zp € X be arbitrary. Since AX C BX therefore there exists 1 € X such
that Azy = Bz continuing this process, we obtain Ax,, = Bz, for alln € N

Let Az, = Bxpy1 = ynIf Yy = yna1 for some n € N then Bxpi1 = Yn = Ynt1 =
Axpg.

Thus x,,+1 is the unique coincidence point of A and B. Therefore let us suppose
that y, # yn11 for all n € N.Hence we have

1 1

(Azp, Azpy1,t) L gb(M(an, Bwpi1,t)
]\4(125 -1, ¢(; -1)
Yns> Yn+1,1) M (Yn—1,Yn, 1)

—1)

OSC(M

= ¢(
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1 1

S — Y
(M(yn—lyymt) ) (M(yn7yn+17t)
= S(Yn—1,Yn,t) = S(Yn, Yyns+1,t) for alln € N

(2.11) <¢ —1)

where S(Yn—1,yn,t) = m - L

Therefore { S(Yn—1,Yn,t)} is a decreasing sequence of + ive real numbers. Thus
there exists z > 0 such that

(2.12) li_}m S(Yn—1,Yn,t) = 2
Suppose z > 0 then
0 S nh—>H;o sup C(S(y’nv Yn+1, t)a QS(S(yn*].a Yn, t)) <0

where t, = S(ymyn-i-lyt)vsn = ¢(S(yn—17yn7t)) < S(yn_1,yn,t), and t, <
Spstn, Spn — 2 > 0.

This is a contradiction. Thus we have
lim S(yp—1Yn,t) =0
n—oo
By (2.12)we obtain
(2.13) lim M(ypn,yYnt1,t) =1
n—oo

Now we claim that the sequence {y,} is Cauchy sequence in (X, d).Suppose if
possible {y, } is not a Cauchy sequence in X, therefore limy, o0 inf M (Y, yn, to) <
1 for some tg > 0.

Suppose there exists 0 < e < land two sub sequences {yp,, } and {y,, } of {yn }such
that ny is the smallest index for which n; > my > k and

(2.14) M (Y Yngs to) < 1 —€
and
(2.15) M (Y Yy to) > 1 — €

Now we have

1—¢ > M(ymkyynk7t0)

> M (Y Ynjo_1> to) * M (Yny_y s Yni» to)
Z I—ex M(ynk,pynk)t(])

Letting k — oo and using (2.13), we get

(2.16) Jim M (Y Ynysto) = 1 — ¢
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By the same reasoning as above, we obtain
l—e> M<ymk7ynk7t0)
> M (Ygs Y1 to) * M (Ymy 1 Yny_15t0) * M (Yny, 1, Yny: to)
and
M (Y1 s Yg—15£0) = M (Ymge_y Yy t0) * M (Y, Yrages to) * M (Y Y1, t0)

From the last inequality, by letting & — oo and using (2.13), (2.16) we get

(2.17) k;lgrc}o M(ymk—l’ynk—l’to) =1-c
By letting k — oo and using (2.16) and (2.17) we obtain
1
lim S to) = li -1
kirgo (ymk’ ynk’ O) ki{lgo M(ymk 9 ynk 9 tO)

1- M(ymka ynkato)

=T (Yo Yy o)
1-(1-¢
N 1—c¢
€
C1—¢
and
klggo S(ymk,pynk,lvto) = 1 i c
Let

ty = S(ymk s Yny s to)

Sk = ¢(S(ymk_1 ) ynk_pto)) < S(ymk_l s ynk_lto)
By (2.9), we have
1 1
- 1) d)(
(Azp,, Ayn,, to) M(Bzp, , Bxy, , to)
1 1
= - 17 ¢
C(M(ymkvynmto) (M(ymk_laynk_lj())
= C(S(ymk y YUny t0)7 ¢(S((ymk_1 5 ynk_l,tO))

< ¢(S(ymk_1 yUngp_1s tO) - S(ymk,ynk ) tO)

—0ask —

0< (57 —1)

(2.18)

—1)

From (2.18) we deduce that

k‘li)nolo Sup C(S(ymk b ynk b t0)7 ¢(S(ymk_1 9 ynk_l 9 to)) = O
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Clearly this is a contradiction to ((2) and hence we conclude that {y,, } is a Cauchy
sequence in X. Now since AX or BX is a complete subset of (X, M,x*) therefore
there exists u € X such that y, — Bu as n — oo. If there exists a subsequence
{yn, } of {yn} such that y,, = Au then letting k¥ — oo we get Au = Bu and hence
the claim. So we suppose that y,, # Au for alln € N.

Since yn—1 # yn there exists a subsequence {y,, } of {y,} such that y,, # Bu
for k € N.Using (2.9) we have

1 1
0= C(M(AgcnkH,Au,t) -1 qb(M(ankH,Bu,t)
= C(S(ynkﬂ , Au,t), qb(S(ynk, Bu,t)))
< O(S(Yny., Bu, t) = S(yny .y Au, t)).
< S(Yny, Bu,t) — S(Yny.,,, Au,t) for alln € N

~1)

This shows that y,,,, — Au and hence Au = Bu is a unique coincidence point
of A and B. If A and B are weakly compatible then by using well known result due

to Jungck, we can prove the existence of unique common fixed point of A and B.

Theorem 2.3. Let (X, M, x) be a non- Archimedean fuzzy metric space and A, B :
X — X be two given mappings. Suppose there exists ( € Z and a function k € (0, %)
such that for all x,y € X
1 1
- 1k S —
i, Ay, N B By
1 1 1
2.19 —1 -1, ——1}) >0
(2.19) M (Br, Art) “M(By Ayt) " MBrAgn D7
If AX C BX and AX or BX is a complete subset of X. Then A and B have

unique coincidence point in X. Moreover if A and B are weakly compatible then A

and B have a unique common fixed point in X.

Corollary 2.4. Ifin (2.19) we put Bx = x for allx € X, then A: X — X has a
unique fized point in (X,d).

3. EXTENDED APPROACH TO A MODULAR METRIC

Definition 3.1 (]2, 3]). Let w: (0,00) X X x X — [0,00) be a function satisfying
the following conditions for all A, u > 0 and z,,y,z € X

(i) z =y iff w(A,z,y) =0 for all A > 0.

(i) w(\, 2, y) = w(\, y, 7)
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(i)wA + pyz,y) < w\ z,y) + w(p, 2,y).

Then w is called a modular metric on X. If we replace (i) by

(iv) w(A\,z,z) = 0 for all A > 0,

then w is called pseudo modular metric on X. If we replace (iii) by

(V) w\,z,y) Sw(A z,2) +w(A, z,y) for all A >0 and z,y, 2z € X.

Then w is called non-Archimedean. Moreover w is called convex if the following
inequality is satisfied for all A, u > 0 and x,,y,z € X

(Vi) w A+ p,x, 2) < ﬁ)‘uw()\,m, z) + ﬁ”uw(u, 2,9).

Remark 3.2. (i) A metric on a set X is a finite distance between any two points of
X while a modular on a same set X is a way to consider a nonnegative “field of veloc-
ities” precisely an average velocity w(A,z,y) is associated to each A > 0,w(\, z,y)
that is one takes time A to move from x to y.

(i1)([6]). Let (X, M,x*) be a triangular fuzzy metric space. Define a function
w: (0,00) x X x X — [0,00) as

(3.1) w2, y) = M(mlm 1

for all z,y € X and A > 0.Then wy is a modular metric on X.

Definition 3.3. Let X, be a modular metric space. Then

(i) {zn} in X, is called w—convergent to x € X, if w(\, zp,x) - 0 as n — oo
for all A > 0. In this case we say z is the w—limit of {z,}.

(ii) {xn} in X, is called w—Cauchy if w(\, xn,zm) — 0 as m,m — oo for all
A>0.

(iii) A subset Y of X, is called w—complete if any w—Cauchy sequence in Y is a
w—convergent sequence and it’s w—limit is in Y.

Now we state two existence results for unique fixed point in the setting of modular
space. Clearly these results are modular counterparts of Theorem 3.1 and Theorem
3.2.

Theorem 3.4. Let X, be a non-Archimedean modular metric space and let A, B :

X — X be two given mappings. Let there exists ( € Z such that
(3.2) C(w(A, Az, Ay),w(A, Bz, By)) >0

for all x,y € X and for all X > 0.
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If AX C BX and AX or BX is a complete subset of X. Then A and B have
unique coincidence point in X. Moreover if A and B are weakly compatible then A

and B have a unique common fixed point in X.

Theorem 3.5. Let X, be a non-Archimedean modular metric space and let A, B :
X — X be two given mappings. Suppose there exists ( € Z and a function ¢ :
[0,00) = [0,00) such that

(3.3) C(w(, Az, Ay), $(w(\, B, By)) > 0
for all x,y € X and for all A > 0.
0 < ¢(t) <t forallt € (0,00) and $p(0) =0

If AX C BX and AX or BX is a complete subset of X. Then A and B have
unique coincidence point in X. Moreover if A and B are weakly compatible then A

and B have a unique common fixed point in X.

The proof of Theorem 3.4 and Theorem 3.5 are established by applying Theorem
2.1 and Theorem 2.2. We give outline of the proof of Theorem 3.4.

Proof. Let M be a fuzzy metric induced by w and defined by (3.1). It follows that
the triple (X, M, %) is non-Archimedean fuzzy metric space. Then by (3.2) we have

1 1
-1 -1)>0
C(M(Anc,Ay,/\) " M(Bz, By, \) )z

for all z,y € X, and for all A > 0.Therefore, we apply Theorem 3.1 to conclude that

A and B have a unique common fixed point in X.
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