J. Korean Soc. Math. Educ. Ser. B: Pure Appl. Math. ISSN(Print) 1226-0657
https://doi.org/10.7468 /jksmeb.2020.27.3.125 ISSN(Online) 2287-6081
Volume 27, Number 3 (August 2020), Pages 125-135

ALEXANDROV TOPOLOGIES AND NON-SYMMETRIC
PSEUDO-METRICS

Ju-MOK OH? AND YONG CHAN Kim P *

ABSTRACT. In this paper, we investigate the properties of Alexandrov topologies,
non-symmetric pseudo-metrics and lower approximation operators on [0, co]. More-
over, we investigate the relations among Alexandrov topologies, non-symmetric
pseudo-metrics and lower approximation operators. We give their examples.

1. INTRODUCTION

Héjek [3] introduced a complete residuated lattice which is an algebraic structure
for many valued logic. Pawlak [12,13] introduced the rough set theory as a formal
tool to deal with imprecision and uncertainty in the data analysis. By using the con-
cepts of lower and upper approximation operators, information systems and decision
rules are investigated in complete residuated lattices [1-11,14,15]. Kim [6-10] inves-
tigated the properties of Alexandrov topologies, fuzzy preorders and join-preserving
maps in complete residuated lattices.

In this paper, we investigate the properties of Alexandrov topologies, non-symmetric
pseudo-metrics and lower approximation operators on [0,00]. We give their exam-
ples. In fact, categories of Alexandrov topologies, non-symmetric pseudo-metrics

and lower approximation operators are isomorphic.

2. PRELIMINARIES

Let ([0, 00], <, V, 4+, A, —,00,0) be a structure where
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r—y=Nzelod[ztz>y)=(y—2) V0,

00+ a=a+ 00 =00,Ya € [0,00],00 — o0 =0.

Definition 2.1. Let X be a set. A function dx : X x X — [0,00] is called a
non-symmetric pseudo-metric if it satisfies the following conditions:

(M1) dx(z,z) =0 for all z € X,

(M2) dx(z,y) + dx(y,z) > dx(x,z), for all z,y,z € X.

The pair (X, dyx) is called a non-symmetric pseudo-metric space.

Remark 2.2. (1) We define a function djg ox : [0, 00]% x [0,00]% — [0,00] as
G oy (4. B) = Ve x (A(@) = B()) = Ve ((B(x)—A(@))V0). Then ([0, 5], dg o)
is a non-symmetric pseudo-metric space.

(2) If (X,dx) is a non-symmetric pseudo-metric space and we define a function
dy' (z,y) = dx(y,z), then (X,dy") is a non-symmetric pseudo-metric space.

(3) Let (X, dx) be a non-symmetric pseudo-metric space and define (dx ®dx)(z, z) =
Nyex(dx(x,y) + dx(y, z)) for each z,z € X. By (M2), (dx @ dx)(z,2) > dx(z,%)
and (dx ® dx)(z,2) < dx(x,z) +dx(z,z) = d(z, z). Hence (dx ® dx) = dx.

(4) If dy is a non-symmetric pseudo-metric and dx(z,y) = dx(y,x) for each
x,y € X, then dx is a pseudo-metric

Example 2.3. (1) Let X = {a,b, c} be a set and define maps d’ : X x X — [0, oc]

for i = 1,2, 3 as follows:

0 65 06 3 03 7
di=| 6 01 |,d4k=(704]|,d=[6 009
15 7 0 05 0 5 4 0

Since d¥ (¢, b) + di (b,a) = 13 < d%(c,a) = 15, d% is not a non-symmetric pseudo-
metric. Since d§< and dg( are non-symmetric pseudo-metrics, dl)“( &) dl)“( = d]}’( for
k=2,3.

3. ALEXANDROV TOPOLOGIES AND NON-SYMMETRIC PSEUDO-METRICS

We define the following two definitions as a sense in [2, 5-10].

Definition 3.1. A subset 7x C [0,00]¥ is called an Alezandrov topology on X iff it
satisfies the following conditions:

(AT1) ax € 7x where ax(z) = a for each x € X and «a € [0, 00].
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(AT2) If A; € 7x for all i € I, then \/,.; Ai, \jer Ai € Tx.
(AT3) If A € 7x and « € [0,00], then a + A,o« — A € 7x where (a — A)(z) =
(A(x) — a) V0.

The pair (X, 7x) is called an Alexandrov topological space.

Definition 3.2. A map H : [0,00]¥ — [0,00]¥ is called a lower approzimation

operator if it satisfies the following conditions, for all A, A; € [0, 00]X, and a € [0, o0],
(H1) H(a+ A) = a + H(A) where (a+ A)(z) = a + A(z),

(H2) H(Aies A ) Nier H(A3),

(H3) H(A) <

(H4) H(H(A )) H(A).

Theorem 3.3. Let dx € [0,00]"*X be a non-symmetric pseudo-metric. Define
Hay (A) 1 [0,00]% — [0,00]% as follows

Hax (A)(y) = N\ (Al2) + dx (z,y)).

zeX

Then Hgay is a lower approximation operator.

Proof. Since Hqy (A)(y) = Npex(A(z) + dx(z,y)),
(H1) Hay (@ + A) = a+ Ha, (A).
(H2) Hay (/\zel‘ Ai ) /\ieF Hay (AZ)
(H3) Hay (A)(y) = Npex (Az) +dx(z,y)) < A(y) +dx(y,y) = A(y).
(H4) For all A € [0,00]%,2 € X,

Hax (Hax (A))(2) = Nyex (Hax (A)(y) + dx (y, 2))
Nyex((Npex (Alz) +dx(2,9))) + dx (y, 2))

/\ EX(A(J“) + /\yGX(dX(xv y) + dX(ya Z)))

= Naex(A@) +dx (7, 2)) = Hay (A)(2)-

Hence Hg, is a lower approximation operator. ]

Theorem 3.4. A map H : [0,00]% — [0,00]% is a lower approzimation operator iff

there exist a non-symmetric pseudo-metric dyy on X such that

HA) ) = N (Al@) + di(.y)).

zeX

Proof. (=) Put dyy : X x X — [0,00] as dy(z,y) = H(0;)(y) where 0;(z) = 0 and
0.(y) =00 for z £y € X. (M1) dy(z,x) = H(0;)(z) < 0,(z) = 0.
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(M2) Since A = A cx(A(y) +0,) and H(0z) = A,ex (H(02)(y) +0y),

/\yGX(dH(x7 y) + d?‘l(ya Z))

= Nyex (H(02)(y) + H(0y)(2)) (b
= H(Ayex (H(02)(y) +0y)(2)) =
=H(0,)(2) = dn(z, 2).

Hence dy is a non-symmetric pseudo-metric. Moreover,

H(A)(y) = H(Asex (A(z) +0.))(y)
= Naex (A(@) + H(0:)(y))
= Naex (A@) + dr(z,y))).

(<) It follow from Theorem 3.3. O

y (H2))
H(H(0:))(2)

Theorem 3.5. Let dx be a non-symmetric pseudo-metric on X. Define 174, =
{A€[0,00]X | A(z) +dx(x,y) > A(y)}. Then the following properties hold.

(1) 7ay is an Alexandrov topology on X.

(2) dx(z,—) € Tqy. Moreover, A € 14, iff A = N,cx(A(z) + dx(z,—)) =
Hayx (A).

Proof. (1) (AT1) Since ax(x) +dx(x,y) > ax(y), we have ax € 74, .
(AT2) If A; € 7q, for all i € I, then

(Aier 4i)(x) + dx (2,y) = Nigr(Ai(2) + dx (z,y))
> /\ie] Al(y)>
(Vier Ai) (@) +dx (2,y) = Ve (Ai(x) + dx (z,y))
> Viel Az(y)
Hence \;c; Ai, Vier Ai € Tay-
(AT3) If A € 7, and a € [0, 00|, then

(a+ A)(z) + dx(z,y) = (a + A)(y),

(@ = A)(z) +dx(z,y) = (A(z) — ) V0) +d(z,y)

= ((A(z) — @) + d(z,y)) V d(z,y)

> (Aly) =) VO = (a— A)(y).
So, a4+ A,a — A € 1q,. Hence 74, is an Alexandrov topology on X.

(2) Since dx(z,y) + dx(y,z) > dx(z,z2), dx(z,—) € 74,. Let A € 74,. Then
Naex (A(@)+dx(z,y)) = A(y) and A, x (A(z)+dx (2,y)) < A(y)+dx (y,y) = Ay)-
Hence A = A\, cx(A(x) +dx(z,—)) = Hay (A).

Conversely, since Hq, (A)(y) + dx(y,2) = Nyex(A(x) +dx(z,y)) + dx(y,2) >
Naex (Ax) + dx (2, 2)) = Hay (A)(2). So, A ="Hay(A) € Tay- O
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Theorem 3.6. Let H : [0,00]X — [0,00]* be a lower approzimation operator. Then
the following properties hold.

(1) 7y = {A € [0,00]" | H(A) = A} is an Alevandrov topology on X such that
e = {H(4) | A € [0,00)}.

(2) Define dy : X x X — [0,00] as dy(x,y) = H(0;)(y) where 04(x) = 0 and
0.(y) = o0 for x #y € X. Then dy is a non-symmetric pseudo-metric on X such

Ha,, = H and 7q,, = TH.

Proof. (1) (AT1) Since H(ax) = H(a +0x) = o + 0x = ax, then ax € 7.

(AT2) For A; € 7y for each i € I', by (H2), A\;cpr Ai € 7. Since \,cp Ai =
Vier H(Ai) S HVier Ai) < Viep Ai, Thus, Vcp Ai € 7.

(AT3) For A € 74, by (H1), a + A € 4.

Since a + H(a — A) = H(a + (a« — A)) > H(A), Hla — A) > (H(A) —
a)V0=a — H(A) = a — A Then a — A € 7. Hence 7 is an Alexandrov
topology on X. Let A € 7y. Then A = H(A) € {H(A) | A € [0,00]%}. Let
H(A) € {H(A) | A € [0,00]X}. Since H(H(A)) = H(A), H(A) € 7.

(2) By Theorem 3.4, dy is a non-symmetric pseudo-metric on X. Moreover,

Har (A)(Y) = Npex (Alz) +dr(z,y)))
= Naex(A(@) + H(02)(y))
= H(Azex(A(x) + 02))(y) = H(A)(y),

Tdy, = TH from:

A€y, iffHdH(A) =Aiff H(A) = Aiff A € 7.
]

Example 3.7. (1) Define maps d' : [0,00] x [0,00] — [0,00] for i = 0,1,2,3 as

follows:

0, ifx =y, 0, ifx >y,
do(“”’y):{ w, ety dl(”“””:{ w, itr<y

2 _ 07 if x S Y, 3 _
Since Hay (A)(y) = Nyex(A(z) +dx(z,y)), we can obtain

)
Hdl A) = /\IZy A(x),
; = Ny Al2),
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Tdo = [07 OO] [0’0017

T = {A €[0,00]0] |
T2 = {A €[0,00]0] |
7 = {ax € [0,00]0% | a € [0, 00]}.

A
A

Theorem 3.8. Let 7 be Alexandrov topology on X. Then the following properties
hold.
(1) Define H, : [0,00]% — [0,00]% as follows:

MH-(A)=\/{B|B<A, Ber}.
Then Hr is a lower approzimation operator such that 7 =7, Hy, =H .
(2) Define d; : X x X — [0,00] as
d-(z,y) = \/ (A(z) = A(y)) = \/ ((A(y) — A()) v 0)

Aer Aer
Then dr is a non-symmetric pseudo-metric such that 7 = 7y, = 74.. Moreover,

Hr =Hq, and d; = dy, .
(3) If H : [0,00]% — [0,00]% is a lower approzimation operator, then
N\ (H(02)(y) + H(0,)(2)) = H(0.)(=)
yeX
forallz,y,z € X and d,, = dy.

Proof. (1) We show H.(A) = \/{B | B < A, B € 7} is a lower approximation
operator.
(H1) For « € [0, 00], A € [0, 0],
a+H-(A)
=a+V{B|B<A Ber}
=\V{a+B|a+B<a+A a+BerT}
=H,(a+ A).
(H2) Since H,(A) < H.(B) for A < B, we have \,.p Hr(Ai) > Hr(N\;er 4i)-
Since A,;cp Ai = Njer Hr(Ai) € 7, then Ho(Njer Ai) = Nier Hr(4i).
(H3) Tt follows from the definition.
(H4) Since H,(A) € 7, we have H,(H.(A)) = H,(A).
Let A € myy,. Then A ="H,(A) € 7. Hence 1, C 7.
Let A € 7. Then H,(A) = A. So, A € 7,. Hence 7 C 7y,
Since H,,(A) = V{B | B < A, B € 74} and A > H(H(A)) = H(A), we have
H(A) < Hpy (A). For B; € 1y, since H(\;cr Bi) > Vier H(Bi) = Ve Bi, then
H(HTH (A)) = HTH (A) So, H(A) > HTH (A)
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(2) We easily show that d, is a non-symmetric pseudo-metric.
Let A € 7. Then Hg, (A) = A because

Ha (A)(Y) = Noex (A(@) + dr(2,9)) = Npex (A(2) + Ve (B(z) — B(y))
> Awex (A@) £ (Alx) = AW)) = Ayex (Al2) + (Aly) — A(@)) v 0))) = A(y),

So, T C T,
Let A= Hg4,(A). Then

A="Hq,(A) = Nex(A(@) + Ve (B(x) — B)) €.

So, T, C T
Let A e 7. Then A € 74 because

A(z) +dr(z,y) = A(2) + Ve, (B(z) — B(y))
> Alz) + (A(z) — A(y)) = Az) + (A(y) — A(z)) v 0))) = A(y)-

So, 7 C T4,
Let A € 75.. Then A € 7 because

A= Hd (A) /\mEX

Since A > Hg4,(A) € 7, then H, (A
(y

Ha. (A)(y)
> Noex(Hr(A)(2) + (Hr(A)(
Hence Hgy (A) = H,(A).

(3) Since H(0z) = Ayex(H(02)(y) + 0y(=)), Ayex(H(02)(y) + H(0y)(2)) =
H(04)(z) because

dry(2,y) = V per, (Aly) — Al2)) V 0)
> V.ex (H(02)(y) = H(02)()) vV 0) = (H(02)(y) — H(0z)(x)) VO
> (H(02)(y) — (02)(x)) v 0 = H(0z)(y)

dTH (.CC, y) = \/AETH((A(y) - =

~ Voscipg (e (A(2) + H(0:)(w) —

< Veex (H(0:2)(y) = H(02)(x)) v 0) < H(0z)(y).
Hence d,, (z,y) = H(02)(y) = dn(x,y). O

Theorem 3.9. Let dx € [0,00]**% be a non-symmetric pseudo-metric. Then
dr,, (@,y) = Hayx (0x)(y) = dx (2,y) = dr, (z,y) for each z,y € X.
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Proof. Since Hay (A)(y) = Npex (A(®) + dx(2,9)), Hax (02)(y) = Apex(0z(z) +
dx(z,y)) = dx(z,y). Since dx(z,—) € 74, and A = Hg, (A) for A € 74,

dry (2,Y) =V aer,  ((Aly) = A(2)) v 0)

(dx(z,y) —dx(z,x)) V0 =dx(z,y),

(2,9) = Vaer,, (Aly) — A(z)) v 0)

sens, (Hag (A)(9) = Hay (A)(a)) v 0)

Aerg, (Noex (A(2) +dx (2,9)) = (Aex (A(2) + dx(z,2))) V 0)
cex((dx(z,y) — dx(z,2)) V0) < dx(z,y).

S
QI\/
)

<< <

IA I

Example 3.10. Let X = {a,b,c} be a set and A € [0, 0] as
A(a) =7,A(b) =5,A(c) =10
(1) Define da(z,y) = (A(y) — A(z)) VO as
B(a) A (24 B(b)) A B(e)

0 0 3

da = ( 2 0 5 |,Ha(B)= ( B(a) A B(b) A B(c) ) :
000 (3+ B(a)) A (5+ B(b)) A B(c)

3

T4 = {Ha,(B) | B € [0,00*}.
(2) Define dY(z,y) = |A(z) — A(y)| as

0 2 3 B(a) A (2+ B(b)) A (34 B(c))
dy = ( 2 05 ) Mg (B) = ( (2 + B(a)) A B(b) A (5 + B(c)) ) :
350 (3+ B(a)) A (5+ B(b)) A B(c)

Then dj(a,) = (0,2,3),d}(b,) = (2,0,5),da(c,) = (3,5,0),A € 7. Moreover,
o = (M (B) | B € 0,5,
(3) Define d% and d% @ d%(z,2) = /\yeX(dg((m,y) + d% (y, 2) as

0 4 1 0 4 1
=703 ],dodk=503].
2.9 0 2 6 0

Since d% (b, ¢) +d% (c,a) =5 < di (b,a) = 7 and d% (¢, a) +d3% (a,b) = 6 < d (b, a) =
9, d§( is not a non-symmetric pseudo-metric.
(4) Define d% = d3 @ d%.

( 1 ) ( B(a) A (5+ B(b)) A (2 + B(c)) )
d% = 3 | Mg (B)=| (4+B(a)) AB(b) A6+ B(c) | .
0 B

N Ot O
D O
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Since dg( is a non-symmetric pseudo-metric, d§( P df;’( = dﬁ(. Then dﬁ((a,) =
(0,4,1),d%(b,) = (5,0,3),d%(c,) = (2,6,0) € 753. Moreover, 73 = {Hg (B) |
B € [0,00)% .

4. CATEGORIES OF NON-SYMMETRIC PSEUDO-METRICS, LOWER
APPROXIMATION OPERATORS AND ALEXANDROV TOPOLOGIES

Let LA be a category with object (X, Hx) where Hx is a lower approxima-
tion operator with a morphism f : (X, Hx) — (Y, Hy) such that f~(Hy(B)) <
Hy (f~(B)) for all B € [0,00]Y.

Let NPM be a category with object (X,dy) where dx is a non-symmetric
pseudo-metric with a morphism f : (X,dx) — (Y,dy) such that dy (f(z), f(y)) <
dx(x,y) for all z,y € X.

Theorem 4.1. Two categories LA and NPM are isomorphic.

Proof. Define H : NPM — LA as H(X,dx) = (X,Hq,) where Hgy, (A)(y) =
Nzex(A(z) + dx(2,y)) from Theorem 3.3. Let dy (f(z), f(2)) < dx(x,2). Then

= (Hy (B))(x) = N\yey (B(w) + dy (w, f(2)))
< Neex(B(f(2)) +dy (f(2), f(2)))
< Neex(F7(B)(2) + dx(z,7)) = Hy (f (B))(@).

Hence H is a functor.
Define a functor G : LA — NPM as G(X, Hx) = (X, dy, ) where dy, (z,y) =
Hx(04)(y) from Theorem 3.6(2). Let f~(Hy(B)) < Hy(f—(B)). Since

dry (f(2), f(2)) = Hy (052)) (f(¥)) = f~ (Hy (04(2))) ()
SHx(fT(05)(y) < Hy (02)(y) = dx(x,y).

Hence G is a functor. Moreover, by Theorem 3.9, G(H(X,dx)) = G(X,Hay ) =
(X,dn,, ) = (X,dx) and, by Theorem 3.6(2), H(G(X,Hx)) = H(X,dny) =
(X, Hay,. ) = (X, Hx). Thus, LA and NPM are isomorphic. O

Let ATOP be a category with object (X, 7x ) where 7x is an Alexandrov topology
with a morphism f: (X, 7x) — (Y, 7y) such that f<(B) € 7x for all B € y.

Theorem 4.2. Two categories ATOP and LA are isomorphic.
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Proof. Define U : ATOP — LA as U(X,7x) = (X, H,,) where H. (A) = V/{B €
[0,00]X | B< A, B¢ TX} from Theorem 3.8(1). For B € 74,
= (Hn (B)) =V{f(C)|C < B,C €1y}

< V(O | 17(C) < 7 (B), 7 (C) € mx}
< Hry (f7(B))
Hence U is a functor.
Define W : LA — ATP as W (X, Hx) = (X, Ty, ) where 75, = {A € 0,00} |
A="Hx(A)} from Theorem 3.6(1). For B = Hy(B), f~(B) € T, because

f7(B) = [T (Hry (B)) < Hey (f7(B)) < f7(B).
Hence W is a functor. Moreover, by Theorem 3.8(1), UMW (X, Hx)) = U(X, Tn, ) =
(X, Hry ) = (X,Hx) and, by Theorem 3.8(1), W(U(X,7x)) = W(X, Hry) =
(X, 7H,, ) = (X,7x). Thus, LA and NPM are isomorphic. O

Theorem 4.3. Two categories ATOP and NPM are isomorphic.

Proof. Define T': NPM — ATOP as T(X,dx) = (X, 7q,) where 74, = {A €
[0, 00]% | A(x)+dx(z,y) > A(y)} from Theorem 3.5. Let dy (f(z), f(2)) < dx(z, 2).

For B € 14, , we have

f*(B)( )+dx($,2) > B(f(x)) +dy (f(z), f(2))

Hence T' is a functor.
Define P : ATOP — NPM as P(X,7x) = (X, dr,) where dry (z,y) = V g, (A(2) —
A(y)) from Theorem 3.8(2). Let f(B) € 7x for B € 7y. We have
dry (f(2), f(y)) = Vper, (B(f(z)) = B(f(2)))
= Vpen (/7 (B)(z) — f‘_(B)(x))
< Vaery (A2) = A(Y)) = dry(2,9)
Hence P is a functor. Moreover, by Theorem 3.8(2),T(P(X,7x)) = T(X,dr,) =
(X, 74, ) = (X,7x) and, by Theorem 3.9, P(T'(X,dx)) = P(X,74,) = (X, dr, ) =
(X, dx)

O
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