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EXISTENCE OF COINCIDENCE POINT UNDER GENERALIZED
GERAGHTY-TYPE CONTRACTION WITH APPLICATION

AMRISH HANDA

ABSTRACT. We establish coincidence point theorem for S-non-decreasing mappings
under Geraghty-type contraction on partially ordered metric spaces. With the help
of obtain result, we derive two dimensional results for generalized compatible pair
of mappings F, G : X2 — X. As an application, we obtain the solution of integral
equation and also give an example to show the usefulness of our results. Our results
improve, sharpen, enrich and generalize various known results.

1. INTRODUCTION

The Banach contraction principle is a classical, useful and powerful tool in non-
linear analysis. Weak contractions are generalizations of the Banach contraction,
which have been studied by various authors. Several authors studied the existence
of fixed point for weak contractions and generalized contractions in partially ordered
metric spaces. In particular, Geraghty proved in [8] an interesting generalization of
Banach contraction principle which had a lot of applications. For more details one
can consult [1 — 7.

Hussain et al. [9] obtained some coupled coincidence point results with the help
of newly defined concept of generalized compatibility. Erhan et al. [7], declared that
the results established in Hussain et al. [9] can be deduce from the coincidence point
results in the existing literature.

In this paper, we establish coincidence point theorem for S-non-decreasing map-
pings under Geraghty-type contraction on partially ordered metric spaces. With the

help of the obtain result, we indicate the formation of a coupled coincidence point
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theorem of generalized compatible pair of mappings F, G : X? — X. As an applica-
tion, we obtain the solution of integral equation and also give an example to show
the fruitfulness of our results. Our results improve, sharpen, enrich and generalize

the results of Kadelburg et al. [10] and various known results.

2. PRELIMINARIES

In the sequel, X is a non-empty set. Given n € N where n > 2, let X" be the
nth Cartesian product X x X x ... x X (n times). Let S : X — X be a mapping.
For simplicity, we denote S(x) by Sx where z € X.

Definition 2.1 ([9]). Suppose that F, G : X? — X are two mappings. F is said to
be G-increasing with respect to =< if for all z, y, u, v € X, with G(z, y) < G(u, v)
we have F(x, y) X F(u, v).

Definition 2.2 ([9]). Let F, G : X2 — X be two mappings. We say that the pair
{F, G} is commuting if F(G(x, y), G(y, x)) = G(F(z, y), F(y, x)), for all z, y € X.

Definition 2.3 ([9]). Suppose that F, G : X2 — X are two mappings. An element
(z, y) € X? is called a coupled coincidence point of mappings F and G if F(z,
y) = G(z, y) and F(y, z) = G(y, z).

Definition 2.4 ([9]). Let (X, <) be a partially ordered set, F' : X? — X and
g : X — X are two mappings. We say that F' is g-increasing with respect to =< if
for any z, y € X,

IA

gr1 = gxg implies F(z1, y) = F(x2, y),

)

€2,
gyr = gy2 implies F(z, y1) 2 F(z, y2
Definition 2.5 ([9]). Let (X, <) be a partially ordered set, F' : X? — X be a
mapping. We say that F' is increasing with respect to < if for any z, y € X,
1 j ) 1mphes F(‘rb y) j F(x27 y>7

y1 =y implies F(x, y1) = F(z, y2).

Definition 2.6 ([9]). Let F, G : X? — X are two mappings. We say that the pair
{F, G} is generalized compatible if
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lim d(F(G(2zn, yn), GYns ©n)), G(F(zn, yn); F(Yn, ) = 0,

n—oo

lim d(F(G(ym xn)a G(l’n, yn))a G(F(ym xn)a F(xna yn))) = 0,

n—oo

whenever (z,,) and (y,) are sequences in X such that

lim G(zy, yn) = lim F(x,, yn) =z € X,
n—oo n—oo
lim G(yn, zn) = lim F(yn, x,) =y € X.
n—oo n—oo

Obviously, a commuting pair is a generalized compatible but not conversely in gen-

eral.

Definition 2.7 ([7]). Let (X, <) be a partially ordered set and endow the product
space X2 with the following partial order:

(2.1) (u, v) C (z, y) &z >wuand y < v, for all (u, v), (z, y) € X°.

Definition 2.8 ([1]). Let (X, d, =) be a partially ordered metric space. Two
mappings 7, S : X — X are said to be O-compatible if

lim d(STx,, TSx,) =0,

n—oo

provided that {x,} is a sequence in X such that {Sz,} is <-monotone, that is, it is

either non-increasing or non-decreasing with respect to < and

lim Tz, = lim Sz, € X.

n—oo n—oo

Lemma 2.1 ([12]). Let (X, d) be a metric space. Define ¢ : X2 x X2 — [0, +00)
by

5((z, y), (u, v)) = max{d(z, u), d(y, v)}, for all (z, y), (u, v) € X2

Then 6 is metric on X2 and (X, d) is complete if and only if (X2, §) is complete.

3. MAIN RESULTS

In [10], Kadelburg et al. introduced the class © of all functions 6 : [0, +00) — [0,
1) satisfying that for any sequence {t¢,} of non-negative real numbers (t,) — 1

implies that ¢, — 0.

Now, we will prove our main result.
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Theorem 3.1. Let (X, d, <) be a partially ordered metric space and letT, S : X —
X be two mappings such that T is (S, <)-non-decreasing, T(X) C S(X) and there
exists 0 € © such that

(3.1) d(Tz, Ty) < 6(d(Sz, Sy))d(Sz, Sy),

for all x, y € X where Sx < Sy. There exists xg € X such that Sxg < Txgy. Also
assume that one of the following conditions holds.

(a) (X, d) is complete, T and S are continuous and the pair (T, S) is O-
compatible,

(b) (S(X), d) is complete and (X, d, <) is non-decreasing-reqular,

(¢) (X, d) is complete, S is continuous and monotone non-decreasing, the pair
(T, S) is O-compatible and (X, d, <) is non-decreasing-reqular.

Then S and T have a coincidence point.

Proof. Let xy € X is arbitrary. Since T(X) C S(X), therefore there exists 1 € X
such that Tzg = Sxz;. Then Szy < Txy = Sz1. As T is (S, <)-non-decreasing and
so T'xzg = T'zy. Repeating this procedure, there exists a sequence {zy, },>0 such that

{Sz,} is <-non-decreasing, Sx,11 = Tx, <X Txpi1 = STpio and
(3.2) Sxpy1 =Tz, for all n > 0.
Let ¢, = d(Sxy, Stpt1), for all n > 0. By using contractive condition (3.1), we have
(3.3)  d(Szpt1, Stpye) = d(Txy, Trpe1) < 0(d(Szy, Stpi1))d(Szy, STpir),
which, by the fact that 6 < 1, implies

d(Sxpt1, Stpt2) < d(Szyn, Sxny1), that is, (41 < ¢, for all n > 0.
Thus the sequence {(,}n>0 is decreasing. Hence there exists an ¢ > 0 such that
(3.4) nlLH;OCn = lim d(Szp, Sxpy1) =C.

n—oo

We claim that ¢ = 0. If possible, suppose ¢ > 0. Then from (3.3), we obtain

4’2“ <0(Cy) < 1.

On taking limit as n — oo, we get
0(¢n) — 1 as n — 0.
Using the properties of function 6, we have

Cn =d(Szy, Szpi1) — 0asn — oo,
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which contradicts the assumption that ¢ > 0. Hence, by (3.4), we get
(3.5) lim ¢, = lim d(Sz,, Szp+1)=0.
n—oo n—oo
We now claim that {Szy},>0 is a Cauchy sequence in (X, d). Suppose, to the
contrary, that the sequence {Sz,},>0 is not a Cauchy sequence. Then there exists

an ¢ > 0 for which we can find subsequences {z,u}, {Tmr)} of {zn},s, With
n(k) > m(k) > k such that

(3.6) d(STp(ky, STmk)) = €.
Let n(k) be the smallest positive integer satisfying (3.6). Then
(3.7) d(STp(k)y—15 STmr)) < €
By using (3.6), (3.7) and triangle inequality, we have
e < 1 =d(STuk), STmk))
< d(STpys STrky—1) + ASTyy—1, STom))

< d(an(k), an(k;)—l) + €.
Letting k — oo in the above inequality and using (3.5), we get

(3.8) lim 7y = klim d(STp(ky, STm)) = €.

k—o00

By the triangle inequality, we have

T d(STy(ky, STm(k))

< d(STpky, SToky+1) F A(STry115 STimky+1) + A(STpk)y+1, ST(k))
< Cagk) + Gy T AT Tn ), TTmry)

< Cak) Sy +0(d(STrys STi(i)))A(STrh)s STin(ry)

< Catk) T Cm(k) T Tk

This shows that
Tk < Cuk) + Cmey + 0T1)7Tk < Gy + Gm(r) + Tk
On taking limit as n — oo in the above inequality, by using (3.5) and (3.8), we get
O(rr) — 1 as n — oo.
Using the properties of function 6, we obtain

Tk = d(STp(r), STpry) — 0 as k — oo,
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which implies that

li = lim d =

which contradicts the fact that € > 0. Consequently {Sxzy, },>0 is a Cauchy sequence
in X. We claim that 7" and S have a coincidence point between cases (a) — (¢).
Suppose (a) holds, that is, (X, d) is complete, T" and S are continuous and the pair
(T, S) is O-compatible. Since (X, d) is complete, therefore there exists z € X such
that {Sz,} — z. It follows, from (3.2), that {T'z,,} — z. As T and S are continuous,
so {T'Szp} — Tz and {SSx,} — Sz. Since the pair (T, S) is O-compatible, we

conclude that

d(Sz, Tz) = lim d(SSzp41, TSxy) = lim d(STx,, TSx,) =0,

n—oo n—oo
that is, z is a coincidence point of S and 7.

Suppose now (b) holds, that is, (S(X), d) is complete and (X, d, <) is non-
decreasing-regular. As {Szy}n>0 is a Cauchy sequence in the complete space (S(X),
d), so there exists y € S(X) such that {Sz,} — y. Let z € X be any point such
that y = Sz, then {Sz,} — Sz. Also, since (X, d, =) is non-decreasing-regular
and {Sz,} is <-non-decreasing converging to Sz, therefore we get Sz, < Sz for all

n > 0. Applying the contractive condition (3.1), we have
d(Szpy1, Tz) =d(Txy,, Tz) < 0(d(Szy, Sz))d(Szy, Sz),
which, by the fact 8 < 1, implies
d(Szpt1, Tz) < d(Szp, Sz).

Letting n — oo in the above inequality and using lim, . Sz, = Sz, we get d(Sz,
Tz) =0, that is, z is a coincidence point of S and 7.

Suppose now that (¢) holds, that is, (X, d) is complete, S is continuous and
monotone non-decreasing, the pair (7', S) is O-compatible and (X, d, <) is non-
decreasing-regular. As (X, d) is complete and so there exists z € X such that
{Sz,} — 2. It follows, from (3.2), that {T'z,} — =z. As S is continuous, then
{SSx,} — Sz. Furthermore, since the pair (T, S) is O-compatible, it means that
{T'Szp} — S=.

As (X, d, <) is non-decreasing-regular and {Sx,,} is <-non-decreasing converging
to z, we obtain that Sx, =< z, which, by the monotonicity of S, implies SSx,, < Sz.

Thus, by using contractive condition (3.1), we get

d(TSxy, Tz) < 0(d(SSzy, Sz))d(SSxy, Sz),
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which, by the fact § < 1, implies
d(TSxy, Tz) <d(SSz,, Sz).

On taking n — oo and by using SSxz, — Sz and TSz, — Sz as n — oo, we get
d(Sz, Tz) =0, that is, z is a coincidence point of S and T. O

Taking 6(s) = k with k € [0, 1) for all s > 0 in Theorem 3.1, we obtain the

following corollary:

Corollary 3.2. Let (X, d, X) be a partially ordered metric space and let T, S :
X — X be two mappings T is (S, 2)-non-decreasing, T(X) C S(X) and there exists
k €0, 1) such that

d(Tz, Ty) < kd(Sz, Sy),

for all x, y € X where Sx = Sy. There exists xg € X such that Sxg X Txg. Also
assume that one of the conditions (a) — (¢) of Theorem 3.1 holds. Then S and T

have a coincidence point.

4. COUPLED COINCIDENCE POINT RESULTS

Now, we find the two dimensional version of Theorem 3.1. For this, we shall
consider the partially ordered metric space (X2, §, C), where § was defined in Lemma
2.1 and C was introduced in (2.1). We define the mappings Tr, T : X2 — X2, for
all (z,y) € X2, by

Tr(z, y) = (F(z, y), F(y, z)) and T(z, y) = (G(z, y), G(y, z)).

Lemma 4.1 ([2]). Let (X, d, =) be a partially ordered metric space and let F,
G : X? — X be two mappings. Then

(1) (X, d) is complete if and only if (X2, 8) is complete.

(2) If (X, d, =) is reqular, then (X2, 8, C) is also regqular.

(8) If F is d-continuous, then Tp is 0-continuous.

(4) If F is G-increasing with respect to <, then Tp is (T, C)-non-decreasing.

(5) If there exist two elements xo, yo € X with G(zo, yo) = F(zo, yo) and
G(yo, o) = F(yo, xo), then there exists a point (zg, yo) € X2 such that Tg(zo,
Yo) £ Tr(wo, Yo)-

(6) For any x, y € X, there exist u, v € X such that F(z, y) = G(u, v) and F(y,
r) = G(v, u), then Tp(X?) C Tg(X?).
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(7) If the pair {F, G} is generalized compatible, then the mappings Tr and Tg
are O-compatible in (X2, §, C).
(8) A point (z, y) € X2 is a coupled coincidence point of F and G if and only if
it is a coincidence point of Tp and Tg.
Theorem 4.1. Let (X, =) be a partially ordered set such that there exists a complete
metric d on X. Assume F, G : X?> — X are two generalized compatible mappings
for which there exists 0 € © such that
(4.1) d(F(z, y), F(u, v))
< O(max{d(G(z, y), G(u, v)), d(G(y, z), G(v, u))})
x max{d(G(z, y), G(u, v)), d(G(y, ), G(v, u))},
forall x, y, u, v € X, with G(z, y) < G(u, v) and G(y, x) = G(v, u). Suppose F is
G-increasing with respect to <, G is continuous and there exist two elements g, Yo
€ X with

G(z0, Yo) = F(z0, yo) and G(yo, 7o) = F(yo, o).
Suppose that for any x, y € X, there exist u, v € X such that
(4.2) F(z, y) = G(u, v) and F(y, =) = G(v, u).

Also suppose that either
(a) F is continuous or
(b) (X, d, X) is regular.

Then F' and G have a coupled coincidence point.

Proof. Let x, y, u, v € X be such that G(z, y) < G(u, v) and G(y, =) = G(v, u).
Then by using (4.1), we have
d(F(z, y), F(u, v))
< O(max{d(G(z, y), G(u, v)), d G( ), G(v, u))})
x max{d(G(z, y), G(u, v)), d
Furthermore G(y, x) = G(v, u) and G(z, y) < G(u, v), the contractive condition
(4.1) also assure that
d(F(y, =), F(v, u))
< O(max{d(G(z, y), G(u, v)), d(G(y, x), G(v, u))})
x max{d(G(z, y), G(u, v)), d(G(y, =), G(v, u))}.

(
(

(
(
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Combining them, we get

(4.3) max{d(F(z, y), F(u, v)), d(F(y, x), F(v, u))}
< O(max{d(G(z, y), G(u, v)), d(G(y, ), G(v, u))})
x max{d(G(z, y), G(u, v)), d(G(y, z), G(v, u))}).

Thus, by using (4.3), we get

§(Tr(z, y), Tr(u, v)))
= 0((F(z, y), F(y, z)), (F(u, v), F(v, u)))
= max{d(F(z, y), F(u, v)), d(F(y, x), F(v, u))}
O(max{d(G(z, y), G(u, v)), d(G(y, x), G(v, u))})
x max{d(G(z, y), G(u, v)), d(G(y, z), G(v, uw))}
0(6(Ta(z, v), Ta(u, v)o(Ta(z, y), Ta(u, v)).

It is only require to apply Theorem 3.1 to the mappings 7' = Tr and S = T in

IN

IN

the partially ordered metric space (X2, §, C) with the help of all items of Lemma
4.1. ]

Corollary 4.2. Let (X, <) be a partially ordered set such that there exists a complete
metric d on X. Assume F, G : X? — X are two commuting mappings for which
there exists 0 € © satisfying (4.1), for all x, y, u, v € X with G(z, y) < G(u, v) and
G(y, ) = G(v, u). Suppose F is G-increasing with respect to <, G is continuous

and there exist two elements xg, yog € X with

G(zo0, yo) = F(zo, yo) and G(yo, o) = F(yo, o)

Suppose that for any x, y € X, there exist u, v € X satisfying (4.2). Also suppose
that either

(a) F is continuous or

(b) (X, d, X) is regular.

Then F' and G have a coupled coincidence point.

Corollary 4.3. Let (X, =) are a partially ordered set such that there exists a
complete metric d on X. Assume F : X?> — X and g : X — X are two mappings
such that F' is g-increasing with respect to = and there exists 0 € © such that

(4.4) d(F(z, y), F(u, v))
< O(max{d(gx, gu), d(gy, gv)}) max{d(gz, gu), d(gy, gv)},
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for all x, y, u, v € X with gv < gu and gy = gv. Suppose that F(X?) C g(X), g is
continuous and the pair {F, g} is compatible. Also suppose that either

(a) F is continuous or

(b) (X, d, x) is regular.

If there exist two elements xg, yog € X with

gzo = F(zo, yo) and gyo = F(yo, o).
Then F and g have a coupled coincidence point.

Corollary 4.4. Let (X, <) be a partially ordered set such that there exists a complete
metric d on X. Assume F : X? — X and g : X — X are two mappings such that
F' is g-increasing with respect to =< for which there exists 0 € © satisfying (4.4), for
all x, y, u, v € X, with g < gu and gy = gv. Suppose that F(X?) C g(X), g is
continuous and the pair {F, g} is commuting. Also suppose that either

(a) F is continuous or

(b) (X, d, X) is regular.

If there exist two elements xg, yg € X with

gzo = F(zo, yo) and gyo = F(yo, o).
Then F and g have a coupled coincidence point.

Corollary 4.5. Let (X, <) be a partially ordered set such that there exists a complete
metric d on X. Assume F : X?> — X is an increasing mapping with respect to <
and there exists € © such that

d(F(z, y), F(u, v)) < Oma{d(z, u), dy, v)}) max{d(z, v), d(y, v)},

forall x, y, u, v € X, with x X u and y > v. Also suppose that either
(a) F is continuous or
(b) (X, d, X) is regular.
If there exist two elements xg, yog € X with

zo = F(x0, yo0) and yo = F(yo, xo).

Then F has a coupled fized point.

In a similar way, we may state the results analog of Corollary 3.2.
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Example 4.1. Let X = R furnished with the usual metric d : X? — [0, +00) with
the natural ordering of real numbers < . Let F, G : X? — X be defined as

In(1+4 2% —4?), ifx >y,
R A S

0, if x <,

and

2 2
_ € _yalfxzya
G, y)—{ 0, if x <y.

Define 6 : [0, +00) — [0, 1) as follows

In(1+4s)
) > O?
bs) = { (s) s :SO.

Firstly, we shall show that the contractive condition of Theorem 4.1 should satisfy
by the mappings F' and G. Let z, y, u, v € X such that G(z, y) < G(u, v) and G(y,
x) = G(v, u), we have
d(F(z, y), F(u, v))
= [F(z, y) — F(u, v)|
= !ln(1+x2—y2) —ln(1+u2—v2)’

B ‘1 14 22 — 92
= e

(@~ y?) — (2 =)
= ln<1—|— L+ — o2 )‘
< In(1+][@® - ¢?) = (u® =0?)])
< In(1+[G(z, y) — G(u, v)|)
< In(1+d(G(z, y), G(u, v)))

- In(1 + max{d(G(z, y), G(u, v)), d(G(y, x), G(v, u))})
- max{d(G(z, y), G(u, v)), d(G(y, z), G(v, u))}
x max{d(G(z, y), G(u, v)), d(G(y, =), G(v, u))}
< O(max{d(G(z, y), G(u, v)), d(G(y, ), G(v, u))})
x max{d(G(z, y), G(u, v)), d(G(y, x), G(v, u))}.

Thus the contractive condition of Theorem 4.1 is satisfied for all z, y, u, v € X.
Furthermore, like in [9], all the other conditions of Theorem 4.1 are satisfied and

z = (0, 0) is a coupled coincidence point of F' and G.



120 AMRISH HANDA

5. APPLICATION TO INTEGRAL EQUATIONS

In this fragment, we study the existence of the solution to a Fredholm nonlinear

integral equation. Consider the following integral equation

b
(5.1) z(p) =/ (Ki(p, @) + Ka(p, 9))[f(q, #(q)) + g(q, x(q))]dg + h(p),

for all p € I = [a, b].

Let © denote the set of all functions 6 : [0, +00) — [0, +00) having the following

properties:
(i9) 6 is non-decreasing,

(iip) O(p) < In(p +1).

Definition 5.1 ([11]). A pair (a, 8) € X? with X = C(I, R), where C(I, R) denote
the set of all continuous functions from I to R, is called a coupled lower-upper solution
of (5.1) if, for all p € I,

b
o) < [ Kl 9lfe, a@) + (e Hla)lds
b
+/ Ka(p, olf(a; B(a)) + gla, a(q))]dq + h(p),
b
5w = [ Kl )lfe 5@) + (o, alo)lds
b
+/ Ka(p, @)[f(q, (@) + 9(q; B(a))ldq + h(p).
Theorem 5.1. Consider the integral equation (5.1) with K1, Ko € C(I x I, R), f,
g€ C(I xR, R) and h € C(I, R) satisfying the following conditions:
(i) Ki(p, @) > 0 and K2(p, q) > 0 for allp, g € I.

(i) There exist positive numbers A, p and 6 € © such that for all x, y € R with
x =y, the following conditions hold:

(5.2) 0 < flg, =)~ f(g, y) < A(z —vy),
(5.3) 0 < g(g ) —9g(q, y) < pb(z —y).
(iii)
b 1
(54 wax(%, p)sup [ 1Kilp. 0)+ Kalp, lda < 5.
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Suppose that there exists a coupled lower-upper solution (c, () of (5.1). Then the
integral equation (5.1) has a solution in C(I, R).

Proof. Consider X = C(I, R) with the following partial order
z 2y < a(p) <ylp), vp eI,

for all z, y € C(I, R). It is noticeable that X is a complete metric space with respect

to the sup metric

d(z, y) = 21611; lz(p) — y(P)|-

Define the following partial order on X? : for (z, y), (u, v) € X2,
(=, y) 2 (u, v) <= z(p) < u(p) and y(p) > v(p), Vp € I.

Define 6 : [0, +o0) — [0, 1) as follows

In(1+s)
9 > 0’
b(s) = { 6 S :80.

and the mapping F : X? — X by

b
F(z, 1)(p) = / Kv(p, 0)f(@, #(0)) +g(a. y(@))ldq
b
+/ Ks(p, 9)[f(q, y(q)) +g(q, x(q))ldg + h(p),

for all p € I. One can easily prove, like in [9], that F' is increasing. Then, for all x,
Yy, u, v € X with x > v and y < v, we have

y)(p) — F(u, v)(p)

/ Ki(p, 9)[(f(q, =(q)) — f(q, u(q))) + (9(q, y(q)) — 9(q, v(q)))]dq
/ Ka(p, ¢)(f(a, y(@) — f(q, v(q)) + (9(q, =(q)) —g(q, u(q)))]dg.
Thus, by using (5.2) and (5.3), we have
(5.5) y)(p) — F(u, v)(p)

/ Ki(p, q) M (a(g) — u(a)) + 16 (y(q) — v(a))] da
+ / Ka(p, q) [N (y(q) — v(@)) + uf ((q) — u(g))] da.
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Since the function 6 is non-decreasing and x = u, y < v, we have

0 (x(q) —ulg)) < 9(8;;1;@((1%%(1)!)29(61(% u)),

0(y(q) —v(q) < 9(ilelll>|y(Q)—v(Q)l)=9(d(y, v)).

Hence by (5.5), we obtain

’F(xa y)(p) _F(ua U)(p)‘
b
< [ Kl D6, )+ 0y, v))dg
b
+ / Ka(p, ))N(d(y, v) + pd(d(x, u))]da.
Now, taking the supremum with respect to p, by using (5.4), we get
d(F(z, y), F(u, v))
b
max(\, whsup [ (Ko, @)+ Kolp. @)daloldo, w) +6(d(y. )

. e, u))—2|-9(d(ya v)

IN

Thus

O(d(z, w) + 8(d(y. v))

(5.6) d(F(z, y), F(u, v)) < 5

Now, since 6 is non-decreasing, we have

0(max{d(z, u), d(y, v)}),

<
< f(max{d(z, u), d(y, v)}),

which implies, by (iig), that

0(d(z, ) +6(d(y, v))
2

O(max{d(z, u), d(y, v)})
In(1 + max{d(z, u), d(y, v)}).

Thus, by (5.6), we have

(5.7) d(F(z, y), F(u, v)) <In(l + max{d(z, u), d(y, v)}).
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Now, by (5.7), we have

d(F(z, y), F(u, v))

In(1 + max{d(z, u), d(y, v)})
In(1 + max{d(z, u), d(y, v)})
max{d(z, u), d(y, v)}
< f(max{d(z, u), d(y, v)})max{d(z, u), d(y, v)}),

IN

IN

x max{d(zx, u), d(y, v)}

which is the contractive condition of Corollary 4.5. Let (a, 3) € X2 be a coupled
upper-lower solution of (5.1), then we have a(p) < F(a, §)(p) and B(p) > F( 5,
a)(p), for all p € I. Thus all the hypothesis of Corollary 4.5 are satisfied. Conse-
quently, F' has a coupled fixed point (z, y) € X? which is the solution of integral
equation (5.1) in X = C(I, R).
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