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PARTIAL S-METRIC SPACES AND FIXED POINT RESULTS

MARYAM SIMKHAH ASIL?, SHABAN SEDGHIP AND JUNG RYE LEE©*

ABSTRACT. In this paper, we introduce the notion of partial S-metric space and
prove a common fixed point theorem in the respective setting. An example is pre-
sented to show the effectiveness of this approach.

1. INTRODUCTION AND PRELIMINARIES

Metrical fixed point theory became one of the most interesting area of research in
the last fifty years. A lot of fixed and common fixed point results have been obtained
by several authors in various types of spaces, such as metric spaces, fuzzy metric
spaces, uniform spaces and others see [1, 2, 3, 6, 7, 11, 13, 15, 16, 17]). One of the
most interesting spaces is a partial metric space, which was defined by Matthews in

the following way.

Definition 1.1 ([8]). A partial metric on a nonempty set X is a functionp : X xX —
[0,4+00) such that, for all z,y,z € X,

(p1) =y < p(z,z) =p(z,y) =p(y,y),
(p2) p(z,z) < p(z,y),

(p3) p(z,y) = p(y,z),

(pa) p(z,y) < p(z,2) +p(2,9y) — p(z, 2).

In this case, the pair (X, p) is called a partial metric space.

On the other hand, S-metric spaces were initiated by Sedghi, Shobe and Aliouche

in [14] (see also [4] and references cited therein).
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Definition 1.2 ([14]). An S-metric on a nonempty set X is a function S : X x X X
X — [0,+00) such that for all x,y, z,a € X, the following conditions are satisfied:
(s1) S(@,y,2) =0 <= z=y=z,
(s2) S(z,y,2) < S(z,x,a) + S(y,y,a) + S(z, z,a).

In this case, the pair (X, .5) is called an S-metric space.

It is easy to see that in S-metric space (X,S) we always have S(z,x,y) =
S(y,y,x), z,y € X.

In this paper, combining these two concepts, we introduce the notion of par-
tial S-metric space and prove a common fixed point theorem for weakly increasing
mappings in ordered spaces of this kind.

We recall some notions and properties in S-metric spaces.

Definition 1.3 ([12]). Let (X,S) be an S-metric space and {x,} be a sequence
in X.
(a) The sequence {z,} converges to z € X if S(xy,zp,x) — 0 as n — oco. In
this case, we write lim,_ ., z, = .
(b) {zn} is said to be a Cauchy sequence if for each € > 0, there exists ng € N
such that S(z,, Tn, xm) < € for all n,m > ng.
(¢) The space (X, S) is said to be complete if every Cauchy sequence in it con-

verges.

Lemma 1.4 ([12]). Let (X, S) be an S-metric space. If {xn} and {yn} are sequences

i X such that lim, oo x, = x and lim, . y, = y, then

lim S(zp,xn, y,) = S(z,x,y).

n—oo
2. PARTIAL S-METRIC SPACES

In this section, we introduce partial S-metric spaces and investigate some of their

simple properties.

Definition 2.1. A partial S-metric or modified partial S-metric on a nonempty set
X is a function S* : X x X x X — [0, +00) such that for all z,y,z,a € X,

(sp1) =y =2 = S*(x,y,2) = §*(z,2,2) = 5™(y,y,y) = 57(2,2,2),

(SPQ) S*(QZ, T, x) < S*(‘T’ Y, Z),

(sp3) S*(z,y,2) < S*(x,x,a) + S*(y,y,a) + S*(2,2,a) —25%(a,a,a).
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The pair (X, S*) is then called a partial or modified partial S-metric space.

Each S-metric space is also a modified partial S-metric space. The converse is

not true, as shown by the following example.

Example 2.2. Let X = [0,+00) and let S* : X x X x X — [0,+00) be defined
by S*(z,y,z) = max{z,y,z}. Then, it is easy to check that (X, S*) is a modified

partial S-metric space. Obviously, (X, S*) is not an S-metric space.

Partial S-metric spaces was first introduced by N. Mlaiki in 2014 see [9]. However,
we introduced a generalization of partial S-metric spaces. That is due to the fact
that:

S*(l‘,y,Z) < S*(ZL',ZL‘,CL) + S*(y7y> Cl) + S*(Z,Z,CL) - 25*(a7a7a)
< S*(z,z,a)+ S*(y,y,a) + S*(z,2,a) — S*(a,a,a).

Now, we present some example of such spaces, i. e. a partial S-metric space that

is not a modified partial S-metric space.

Example 2.3. Let X = [0,+00) and let S* : X x X x X — [0, +00) be defined by

5 w#y#z,
S*(x7y7 Z) = 27 T = y# 27
1, z=y==.

Then, it is easy to check that (X, S*) is a partial S-metric space. Obviously, (X, S*)

is not a modified partial S-metric space.

Lemma 2.4. For a modified partial S-metric S* on X, we have for all x,y € X,

(a) S*(z,z,y) = S*(y,y,2),
(b) if S*(x,z,y) =0 then z = y.

Proof. (a) By the condition (s,3), we get

(1) S (2,2, 5) < §*(2,,2) + 5%(2,2,2) + §(y, 4, 7) — 25°(2, 2, 2) = §*(3,, ),
and similarly

(i) S*(y,y.2) < S*(¥,y,9) + S (v, y,y) + 5™ (2, 2, y) — 25 (y, y,y) = S*(z,2,y).
By (i) and (ii), we obtain S*(z,z,y) = S*(y,y, z).

(b) By the condition (sp2), we obtain

(iii) S*(z,z,z) < S*(z,x,y) =0,
and similarly by the relation (a), we also have:

(iv) S*(y,v,y) < S*(y,y,2) = S*(x,2,y) = 0.
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By (iii) and (iv), we get S*(x,z,y) = S*(x,z,z) = S*(y,y,y) = 0, which by the

condition (sp1) implies that z = y. O

Remark 2.5. Dung, Hieu and Radojevié¢ [5, Examples 2.1 and 2.2] noted that the
class of S-metric spaces is incomparable with the class of G-metric spaces in the
sense of Mustafa and Sims [10]. The same examples show that the class of partial

S-metric spaces is incomparable with the class of G P-metric spaces in the sense of
Zand and Nezhad [18].

Definition 2.6. Let (X, S*) be a partial S-metric space and {z,} be a sequence
in X.
(a) The sequence {z,,} converges to x € X (denoted as z,, — x as n — o0) if

lim S*(xn, zp,x) = lm S*(xn, zp, xn) = S*(z, x, x).
n—oo n—oo

(b) The sequence {x,} is said to be a Cauchy sequence if there exists
lm  S™(p, Tn, Tm).

7,Mm— 00

(c) The space (X,S*) is complete if each Cauchy sequence in X converges.

Note that if x,, — x as n — o0, then for each ¢ > 0 there exists ng € N such that

(2.1) |S™ (2, T, x) — S™(z,2,2)| <€, Yn >ng,
and
(2.2) |S* (@, Ty xn) — S (x, 2, )| <€, ¥n > mny.

Hence, for each € > 0 there exists ng € N such that
(2.3) |S* (@, Ty Tn) — S™(Tn, T, )| < €, Vn > ng.

Lemma 2.7. Let (X,S5*) be a partial S-metric space. If a sequence {x,} in X

converges to x € X, then x is unique.

Proof. Let {x,} converge to x and y. Then we have

(2.4) lim S*(xp, T, xn) = lim S*(zp, xn,z) = S*(z, x, ),

n—oo n—oo

and

lim S*(zy,zp,xn) = lim S™(xn, 20, y) = S™(y,y,y).

n—oo n—oo
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By the condition (sp3), the relation (2.4) and Lemma 2.4, we obtain
S*($7$7y) S 25*(‘777377xn) + S*(y7y7xn) - 2S*(xn,$n,$n)
= 2(5*(1'71; Tn, x) - S*(wm Tn, xn)) + S*(:Cn, T, y) - S*(y, Y, y) + S*(y, Y, y)~
By taking the limit as n — oo, we get S*(z,z,y) < S*(y,v,y).
Also, by the condition (sp2), we have S*(y,y,y) < S*(y,y,z) = S*(z,z,y). Hence
we obtain S*(z,z,y) = S*(y,y,y). Similarly, we have S*(z,z,y) = S*(z,z,x).

Therefore, from the condition (sp1), it follows that z = y. O

Lemma 2.8. Let (X, S*) be a partial S-metric space. Then each convergent sequence

{zn} in X is a Cauchy sequence.

Proof. Let {x,} converge to x, that is, for each € > 0 there exists ng € N such that
the inequalities (2.1), (2.2) and (2.3) hold for all n > ng. By the condition (sp,3) and
these inequalities, we have for m,n > ng,
(2.5)

S* (T, Ty Tn) < S™(Tpy Ty, ) + S (Tpy Ty ) + S* (T, Timy ) — 25 (2, 2, 2)

< 2(8"(xn, p,x) — S™(x, 2, 2)) + S* (T, Ty ) — S™ (2, 2, 2) + S* (2, 2, 2)
<2e+e+ Sz, 2, 7).
Similarly, by the condition (sp3) and Lemma 2.7, we obtain
(2.6)  S*(z,x,x) < S*(x,z,20) + S* (2,2, 20) + S (2, 2, 2) — 25" (X, Ty, T1y)
= 2(S*(zp, Tn,x) — S* (T, T, Tn)) + S*(x, 2, 2y,
< 2(8*(xpy T, ) — S*(Tp, Ty ) + 28 (2, 2, T4
+ S*(@n, Ty Tim) — 28 (T, Ty Tin)-
< 2€+ 2€ + S*(xp, Ty Tin)-
Hence, by (2.5) and (2.6), we get
|S™ (2, Ty, X)) — S™(z, 2, )| < 4de
for m,n > ng. Thus lim, ;oo S*(2p, Tn, Tm) = S*(x, z, x), and the sequence {z,}
is a Cauchy sequence. O

The notion of Sp-metric spaces was introduced independently in [13] and [16].

Definition 2.9. Let X be a nonempty set and b > 1 be a given real number. An
Sp-metric on X, with a parameter b, is a function S : X x X x X — [0, +00) such

that for all x,y, z,a € X, the following conditions are satisfied:
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(Sbl) Sb(l',y,Z):O — rT=Y =z,
(Sb2) Sb(xvxay) = Sb(yayux)a
(Sb3) Sb(l',y, Z) < b(Sb(IE,ﬂj‘,Cl) + Sb(yvya (1) + Sb(Z, Z,CL)).

In this case, the pair (X, Sp) is called an Sy-metric space.

A connection between partial S-metric and Sp-metric spaces is given by the fol-

lowing lemma.

Lemma 2.10. If (X, S*) is a partial S-metric space, then S° : X x X x X — [0, 4+00),
given by

SS(ZL',y,Z) = S*(x,x,y)+5*(y,y, z)—i—S*(z,z,x)—S*(fv,m,w)—S*(y,y,y)—S*(z,z,z),
1s an Sy-metric on X, with a parameter b = 2.

Proof. First of all, by the condition (sp2) and the definition of S*, we have S%(z,y, z) >
0. Further, we check that the conditions of Definition 2.9 are fulfilled.

(sp1) If S¥(x,y, z) = 0 then it follows that S*(x,y, z) = S*(x,z,x) = S*(y,y,y) =
S*(z,z,2z). That is, z = y = z. Conversely, if z = y = z, then we have S*(z,y, z) =
0.

(sp2) By the definition of S* and Lemma 2.4, we get

Sz, x,y) = S™(x,z,x) + S*(x,z,y) + S (y,y,x) — S*(x,z, x)
- S*(I,l’,ﬂf) - S*(yvyay)
=5z, 2,x) + 5%(z, 2,y) + 5" (2, 2,y) — 5™ (2,2, v)
- S*(.%',.%',l') - S*<yay7y)
=258"(z,z,y) — S*(z,xz,x) — S*(y,y,y).

Similarly, we can show that

Ss(ya y,fE) = 25*($,$,y) - S*(I',CL',SL') - S*(ya y7y)
Therefore, S*(z,z,y) = S*(y,y, z). We always have that S*(z,z,y) — S*(z,z,z) <
S%(z, 2, y).
(sp3) By the condition (sp3) and Lemma 2.4, we obtain
Ss(x,y,z) = S*(x7x>y) + S*(y,y,z) + S*(Z,Z,l‘) - S*(x,ac,x)
- S*(yvyay) - S*(Za 2, Z)
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< 28%(z,x,a) — 25%(a,a,a) + S*(y,y,a)
+25*(y,y,a) — 25 (a,a,a) + S*(z, z,a)
+25%(2,2,a) — 25%(a,a,a) + S*(z,z,a)
— S*(z,z,x) — S*(y,y,y) — S*(z, 2, 2)
=35"(a,a,z) —25%(a,a,a) — S*(x,x,x) + S*(a,a,x) — S*(z,z, )
+35%(a,a,y) — 25%(a,a,0) = 5" (y,y,y) + 57 (a,a,9) = 5™ (y, 4, y)
+35*(a,a,z) —25%(a,a,a) — S*(z, z,2) + S*(a,a,2) — S*(z, 2, 2)
= 2[S%(x,z,a) + S%(y,y,a) + S°(z, z,a)],

as desired. 0

Lemma 2.11. Let (X,S*) be a partial S-metric space and S° be the respective
Sp-metric introduced in Lemma 2.10.

(a) A sequence {x,} in X is a Cauchy sequence in (X, S*) if and only if it is a
Cauchy sequence in (X, S?).

(b) The space (X,S*) is complete if and only if the space (X,S*) is complete.

Furthermore, limy,_,o S*(2pn, Tn,z) = 0 if and only if

S*(z,z,x) = lim S™(xp,xn,x) = lim  S*(zp, Tn, Tm).
n—oo n,m—o00

Proof. Let {xy,} be a Cauchy sequence in (X, S*). Then there exists

lm  S*(xp, Tn, Tm) = lUm S™ (x4, 2n, 24).
n,m—00 n—00

Since
S (T, Ty ) = 25" (Xn, Ty T) — S™ (X, T,y ) — S™(Tny Tiny Tin),
we have

lim  S*(xp, Tn, Tm)
n,M—00

=2 lim S*(zn,Tn,Tm) — Um S* (@, 2p, xn) — lim S* (2, Tm, Tm) = 0.
n,m—0oo n—oo m—0o0

We conclude that {z,} is a Cauchy sequence in (X, S*).

Next we prove that the completeness of (X,S®) implies the completeness of
(X,S*). Indeed, if {z,} is a Cauchy sequence in (X, S*) then it is also a Cauchy
sequence in (X, S¥). Since the space (X, S®) is complete, we deduce that there ex-
ists y € X such that limy, o S*(zy, zp,y) = 0 since S*(zy,, Tpn,y) = 25 (2, T, y) —
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S*(y,y,y) — S*(@n, Tpn, xn). Also, we know that

0 < S™(zn, zn,y) — S (¥, y,y) < S°(@n, Tns y),
and
0< S*(«Tm Tn, y) - S*((lin, Tn, mn) < Ss(xny Tn, y)'
Therefore, we have
lim S*(zy,zn,y) = lim S*(z,, xpn, x,) = lim S*(y,y,y).
n—oo n—oo n—oo
Hence, we get that {x,} is a convergent sequence in (X, S*).

Now we prove that every Cauchy sequence {z,} in (X,S®) is a Cauchy sequence
in (X,5%). Let e = % Then there exists ng € N such that S*(zy, Tp, Tm) < 3 for
all n,m > ng. Since

S*(Xpy Ty, Ty,

< A4S (Tngs Tngs Tn) — 3S™ (Tny T, Tn) — S™ (Tngy Tng, Tng) + 5™ (T T,y Tn)

< 25%(@n, Ty Tng) + S (Tng, Tngs Tng ),
we get

S*(Tny Ty ) < 25°(Xn, Ty Tng ) + S™ (Xngs Tngs Tng )
<1+ S*(Tngs Tngs Tng)-

Consequently, the sequence {S*(zp,xn,x,)} is bounded in R and so there exists
an a € R such that the subsequence {S*(zp,,%n,,Zn,)} is convergent to «, i.e.,
limy oo S*(@n,,, Tnys Tn, ) = Q.

It remains to prove that {S*(xy,xn,2,)} is a Cauchy sequence in R. Since
{z,} is a Cauchy sequence in (X,S?®), for given ¢ > 0, there exists n. such that
STy Ty Ty) < g for all n,m > n.. Thus, for all n,m > n,,

|S™ (@, Ty Tn) — S™ (T Tiny Tin) |
< AS* (Tpy Ty i) — 3S™ (T, Ty ) — S™(Timy Tiny T
+ S™(Tny Tny Tn) — S™(Timy Ty Tmy)
< 25%(xp, T, Tm) < €.
On the other hand,
|S*(zn, Zn, Tn) — | < |S*(2p, Tn, Tn) — S™ (T s Tng, Ty )| + 1S (Tnys Ty, Ty, ) — ¢

< e+e€=2¢
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for all n,ng > ne. Hence limy, o0 S*(2p, Tpn, zn) = . Now,
125% (2, Tny Tm) — 20| = |S%(2n, Tny Tn) + S™ (T, Ty ) — @ 4+ S™ (Tiy Timy Tin) —

< S¥ (T Tny Tm) + 1S (T, Ty ) — af + 15" (T, Tiny Tm) — @

€ 9
—+2 2¢e = —e.
<2—|— €+ 2Ze 26

Therefore, {z,} is a Cauchy sequence in (X, S*).
In order to complete the proof, we have to prove that (X,S®) is complete if
(X,S*) is complete. Let {z,} be a Cauchy sequence in (X,S%). Then {z,} is a

Cauchy sequence in (X,.5*) and so it is convergent to a point y € X with

lim  S*(zn, Tn, om) = lim S*(y,y,z,) = S*(y,y,v).

n,m—00

Thus, given € > 0, there exists n. € N such that

* * € * * €
‘S (yayamn) -5 (y7y7y)| < 5 and |S (yayvy) -5 ($n,$n,$n)| < 5?

whenever n > n.. Hence we have

Sy, y, n) = 257 (y,y, 2n) — 5™ (Tn, Tn, 2n) — S*(Y, 4, y)
<15y 2n) = " (W, u, )+ 157 (0, 9, 20) — 57 (@0, T,y 20|
€ €
< 5 + 5 = €,
whenever n > n.. Therefore (X, S*) is complete.

Finally, it is a simple matter to check that lim, .. S*(a,a,x,) = 0 if and only if
S*(a,a,a) = lim S*(a,a,z,) = lm S*(zp,Tn,Tm).
n—00 n,m—00

This completes the proof. ]

Lemma 2.12. Let {x,} and {yn} be two convergent sequences tox € X andy € X,

respectively, in a partial S-metric space (X,S*). Then
lm S*(2n, Yn, yn) = S*(z,y,y).
n—oo
In particular, limy, oo S*(Tn, Yn, 2) = S*(x,y, z) for every z € X.

Proof. By the assumptions, for each ¢ > 0 there exists ng € N such that

€ €
’S*(.’En,mn7x> - S*(.T,JI,(L')‘ < 17 ’S*(yrhy?’wy) - S*(y7y7y)| < 17
% % € €
’S ($n5$n7xn) - S (x7$7x)| < 17 |S*(ynayn7yn) - S*(yayay” < 17
* * € * * €
’S ($naxna$n) -5 (:En,ljn,$)| < Zv |S (ynaynayn) -5 (ynvynvy)| < Z,
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hold for all n > ngy. By the condition (sp3), for n > ng, we have
S*(@n, TnyYn) < S* (T, Tn, ) + S™ (T, Tn, ) + S™(Yn, Yn, x) — 25™ (x, 2, x)
S S*(ZEn,l'n,IE) + S*(I‘n,l‘n,l') + S*(ynaynay) + S*(ynaynay)
+ S*(x,z,y) — 25" (y,y,y) — 25" (x, z, x)
< S S S s ()
4 4 4 4 x? x’y )
and so we obtain

S (Xny Tn,y Yn) — S*(x,2,y) < €.
Also,
S*(z,x,y) < S*(x, 2, 2,) + S* (2,2, 20) + S™(y, ¥, ) — 25 (T, Ty, T)
< 8w, wn) + 5™ (2, 2, 20) + 57y, Y5 Yn) + 57 (Y, Y, Yn)
+ S*(@n, Tny Yn) — 25 (Yny Yns Yn) — 25" (Tp,y Tn, T)

€ € € €
-+ -+ -+ Z +S*($n,$n)yn)'

<444

Thus
S*(xax7y) - S*(‘rnaxnayn) <e.

Hence for all n > ng, we get |S*(xpn, Tn,yn) — S*(z,x,y)| < € and the result follows.
]

Lemma 2.13. If (X, S*) is a partial S-metric space, then the Sy-metrics S° (defined
in Lemma 2.10) and S™: X x X x X — RT given by

28*($71‘7y) - S*(ZE,J},IE) - S*(y,yvy))
Sm(xaya Z) = Inax 28*(y,y,2) - S*(y’ y»@/) - S*(Z7Z,Z),
25%(z,z,x) — S*(2,2,2) — S*(x,z,x)

for all x,y,z € X, are equivalent.

Proof. 1t is easy to see that S™ is an Sp-metric on X. Let x,y,2z € X. It is obvious
that

S™(x,y,z) < 25%(z,y, 2).
On the other hand, since a + b+ ¢ < 3max{a, b, c}, it follows that
S*(x,y,2) = S*(z,z,y) + S*(y,v,2) + S*(2,2,2) — S*(z,x, x)
=S y,9) — 5(2,2,2)
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1 * * *
= 5[28 (1"7x’y)_5 (LU,QZ,CC)—S (yayay)]
1 * * *
+ 5[25 (y7yvz) ) (ya y7y) -8 (27272)]

+ %[25*(2’, z,x) — S*(z,2,2) — S* (v, z, )]

25*(1‘,x,y) - S*(:):,x,w) - S*(y7yay )

25’*(y,y,z) - S*(yvyay) - S*(Z,Z,Z),
25*(z,z,x) — S*(2,2,2) — S*(z,x, )

3
= ESm(x’% Z)'
Thus we have

1
257 ,9,2) < 8°(,3,7) < %sm@,y, 2).

These inequalities imply that S° and S™ are equivalent. O

Lemma 2.14. Let (X,S*) be a partial S-metric space. Define a relation ~ on X

as follows:
r~y = S*(z,z,y) =5 (z,x,x).

Then ~ is an equivalence relation on X.

Proof. (i) It is easy to see that = ~ x.
(ii) Let x ~ y and y ~ x. Then S*(z,z,y) = S*(z,x,z) and S*(y,y,z) =
S*(y,y,y). Since S*(z, z,y) = 5*(y,y, ),

S*(x,z,x) = S*(x,x,y) = S*(¥,4,¥),

and by the condition (sp1) we have z = y.
(iii) Let z ~ y and y ~ 2z, and so S*(z,z,y) = S*(z,z,z) and S*(y,y,2) =
S*(y,y,y). So
S*(x,x,2) = S*(z,2,2) <25%(z,z,y) + S*(x,z,y) — 25" (y,y,y)
= QS*(yayaZ) + S*(l’,l’,l‘) - 25*(y7y7y)

= S*(z,z,x).

Hence, by (sp2), we get S*(z,z,2) < S*(x,z,2). So S*(x,z,2) = S*(x,x,x), that

is, x ~ z. ]



412 M.S. AsiL, S. SEDGHI & J.R. LEE

3. A CoMMON FIXED POINT RESULT IN ORDERED PARTIAL S-METRIC
SPACES

In what follows, we will consider the following special type of partial S-metric

spaces.

Definition 3.1. A partial S-metric space (X, S*) is said to be of the first type if for
all z,y,z€ X

S*(z,x,y) < min{S*(z,y,2),S"(z,z,y)}
holds.

It is easy to check that the partial S-metric space of Example 2.2 is of the first
type.

Definition 3.2 ([1]). Let (X, <) be a partially ordered set and S,7 : X — X be
two mappings. The pair (S,T) is said to be partially weakly increasing if Sx < T'Sx
holds for each z € X.

In the sequel, we use the following notations.

(i) F denotes the set of all functions F : [0,00) — [0,00) such that F' is nonde-
creasing, continuous, F'(0) = 0 < F(t) for each ¢t > 0 and F(x +y) < F(z) + F(y)
for all z,y € [0, +00);

(ii) ¥ denotes the set of all functions v : [0,00) — [0,00) such that v is con-
tinuous, nondecreasing and ) ° (9" (t) is convergent for each ¢ > 0. From the
conditions on 1, it is clear that lim, .~ "™ (t) = 0 and ¢ (t) < t for each ¢ > 0.

The following theorem is the main result of this section.

Theorem 3.3. Let (X, =) be a partially ordered set and suppose that there exists
a first type partial S-metric S* on X such that (X,S*) is a complete partial S-
metric space. Let S,T,R : X — X be mappings such that the pairs (S,T), (T, R)
and (R,S) are partially weakly increasing and for some F € F, b € U and all

x,y,z € X, comparable in pairs with respect to <, the inequality
(3.1) F(S*(Sz, Ty, Rz)) < ¥(F(e(z,y, 2)))
holds, where

(3.2) o(r,y,2) = max {S*(z,y, 2), S*(x,z, Sx), S*(y,y, Ty), S* (2,2, Rz) } .
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Further, assume that for every nondecreasing sequence {x,} in X, converging to
x € X, we have x, = .

Then S, T and R have a common fized point.

Proof. Let xg be an arbitrary point in X. Define a sequence {x,} in X as follows:
T3n+1 = Sx3pn, Tan+2 = T 341 and 23,43 = Raspye forn=0,1,... .
Since the pairs (S,7T), (T, R) and (R, S) are partially weakly increasing, we have
1 =Sz 3 TSxyg =29 =Tx1 X RI't1 = 13 = Rro =X SR19 = 24,
and continuing this process we have
Ty 2T X D Tp DTl D00

Consider, first of all, the case when there exists ng € N such that
S*(Z3ngs T3ng+1, L3ng+2) = 0. We will show also that S* (23541, Z3ng+2; T3ne+3) = 0.

Indeed, otherwise, from (3.1), we get

IN

S*
S*

F(S*(23n0+25 ©3n+2> T3n9+3)) T3no+15 L3no+2> L3no+3))

(5™(
(5™(

S23n0, TT3n0+1, RT3n9+2))

(F(¢(23n0s T3no+1, T3ng+2)))
(

2
F(S*(23n9+25 T3n9+2; €3n9+3)))

IA
B S S B

A

(S™(23n0425 T3n0+25 T3n9+3) )

which is a contradiction. Hence S*(Z3n+1, Z3ng+2, T3ng+3) = 0. Therefore, x3,, =
T3ng+1 = T3ng+2 = L3ng+3 and thus ngno = T3y, = Rx3p, = T3n,- That is, T3n,
is a common fixed point of S, T and R.

Assume now that S*(z3,, Z3n+1, Z3n+2) > 0 for all n € N. We will prove that
(33) F(S*(xn—lp T, l'n—&-l)) < ¢(F(S*(xn—2, Tn—1, Jf'n)))
Setting x = w3y, y = 341 and z = x3,42 in (3.2), we obtain

S*(23n, T3n+1, T3n+2), S (3n, T3n, T3n+1), }

P(T3n; T3n+1, T3n42) = Max
(Z3n, ’ ) S*(T3n+1, T3n+1, T3n+2), S (T3n42, L3n+2, T3n+3)

Since S* is of the first type, we get

O(X3n, T3n+1, Tant2) < max{S™(x3n, Tant+1, T3n+2), S (T3n+1, T3n+2, T3n+3) -
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If S*(23n+1, T3n+2, T3n+3) is the maximum in the above inequality, we have from
(3.1) that

F(S™(@3n+1, T3n+2, ¥3n+3)) = F(S™(Sz3n, T3n+41, RT3n12))
< Y(F(e(23n, T3n4+1, T3n+2)))
( max{S (T30, T3n+1, T3n+2)s S*($3n+17$3n+2a$3n+3)}))
( *(%3n41, T3n+2, L3n+3)) )
F(

S* (30415 T3n+2, T3n+3) )
which is a contradiction. Thus
F(S* (23041, T3nt2, Tant3)) < Y(F(S™ (30, T3n+1, T3nt2)))-
Similarly, we obtain
F(S5™(z3n+2, 23043, Tant4)) < Y(F(S™(T3n+1, T3n+2, T3n+3))),
and

F(S*(3n, ®3n41, T3nt2)) < Y(F(S™(®3n—1, T30, T3n+1)))-

Therefore, for every n € N, we have

F(S*(zn, Tpt1, Tny2)) < (F(S™(Tn-1,2Zn, Tny1)))
<
< Y"(F(S* (20, 71, 72))).

Hence limy, o0 F'(S*(Zn, nt1, Tnt2)) = 0 and so

(3.4) lim S*(xn, Tnt1, Tny2) = 0.

n—o0

Since S* is of the first type and F' is nondecreasing, we obtain

IN

F(S*(xnaxnamn—‘rl)) F(S*(xn7xn+1axn+2))

< YPUE(S™ (o, m1, 22))).
Since F(x +vy) < F(z) + F(y) and S*(zn, Tn, Tnt1) < 25" (T, Tn, Tnt1), we have

F(Ss(xnaxnal'nJrl)) < 2F(S*(~'Ena$n7$n+l)) < 2¢n(F(5*(l‘o,$1,$2)))-
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Now from Ss(xn+ka Tn+k, wn) < QSs(wnJrk; Tntk, $n+k71) +-F QSS(xn—l—l? Tn+1, xn)7

we get

F(Ss(xn+k7 Tn+k, «Tn)) < F(QSS(«Tn—I—ka T4k, xn—i-k—l)) toet F(QSS(«Tn—f—ly Tntl, xn))
< 2 RS (w0, 1, ) + - -+ + 20" (S (20, 1, 22))

<23 WS (@, 01, 72).

Since > o7, ¢"(t) is convergent for each t > 0, it follows that {z,} is a Cauchy
sequence in the Sp-metric space (X, S?). Since (X, S*) is complete, it follows from
Lemma 2.11 that the sequence {z,} converges to some z in the S,-metric space
(X, S?). Hence

lim S%(zy,xn,z) =0.

n—oo

Again, from Lemma 2.11, we have

(3.5) S*(z,x,x) = lim S*(zp,xpn,z) = lim S™(xn, Tn, Tm).
n—oo n,m—0oo

Since {z,} is a Cauchy sequence in the Sp-metric space (X, S*) and
Ss(xna L, mm) = 25" (xp, T, Tm) — S*<$m T, xn) - S*(.T}m, T, Ton )

we obtain

lim  S%(xn, xn, zm) =0,
n,Mm—00

and from (3.4), it follows that

lim S*(zp,zp,xn) = 0.

Thus by the definition of S® we have
. }rlLIEoo S*(xn, Tny Tm) = 0.
Therefore by (3.5), we obtain
S*(z,x,x) = T}an}o S*(Tn, T, x) = nrlwlbllloo S*(Tn, Ty Tm,) = 0.

Now, from the inequality (3.1) for z = x, y = x3,41 and z = x3,,42, wWe get
F(S™(Sz, x3n+2, T3n+3)) < V(F (o2, T3n41, T3nt2)).
Letting n — oo and using Lemma 2.12, we obtain
F(S*(Sz,z,x)) < Y(F(S*(Sz,z,x)) < F(S*(Sx,z,x)),

which is a contradiction. Hence S*(Sx,z,x) = 0. Thus Sx = =.
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Similarly, by using the inequality (3) for y = z,x = z3,, and z = x3,12, we get

F(S*(x3n, Tz, x3n+3)) < Y(F(p(z3n, T, T3n42)),

and letting n — oo and using Lemma 2.12, we obtain
F(S*(z,Te,x)) < p(F(S" (2, Tw,2)) < F(S" (2, Tz, 2)),
which is a contradiction. Hence S*(x,Tz,x) = 0. Thus Tz = z.

In a similar manner, applying the inequality (3.1) for z = z, * = x3, and y =

Z3n+1, we can show that Rx = z. O
Taking S =T = R in Theorem 3.3, one obtains the following

Corollary 3.4. Let (X, <) be a partially ordered set and suppose that there exists a
first type partial S-metric S* on X such that (X, S*) is a complete partial S-metric
space. Let T : X — X be a mapping such that Tx = T?x for v € X and

(3.6) F(5" (T, Ty, Tz)) < Y(F(e(2,y,2)))

for all x,y,z € X with z,y,z comparable in pairs with respect to the partial order
=, where F' € F, ¥ € ¥ and

(P(x7 y? Z) = Inax {S*('T7 y? Z)7 S*(x7 x? Tx)? S*(y’ y’ Ty)7 S*(Z7 Z? TZ)} °

Further, assume that for every increasing sequence {x,} in X, converging to x € X,
we have x, < x.
Then T has a fixed point.

Now, we present an example which supports Corollary 3.4 and shows that the
obtained fixed point results can be applied in the situations when some other known

results fail.

Example 3.5. Let X = [0, 00) be equipped with the first type S-metric S*(x,y, z) =
max{z,y, z} and the partial order < be defined by

Ry <= rz=yVvV0o<y<zxr <1

Consider the mapping T : X — X defined by

.T2

—, 0<
Te=<2(1+z) ~—° — 7
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Choose F' € F and ¢ € ¥ by F(t) =t and

w(t) =4 1+t
- t>1.
27

We will check that the conditions of Corollary 3.4 are fulfilled.
First of all, Tx < T?z holds for z € X (indeed, for 0 < z <1 this reduces to

z? x?

o) @@ 12042 20 +a)

and is trivial for x > 1). Let, further, z,y, z be comparable in pairs w.r.t. <, e.g.,
x =y =X z. The only nontrivial case to consider is when 0 < z <y < x < 1. Then
2 2 2

* x y i a
T, Ty, Tz) = =
S*(Tw, Ty, T%) max{2(1+a;)’2(1+y)’2(1+z)} 2(1+ )’

2

and
o(z,y, z) = max {max{x,y, z}, max{x, Tz}, max{y, Ty}, max{z,Tz}} = x.

Hence, the condition (3.6) reduces to

72 2

< )
2042z) — 1+=x

which is satisfied for 0 < z < 1. By Corollary 3.4, the mapping 1" has a fixed point
(which is 0). Note that, if the same problem is considered in one of usual S-metrics
on X:

S(.’L’,y,Z) = ma'X{|$ - y|7 |y - Z|7 |Z - .T‘},

then the conclusion cannot be obtained in a similar way. Namely, if one takes z =1

3
and y = z = 1 (and the same functions F' and 1 as before), then the inequality

5 1
(3.6) (with S instead of S*) would reduce to % < 20’ which is false. Also, if the
problem is considered in the space without partial order, the condition would also

not be satisfied.
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