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FUZZY COMPLETE LATTICES AND DISTANCE SPACES

Jung M1 Ko?* AND YONG CHAN KimP*

ABSTRACT. In this paper, we introduce the notions of fuzzy join (resp. meet) com-
plete lattices and distance spaces in complete co-residuated lattices. Moreover, we
investigate the relations between Alexandrov pretopologies (resp. precotopologies)
and fuzzy join (resp. meet) complete lattices, respectively. We give their examples.

1. INTRODUCTION

As an algebraic structure for many valued logic, a complete residuated lattice is an
important mathematical tool [1-4, 6-11, 15, 16]. For an extension of classical rough
sets introduced by Pawlak [12, 13|, many researchers [1, 6-11] developed L-lower
and L-upper approximation operators in complete residuated lattices. By using the
concepts of lower and upper approximation operators, fuzzy concepts, information
systems and decision rules are investigated in complete residuated lattices [1-4, 6-11,
15, 16].

Zhang et al. [17, 18] introduced the notion of fuzzy complete lattices using fuzzy
partially order on a frame as generalizations of usual complete lattices. Based on
residuated lattices as an extension of frame, Zhang [19] introduced the notions of
partially orders,join, meet and fuzzy completeness.

Kim et al. [7-10] studied the properties of fuzzy join and meet completeness,
L-fuzzy upper and lower approximation spaces and Alexandrov L-topologies with
fuzzy partially ordered spaces in complete residuated lattices. Zheng and Wang [20]

introduced complete co-residuated lattices. By using this concepts, lower and upper
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approximation operators, fuzzy rough sets and information systems are investigated
[6].

In this paper, we introduce the concepts of fuzzy join and meet complete lat-
tices using distance spaces instead of fuzzy partially ordered spaces [19] in complete
co-residuated lattices. We show that fuzzy join (resp. meet) complete lattices and
Alexandrov pretopologies (resp. precotopologies) are equivalent, respectively. More-

over, their properties and examples are investigated.

2. PRELIMINARIES

Definition 2.1 ([6, 20]). An algebra (L, A, V,®,0,1) is called a complete co-residuated
lattice if it satisfies the following conditions:

(Ql) L = (L,<,V,A,0,1) is a complete lattice where 0 is the bottom element
and 1 is the top element.

(Q2)a=a®0,adb=bdaand a® (bdc)=(a®b)®cforall a,b,c € L.

(Q3) (Ajer i) ® b= Ajer(a; ® ).

Remark 2.2. (1) An infinitely distributive lattice (L, <,V,A,@® = V,0,1) is a com-
plete co-residuated lattice. In particular, the unit interval ([0, 1], <,V, A, @® = V,0,1)
is a complete co-residuated lattice [4,15].

(2) The unit interval with a right-continuous t-conorm @, ([0, 1], <, ®), is a com-
plete co-residuated lattice [1,4,15].

(3) Let (L, <, ®) be a complete co-residuated lattice. For each z,y € L, we define

x@y:/\{zeL\x@zzy}.
Then (x @ y) > ziff z > (y © 2).
(4) ([0,00], <, V,® = 4+, A, 00,0) is a commutative unital co-quantale where

zoy=Nz€[0,00]|z+2 >y}
=Nze 0,00 | 2> —z+y}=(y—2)VO,
o0+ a=a+ 00 =00,Ya € [0,00],00 = oo = 0.
In this paper, we assume (L, A, V,®,S,0,1) is a complete co-residuated lattice.
For a € L,A € LX, we denote (a © A),(a @ A),ax € LX as (a © A)(z) = a ©
Az), (@ A)(z) =ad A(z), ax(z) = .

Lemma 2.3. Let (L,A\,V,®,5,0,1) be a complete co-residuated lattice. For each

x,Y, 2, i, Y; € L, we have the following properties.
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() Ify<z, (zdy) <(zdz), thenzoy<zSzand z6x <yowx.

(2) 28 (Vier %) = Vier(z ©wi) and (Ajep 2i) ©y = Vier(zi © 9).

(3) O (Nier ¥i) < Nier(@ © 91).

(4) (Vier 1) ©y < Nier(wi ©y)-

(5)
)
)
)

ro(zoy) >y (zcy)cy<zand (z0Y)D(yoz) >0 2.
6) (xdy)oz=0Wyoez)=yo (xO2).
(Mzoy>(x@2)0(y®2),r0y>(yYe2)0(x2) and (z@y) S (2 Dw) <

(zez)®(yow).
8)xcx=0,00x=u1x. Moreover, t©&y=0iff t >y.

Proof. (1) Since y = yAz, 2®dy = 2B (yAz) = (z®y)A(z@z). Then (zdy) < (zB=2).
Sincey < 2<z2®(rx0z2),r0y<x6z Sncez <yd(yoz) <zd(yox),
zo0r<youw.

(2) By (1), 26 (Ver vi) 2 Vier(z ©wi). Since & Viep (20 4i) = Viep(z @ (6
Y1) = Vier ¥is ©© (Vier %) < Vier(z © vi).-

By (1), (Nier i) ©y = Vier(@i ©y). Since (A;er i) @ Viep (i ©y) 2 Njer (@i @
(@i ©¥) 2y, (Nier i) ©y < Vier(@i ©9).

(3) and (4) are easily proved from (1).

(5) Since z oy >z 0y, x® (r©y) > y. Moreover, z > (z ©y) ©y. Since
tD @Oy B (yoz)2ydyoz) 22 (20yY)d(Yo2) 2102

(6) Wehave 2@y @ (rdy) S 2z) > zifandonly fz @ ((x Dy) S 2) >y O 2.
Thus (z @ y)©2z>26 (y©2).

Sincez®y® (26 (Y©2) 2yd(Yo2)>226{Yyo2) > (oY) OS2

Similarly, (z®y) ©z=y6 (z & 2).

(7) Since (x®z)®(xOyY) > ydz, 20y > (2D2)O(ydz). Since 2B (z0y)B(ySz) >
2, 20Y> (YO 2)0 (r02).

Since zdw<z® (r02)Byd (yow), (xdy)o (z0w) < (x62)® (yow).

R)ForzeL,zox=NzeLl|z®dz>z}=0and0cx=A{z€L|0®z>
x} = O

Definition 2.4. Let (L,A,V,®,0,0,1) be a complete co-residuated lattice. Let X
be a set. A function dyx : X x X — L is called a distance function if it satisfies the
following conditions:

(M1) dx(z,z) =0 for all z € X,

(M2) dx (z,y) ® dx(y,2) > dx(x,z), for all x,y,z € X,

(M3) if dx(z,y) = dx(y,x) = 0, then z = y.
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The pair (X, dy) is called a distance space.

Remark 2.5. (1) We define a distance function dx : X x X — [0, 00]. Then (X, dx)
is called a non-symmetric pseudo-metric space.

(2) Let (L,A,V,®,6,0,1) be a complete co-residuated lattice. Define a function
dr, : Lx L — L as dp(x,y) = © ©y. By Lemma 2.3 (5) and (8), (L,dz) is a
distance space. Moreover, we define a function d;x : LX x LX — L as d;x (A, B) =
V.ex(A(z) © B(z)). Then (L¥,d;x) is a distance space.

(3) We define a function djy x : [0, o)X x [0, 00]% — [0, 00] as dip,00)x (A, B) =
Vaeex(A(z) © B(z)) = V,ex ((B(xz) — A(z)) v 0). Then ({0, oo]X,d[07oo]x) is a non-
symmetric pseudo-metric space.

(4) If (X,dx) is a distance space and we define a function dy'(z,y) = dx(y, z),
then (X,dy') is a distance space.

(5) Let (L,A,V,®,6,0,1) be a complete co-residuated lattice. Let (X,dx) be
a distance space and define (dx Wdx)(z,2) = A cx(dx(z,y) & dx(y, 2)) for each
z,z € X. By (M2), (dx Wdx)(x,z) > dx(x,z) and (dx Wdx)(z,2) < dx(x,z) ®
dx(z,z) = d(z,z). Hence (dx Wdx) = dx.

(6) If dx is a distance function and d}l (x,y) = dx(y,x) for each z,y € X, then

d)_(1 is a distance function.

3. Fuzzy COMPLETE LATTICES AND DISTANCE SPACES

Definition 3.1. Let (X, dy) be a distance space and A € LX.
(1) A point g is called a fuzzy join of A, denoted by xg = Ux A, if it satisfies
(J1) A(x) > dx(xo,x),
(92) V,yex (A(@) © dx (y,)) > dx (y, x0).
The pair (X, dy) is called fuzzy join complete if Ux A exists for each A € LX.
A point zq is called a fuzzy meet of A, denoted by x1 = Mx A, if it satisfies
(M1) A(z) = dx(x,z1),
(M2) V,ex (A(z) © dx (2,y)) > dx(21,9).
The pair (X, dy) is called fuzzy meet complete if Mx A exists for each A € LX.
The pair (X, dx) is called fuzzy complete if Mx A and Lix A exists for each A € L¥.

Theorem 3.2. Let (X, dx) be a distance space and ® € L.
(1) A point xg is a fuzzy join of ® iff \/ ,cx(®(v) © dx(y,x)) = dx(y, o).
(2) A point x1 is a fuzzy meet of ® iff \/ o x(®(x) ©dx(z,y)) = dx(v1,y).
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(3) If Ux® is a fuzzy join of ® € LX, then it is unique. Moreover, if Nx® is a
fuzzy meet of ® € LX, then it is unique.

Proof (1) Let Lix® be a fuzzy join of ® € LX. By (J1), since ®(x) > d,(Ux®, x), we
have ®(2)®dx (y,UxP) > dx (Ux P, z)®dx (y, UxP) > dx(y,x). Hence dx (y,UxP) >
Vaex (®(2) © dx(y,2)). By (32), dx (3, Ux®) = Ve x (8(2) & dx (3, ).
Conversely, dx(y, Ux®) > (®(z) ©dx(y,x)) if and only if ®(x) > dx(y,UxP) ®
dx(y,x). Put y = Ux®. Then &(x) > dx(LUx®, x).
(2) It is similarly proved as (1).
(3) Let x1, 2 be fuzzy joins of ® € LX. For all y € X, we have
\ (®(z) & dx(y,x)) = dx(y,21) = dx (y, 2).
zeX
Put y = 1. Then 0 = dx(x1,21) = dx(x1,x2). Put y = x9. Then O

Theorem 3.3. Let (X,dx) be a distance space and A, B € LX.
(1) If Ux A, Ux B exist, dyx (A, B) > dx(UxB,UxA),
(2) If NxA,NxB exist, dyx (A, B) > dx(MxA,MxB).

Proof. (1) For each A, B € LX, dyx(A,B) =\ ,cx(A(z) © B(z)) > V,ex(A(z) ©
d)((l_le,JI)) > dx(l_le, leA).

(2) For each A,B € L*, dpx(A,B) = V,ex(A(®@) © B(z)) > V,ex(A(z) ©
dx(l',l_b(B)) > dx(ﬂXA, ﬂxB). ]

Lemma 3.4. Let (X,dx) be a distance space. Then the followings hold.
(1) For each z € X, Uxdx(z,—) = z and Nxdx(—, z) = z.
(2) For ® € LY, Ux® = Ux A(®(2) @ dx(z,—)) and Nx® = Nx A\(®(z)
dX(—,Z))-
Proof. (1) Since dx (z,z) ® dx (y, 2) = dx(y, ®),
dx(y,2) > \/ (dx(z.2) © dy (y,2)).
zeX
From the definition of Uxdx(z,—) = z,
dX(.CL‘, I—leX(Z7 _)) = vxeX(dX(Za .17) o dX(ya ZL‘))
> dx(z,2) ©dx(y,z) = dx(y, 2).
Hence dx (z,Uxdx(z,—)) = V,ex(dx(z,2)0dx (y,2)) = dx(y, 2). Thus Uxdx(z, —)
= 2. Similarly, dx(Mxdx(—,2),y) = V,ex(dx(z,2) © dx(z,y)) = dx(z,y). Thus
ﬂxdx(—,z) = z.
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(2) From the definitions of Ux A(®(z) ® dx(z,—)) and Mx A(®(2) @ dx(—, 2)),

(
dx (y, UN\(®(2) ® dx(2,—))) = Vieex(N.ex(®(2) ® dx (2, 7)) © dx (y, 7))
= V,i.ex(®(2) © (dx(2, w)@dx(y, ) = V.ex(®(2) © V,ex(dx(z,2) © dx(y, x))
= V.ex(®(2) ©dx(y,2)) = dx(y, UP),

dx(MA(@(2) @ dx(—,2)),¥) = Veex(N.ex (®(2) @ dx(z,2)) © dx(,y))
= Vi.ex(®(2) © (dx(z, 2) © dx(2,y)) = \/zEX(q)(Z) O Veex(dx(z,2) © dx(z,y))
= V.ex(®(2) ©dx(2,y)) = dx (M, y).
O

Theorem 3.5. Let (X,dx) be a distance space. Then the following are equivalent:
(1) Ux® exists for every ® € LX.
(2) Nx® emists for every ® € LX.

Proof. (1) = (2). For every ® € LX and \/(®(y) © dx(y,—)) € LX, there exists
z=Ux(V(®(y) ©dx(y,—))). We will show that z = Mx®.
(M2) By the definition of Ux(\/(®(y) © dx(y,—))), by (J1),
)

V(@) ©dx(y,2)) > dx(Ux(\/(2(y) © dx(y,-))),2) = dx ().
(M1) Since (®(y) © dx(y,z)) ® (y) > dx(y,z) iff (y) > (2(y) © dx(y,2)) ©

dX(y7aj)a
O(y) = Vaex ((@(y) © dx(y, x)) © dx(y, x))
2 Vaex(Vyex (@) © dx(y,2)) © dx (y, v))
= dx(y,Ux(V(®(y) © dx(y, —)))) = dx(y, 2)-
(2) = (1). For every ¥ € LX and \/(¥(y) — dx(—,y)) € LY, there exists
w="Nx(\V(¥(y) ©dx(—,y))). We will show that z = Lix .

(J2) Since w = Nx (V(¥(y) © dx (=, y))),
V(@(y) & dx(z,y) = dx (@, Nx(\/(¥(y) © dx (y,-)))) = dx (z,w).

(J1) Since (¥(y) © dx(z,y)) & ®(y) > dx(z,y) iff V(y) > (V(y) © dx(z,9)) ©
dx(l',y),

)
Vaiex (Vyex (¥() © dx(2,y)) © dx (z,y))

dx (M (\/( (v) ©dx(=9))),v)-
(W) ©dx(=y))) = w. O

g(y) > Veex(P(y) ©dx(z,y)) © dx(z,y)

Hence Ux ¥ = Nx (V(¥

Definition 3.6. (1) A subset 7 C LX is called an Alezandrov pretopology on X iff
it satisfies the following conditions:

(O1)if A; € 7 for all i € I, then \/;,.; A; € 7.

(02)if AeTand a € L, thenac A e 7.
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(2) A subset n C L is called an Alezandrov precotopology on X iff it satisfies the
following conditions:

(CO1) if A; € pforall i €I, then \,.; A; €.

(CO2)if Aenpand a € L, then a® A € 1.

A subset 7 C L¥ is called an Alexandrov topology on X iff it is both Alexandrov
pretopology and Alexandrov precotopology on X.

Theorem 3.7. Let 7 C L. Defined. : 7 x 7 — L as d-(A,B) = \/,cx(A(z) ©
B(x)). Then the following statements hold.

(1) (1,d;) is a distance space.
(2) Ur® is a fuzzy join of ® € L7 iff \/ 4c.(®(A) © dr (B, A)) = d (B, U, ®).
(3) M@ is a fuzzy meet of ® € L7 iff \/ 4. (®(A) ©d-(A, B)) = d- (N2, B).
(4) If Uy ® is a fuzzy join of ® € L7, then it is unique. Moreover, if M;® is a
fuzzy meet of ® € L7, then it is unique.

Proof. (1) (M1) For each A€ 7, d,(A,A) =V, eX(A(l’) O A(x)) =

(M2) By Lemma 2.3(5), d- (A, B)®d-(B,C) = V,ex (A(x)OB(x ))@v:veX( (z)o
C(x)) 2 Vyex ((Alx) © B(x)) @ (B(z) © C(x))) = dr(A,C), for all A, B,C € 7.

(M3) If d-(A,B) = d-(B,A) = 0, by Lemma 2.3(8), A = B. Hence (7,d,) is a
distance space.

(2), (3) and (4) follow from Theorem 3.2 O

Theorem 3.8. Let (X,dx) be a distance space. Then (LX,d;x) is a complete

lattice.

Proof. For every ® € L™ and A € L, we obtain that M, x®(z) = Nacrx (®(A) @
A(z)) and Upx ®(z) = \ 41 x (P(A) © A(w)), since

dpx (N acrx (2(A4) @ A(=)), B) = V,ex (A acrx (2(A) & A(z)) © B())
= Vacrx(®(4) & \/a:GX(A(‘T B(z))) (by Lemma 2.3(6))
= Vaerx (®(A) ©dpx (4, dpx(Mpx®, B),

)©

B)) =

dpx (B, V acpx (2(A4) © A(-))

= Vaerx(®(A4) © V,ex (B(x)
B(A)

= Vaerx(®(A) ©dpx (B, A))

) Vxex(B(l“) S Vaerx (2(4) © A(x)))
Az 2) (by Lemma 2.3(6))

B,I_Iqu)).

IICD

L

Theorem 3.9. Let 7 C LX. Then the following statements are equivalent:
(1) (1,d;) is fuzzy join complete.
(2) 7 is an Alexandrov pretopology on X.
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Proof. (1) = (2) Since (7, d;) is fuzzy join complete, for each ® € L7, we have

dr(B,U;®) = Ve, (2(C) © dr (B, O))
= Ve, dr (B, d(C) & C) = dr(B, Ve, @(C) © C) (by Lemma 2.3(6)).

By Lemma 3.2(4), U;® = \/..(®(C)© C) € 7.
(O1) Define @ : 7 — L as ®(A) = a for A € 7 and ®(B) = 1, otherwise. Then

(@) = V ger (B(4) © A(2)) = a & Alz).
So, U, d=a6AcT.

(02) Let {A4; € 7| i € '} be given. Define ® : 7 — L as ®(A;) =0 for i € I' and
®(B) = 1, otherwise. Then

Ur®(x) = Ve, (®(A) © A(x)) = Vier (00 Ai(2)) = Viep Ai(2).
So, Uy ® = \/;cp A € 7.
(2) = (1) For each ® € L7, by (O1) and (02), V¢, (®(C) & C) € 7. Thus,
dr(B,U:®) = VCGT((I)(C) ©d.(B,C))
=Vee, d-(B,2(C) © C) = d-(B,\ ¢, 2(C) © C) (by Lemma 2.3(6)).

By Theorem 3.2 (3), U, ® is a fuzzy join of ®. O

Theorem 3.10. Let 7 C LX. Then the following statements are equivalent:
(1) (1,d;) is fuzzy meet complete.

(2) 7 is an Alexandrov precotopology on X .

Proof. (1) = (2) Since (7, d;) is fuzzy meet complete, for each ® € L, we have

d-(M:®, B) = Ve (B(C) © d-(C, B))
= Ve, d-(B(C) ® C, B) = dr(Aper(B(C) © C), B) (by Lemma 2.3(6)).

By Theorem 3.2(3), M,® = Ao (2(C) D C) € 7.
(CO1) Define ® : 7 — L as ®(A) = a for A € 7 and ®(B) = 1, otherwise. Then

M1,0(2) = Aer (D(A) & A(2)) = a @ A(z).
So,N,d=adAcrT.

(CO2) Let {A4; € 7| i € T'} be given. Define & : 7 — L as ®(4;) =0fori €T
and ®(B) = 1, otherwise. Then

M70(2) = Aser (®(4) © A(z)) = Nier(0® Ai(2)) = Ajer Ai().

So, My ® = N\;cr Ai € 7.
(2) = (1) For each ® € L7, by (CO1) and (CO2), Are, ®(C) ® C € 7. Thus,
dr(M7®, B) = Ve, (®(C) @ d-(C, B))
= \/CGT A(®(C) © 0, B) = dr(A\pe, ®(C) © C, B).
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By Theorem 3.2 (2), M, ® is a fuzzy meet of ®. O

Theorem 3.11. Let D : LX — LX be a map. The following statements are equiva-
lent.
(1) dyx (A, B) > dyx (D(A),D(B)) for all A,B € LX.
(2) a®D(A) > D(a® A) for each o € L, A € LX and D(A)
(3) D(ac A) > a©D(A) for each a € L, A € L and D(A)

(B) for A< B.

<D
<D(B) for A< B.

Proof. (1)= (2). If B < A, by Lemma 2.3(8), d;x (A, B) = 0and d;x(D(A),D(B)) =
0. Thus D(B) < D(A). Since a > dyx(A,a® A) > d;x(D(A),D(a® A)), we have
a®D(A) > D(ad A).

(2)= (1). Put @ =dyx(A, B). Then d;x(A,B) > d;x(D(A),D(B)), since

dyx (A, B) ® D(A) > D(dyx (A, B) @ A) > D(B).

(1) = (3). If A < B, then D(A) < D(B). Since o > drx (a8 A, A) > drx(D(a
A),D(A)), we have D(a© A) > a & D(A).
(3)= (1). Put @« =dyx(A,B). Then d;x(A,B) > d;x(D(A),D(B)) , since

D(A) > D(dyx (A, B) & B) > dyx (A, B) & D(B).

Theorem 3.12. Let D : LX — LX be a map. The following statements hold.
(1) UpxD7(®) < D(UpxP) for each ® € LY where D7 (2)(B) = Vp_p(a) 2(4)
iff D A) > a©D(A) for each o € L, A € LX and D(A) < D(B) for A< B.
(2) D(Mpx®) < M x D7 (P) for each ® € LX° iff a @ D(A) > D(a® A) for each
a€L,AcLX and D(A) < D(B) for A< B.

Proof. (1) (=) For all ® € L™

dpx (B,Urx®) =V 1 x (2(A) ©dpx (B, A))
= Vaerx dpx (B, ®(A) © A) = dpx (B, 4e1.x 2(A) © A),

dpx (B,UpxD7(®) = Ve x (D7(@)(C) © dpx (B, C))

= Veerx dpx (B, D7 (®)(C) © C) = dpx (B, Ve x P7(2)(C) © C)).
By Theorem 3.2(3), Uyx® = \/ 4o x (P(A)0A) and Uy x D7 () = Ve 1 x (D7 (2)(C)O
C). Define ®; : LY — L as ®(A) = a and ®;(B) = 1, otherwise. Then

(Upx®)(x) = \/ (®1(D)© D(x)) = 0 © Ax).
DeLX
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Since D7 (®1)(B) = Vp_p(a) ®1(A4) and D(UpxP1) = UpxD7(Py) for all @1 €
LY | we have
LD (@1)(2) = Vomp(ayerx (D7 (21)(C) © C(x))
= ®1(A4) ©D(A)(2) = a © D(A)(z) < D(ULxP1)(z) = D(a © A)(z).
Hence « © D(A) < D(a & A).
Let A < B be given. Define ®; : LX — L as ®3(A) = ®3(B) = 0 and ®3(C) =1,
otherwise. Then

(Upx®2)(x) = \/ (®2(D)© D(x)) = A(z) V B(z) = B(x).
DeLX

Since D (®2)(B) =\ g_p(a) P2(A4) and D(UyxPy) > Lpx D7 (Dy) for &y € L7,

Upx D7 (R2)(2) = Voop(ayerx (D7 (92)(C) © C(2))
= (®2(4) © D(A)(2)) V (®2(B) © D(B)(x)) = D(A)(z) v D(B)(z)
< D(Upx®1)(x) = D(AV B)(x) = D(B)(x).
Hence D(A) < D(B).
(<) UpxD7(?) < D(Upx®), since
UpxD7(@)(y) = Vaerx 2(A) © D(A)(y)
< D(V gepx (B(A4) & A))(y) = DU )(y).

(2) (=) For all ® € LE"

dpx(Mpx®,B) =/ ¢ LX((I)(A) drx (A, B))
= Vaerx dpx(®(A) @ A, B) = dpx (A pcpx (B(A) ® A), B),
dpx (MpxD7 (@), B) = Vpepx (D7 (@)(C) © dpx (C, B))
= Veerx(Vpay—c ®(A) ©dpx (C, B)))
= Vaerx(®(4) ©dpx(D(A), B) = V 4 x dpx (®(A) © D(A), B)
= dpx (A serx ®(A) @ D(A4), B).
By Theorem 3.2(3), Myx® = A 41c;x(®(A) © A) and MpxD7(P) = A 4o x (P(A) @
D(A)) € LX. Define ®; : LX — L as ®1(A) = a and ®1(B) = 1, otherwise. Then

(Mpx®) = A\ (®1(A) @A) =ad A
AeLX

Since D~ (®1)(B) =\ g_p(a) P1(A) and D(Myx®1) < Mpx D7 (Py) for &y € L7,

MLx D= (@1)(y) = Apepx (@1(4) & D(A) (1))
— a @ D(A)(y) = D(Myx®1)(y) = D(a & A)(y).

Hence D(a @ A) < a @ D(A) € L.
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Let A < B be given. Define ®; : LX — L as ®3(A) = ®9(B) = 0 and ®»(C) =1,
otherwise. Then (Myx®2)(z) = Apecrx(P2(D) © D(x)) = A(z) A B(z) = A(z).
Since D~ (®2)(B) =\ p_p(a) P2(A) and D(MyxPy) < Mpx D7 (Dy) for &y € L7,

NpxD7(22)(x) = Vep(a

C=D(A)eL
= (®2(4) @ D(A)(x)) A ( 2(B
> D(MNpx®1)(z) = D(AA B)

Hence D(A) < D(B).
(<) D(Mpx®) <Ny xD7(P), since

MpxD7 (@) = Ayepx (®(A) ®D(A))
> Naerx D(2(A) © A) = D(Asepx (P(A) ® A)) = D(,x D).

Lx(D7(22)(C) ® C(x))
) ®D(B)(x)) = D(A)(x) A D(B)(x)
(z) = D(A) ().

0

Theorem 3.13. Let D : LX — LX be a map with d;x (A, B) > d;x(D(A),D(B))
for all A, B € LX. Then followings hold.

(1) 7p = {A € LX | A < D(A)} is an Alezandrov fuzzy pretopology, that is, Tp
s a fuzzy join complete lattice.

(2) np = {A € LX | D(A) < A} is an Alezandrov fuzzy precotopology, that is, np

s a fuzzy meet complete lattice.

Proof. (1) (O1) For each A € 7p, by Theorem 3.11, D(ac A) > a & D(A) > ac A.
Hence (& A) € 7p.

(02) For each A; € 7p for i € I, D(V;cr Ai) > Ver D(Ai) > Vjer Ai. Hence
Vier Ai € Tp.

(2) (O1) For each A € np, by Theorem 3.11, D(a® A) < ad D(A) < a® A.
Hence (e ® A) € np.

(02) For each A; € np for i € T', D(N\;er Ai) < Nijer P(Ai) < Njer Ai- Hence
/\iEF A; €np. O

Example 3.14. Let X be a set and R € LX*X. For each A € LX, define Dy, D5 :
LX — L as follows:

Di(A)(y) = N\ (R(z,y) ® A(x)), Da(A)(y) = \/ (R(x,y) © A(x)).
zeX reX
For each A, B € LX, the followings hold.

dpx (D1(A), D1(B))
= Vyex ((Asex (B(z,y) @ A(2))) © (Apex (R(z,y) @ B(x))))
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© (Vaex (B(z,y) © B(x))))
A(x)) © (R(z,y) © B(x))))
d;x (A, B).

For each i € {1,2}, by Theorems 3.12, 3.13 and 3.14, the followings hold.

(1) a @ D;(A) > Di(a @ A) for each a € L,A € L* and D;(A) < D;y(B) for
A<B.

(2) Di(a © A) > a © D;(A) for each a € L,A € L* and D;(A) < D;y(B) for
A<B.

(3) Upx Dy (®) < Di(Upx®) for each @ € LL™ where D* (®)(B) =\ g_p, (1) B(A).

(4) Di(Mpx ®) < MpxD;? (®) for each & € L™

(5) 7p, = {A € LX | A < D;(A)} is an Alexandrov fuzzy pretopology, that is,
Tp, is a fuzzy join complete lattice.

(6) np, = {A € L* | D;(A) < A} is an Alexandrov fuzzy precotopology, that is,

np, is a fuzzy meet complete lattice.

INIAIA I S IAIAIA

V

V

V

Vyex (Veoex (B(z,y) © A(2))) © (Ve x (R(z,y) © B(x))))
Vyex((R (

V

V

Example 3.15. Let X = {z,y,2}, A € [0,00]* with A(x) =8, A(y) =3, A(z) = 9.
(1) Define an Alexandrov pretopology as

x ={a 0 A|ac€l0,00]}.

By Theorem 3.7(1), (7x,d-,) is a distance space. For each ® : 7x — [0, 00|, since
Veery ((C)EC) = Ve )@@ A)S (@8 4)) = Ve (B(aD A)B0) S 4)) €
Tx, it follows that
d-(B, Ury ®) = \/CETX (@(C)o dr (B,C))
= VCETX dry (B,2(C)eC) = dry (B, VCETX (@(C)e0))
= drx (B, Ve, (2(@ © A) © ) S A))).
By Theorem 3.2(2), (7x,dr, ) is a fuzzy join complete lattice.
(2) Define an Alexandrov precotopology as

nx ={a®A|ac0,00]}.

By Theorem 3.7(1), (nx,dyy ) is a distance space. For each ¥ : nx — [0, 00], since
/\CETX (\II(C) ©® C) €EnNx = /\ae[o,oo]((\:[j(a @ A) D Oé) ©® A)) € nx, we have
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d77x (HWX\P’ B) = \/CenX (¥(C) e dnx (C,B))
= d77X (/\Cenx(\y(c) ©® C), B)
= dyx (Nago,oo) (P(a @ A) & a) & A)), B).

By Theorem 3.2(3), (nx,dyy ) is a fuzzy meet complete lattice.

10.

11.

12.

13.

14.

15.
16.

17.
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