J. Korean Soc. Math. Educ. Ser. B: Pure Appl. Math. ISSN(Print) 1226-0657
http://dx.doi.org/10.7468/jksmeb.2022.29.1.69 ISSN(Online) 2287-6081
Volume 29, Number 1 (February 2022), Pages 69-91

RELATIVE (p,q,t)l-TH TYPE AND RELATIVE (p,q,t)L-TH WEAK
TYPE ORIENTED GROWTH PROPERTIES OF WRONSKIAN

TANMAY BISwAS? AND CHINMAY BISWAS P *

ABSTRACT. In the paper we establish some new results depending on the com-
parative growth properties of composite transcendental entire and meromorphic
functions using relative (p,q,t)L-th order, relative (p,q,t)L-th type and relative
(p, g, t) L-th weak type and that of Wronskian generated by one of the factors.

1. INTRODUCTION

Let us consider that the reader is familiar with the fundamental results and the
standard notations of the Nevanlinna theory of meromorphic functions which are
available in [7, 10, 15, 16]. We also use the standard notations and definitions of the
theory of entire functions which are available in [14] and therefore we do not explain
those in details. Let f is an entire function defined in the open complex plane C.
The maximum modulus function M(r) corresponding to f is defined on |z| = r as

My(r) = |z|i§’f(z)|' If f is non-constant then it has the following property:

Property (A) (]2]): A non-constant entire function f is said have the Property (A)
if for any ¢ > 1 and for all sufficiently large values of r, [M¢(r)]? < M(r?) holds.
For examples of functions with or without the Property (A), one may see [2].
When f is meromorphic, one may introduce another function T(r) known as
Nevanlinna’s characteristic function of f, playing the same role as M (r).
The integrated counting function N¢(r,a)(N ¢(r,a)) of a-points (distinct a-points)
of f is defined as
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T

t — 0
Nf(ﬁa) — /nf( @) nf( ’a)dt+nf(0,a)logr

t
0
— ne(t —-n
(Ns(.0) = /”f( ) t ) 4y 4 740, a) logr),
0

where we denote by ny(t,a)(ns(t,a)) the number of a-points (distinct a-points) of f
in |z| <t and an co-point is a pole of f. In many occasions N(r, c0) and N f(r, o)
are denoted by Ny(r) and N ¢(r) respectively. The function N¢(r,a) is called the
enumerative function. On the other hand, the function my(r) = my(r, 0o) known

as the proximity function is defined as
2

my(r) = - [ 1og" 1(re”) db

0
where log™ z = max(logz,0) for all z > 0

and an oo -point is a pole of f .

Analogously, m A (r) = my(r,a) is defined when a is not an oco-point of f.

Thus the Nevanlinna’s characteristic function T4 (r) corresponding to f is defined
as

Ty(r) = Nyp(r) +my(r).

When f is entire, T¢(r) coincides with ms(r) as N¢(r) = 0.

However, for a meromorphic function f, the Wronskian determinant W (f) =
W(ai,ag, ....a, f) is defined as

R f,

a,  ay . . . a, f
W(f) =

agk) agk) .o a,gk) fk)

where a1, as,....ar are linearly independent meromorphic functions and small with
respect to f ( ie., Ty, (r) = S(r, f) for i = 1,2,3...k). From the Nevanlinna’s
second fundamental theorem, it follows that the set of values of a € C U {oo} for
which d(a; f) > 0 is countable and ) d(a; f) + d(oo; f) < 2 (see [7, p. 43]), where

a#00
d(a; f) = 1—li£s;.}pN};’€;{) = liﬂi}gf%. If in particular > d(a; f)+0(o0; f) =

aFoo
2, we say that f has the maximum deficiency sum.
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Moreover, if f is non-constant entire then T () is strictly increasing and contin-
uous function of r. Also its inverse Tfl : (T'+(0),00) — (0,00) exist and is such that
lim T ! (s) = oo. Also the ratio I a5+ — oo is called the growth of f with re-
S—00 f TQ(T)
spect to ¢ in terms of the Nevanlinna’s Characteristic functions of the meromorphic
functions f and g.

However let us consider that = € [0,00) and k € N where N is the set of all

(K]

positive integers. We define expl*! 2z = exp(exp*~ z) and log*) 2 = log(log[k_l] x).

Ug = expz, expl” z = z and expl=z = logz.

We also denote Iog[o] T =z, log[_
Further we assume that throughout the present paper [, p, ¢, m and n always denote
positive integers and t € NU{—1,0}. Now considering this, we just recall that Shen
et al. [12] defined the (m,n)-p order and (m,n)-¢ lower order of entire functions f

which are as follows:

Definition 1.1 ([12]). Let ¢ : [0,4+00) — (0,400) be a non-decreasing unbounded
function and m > n. The (m,n)-p order p(™™(f o) and (m,n)-¢ lower order

A (£ ) of entire functions f are defined as:

— logl™ M(r) and )\(mﬁl)(f, ) = lim log!™ My (r)

(m,n) = lim ‘
p (f? 90) ryoo log[n] 80(7“) r—00 IOg[n} SD(T‘)

If f is a meromorphic function, then

_ loglm=1 loglm—1]
P(m’n)(fa @) = lim N A Ty(r) and )x(m’”)(f, ) = lim NS A\ Tf(r).
T—00 log[”} o(r) r—o00 log["] o(r)

Further for any non-decreasing unbounded function ¢ : [0, +00) — (0, +00), if we

. log p(ar)

assume lim —=po—=
r—+oo log™ ¢(r)

inequality T (r) <log My(r) < 3T¢(2r) cf.[7], one can easily verify that (see [12])

= 1 for all & > 0, then for any entire function f, using the

— log™ M — log™UT
pmmﬁwﬁ:mp%ﬁﬁﬂﬂzhmfim—ﬂﬁ
r=ee logtp(r)  ree logt™ o(r)

log™ M logm=UT
(5,9 = 1 ) _ " V70
oo loglp(r)  rooo loglM(r)
when m > 1.
If we take m = p, n = 1 and ¢(r) = loglt=" 7, then the above definition reduces

to the following definition:
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Definition 1.2. The (p, q)-th order and (p, q)-th lower order of an entire function
f are defined as:

_ lool® M loo®! A1
pP0(p) = T 8 M) g Ae) () = i 1287 M)

If f is a meromorphic function, then

— logP~ T loglP=1 7
lim og—f(r) and )\(p"I)(f) = lim og—f(r)'

PP (f) =

Definition 1.2 avoids the restriction p > ¢ of the original definition of (p, q)-th

order (respectively (p, q)-th lower order) of entire functions introduced by Juneja et
al. [8].

However the above definition is very useful for measuring the growth of entire
and meromorphic functions. If p = I and ¢ = 1 then we write p1(f) = p)(f) and
AED () = MO(f) where p®(f) and XD (f) are respectively known as generalized
order and generalized lower order of entire or meromorphic function f. For details
about generalized order one may see [11]. Also for p = 2 and ¢ = 1, we respectively
denote pD(f) and AZD(f) by p(f) and A(f) which are classical growth indicators
such as order and lower order of entire or meromorphic function f.

In this connection we just recall the following definition of index-pair where we

will give a minor modification to the original definition (see e.g. [8]):

Definition 1.3. An entire function f is said to have indez-pair (p,q) if b <
pPD(f) < oo and p®P~14=1(f) is not a nonzero finite number, where b = 1 if
p = q and b = 0 otherwise. Moreover if 0 < p(p’q)(f) < 00, then

Jrn(f) =00 for n<p,

pPa=)(f) =0 for n<gq,
pletmatn)(f)y =1  for n=1,2,---

Similarly for 0 < A®9(f) < oo, one can easily verify that
AP0 (f) = o0 for n <p,
APa=m) () =0 for n<gq,
Aptnatn)(fy =1 for n=1,2---
Analogously one can easily verify that Definition 1.3 of index-pair can also be
applicable to a meromorphic function f.
However, the function f is said to be of regular (p, ¢) growth when (p, ¢)-th order
and (p, q)-th lower order of f are the same. Functions which are not of regular (p, q)

growth are said to be of irregular (p, q) growth.
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For entire functions, Somasundaram and Thamizharasi [13] introduced the no-
tions of the growth indicators L-order and L-lower order where L = L(r) is a positive
continuous function increasing slowly i.e.,L(ar) ~ L(r) as r — oo for every positive

constant ‘a’, i.e., lim Llar) _ 1 where L = L(r) is a positive continuous function
rso0 L(r)

increasing slowly. The more generalized concept of L-order and L-lower order for

entire function are L*-order and L*-lower order. Their definitions are as follows:

Definition 1.4 ([13]). The L*-order pf* and the L*-lower order )\]I:* of an entire

function f are defined as

. log M . logl? M
,oj]? = lim i A s(r) and /\JLc = liimi()g f(r).
r—oo log[reLl(r)] r—oo log[rel(n)]
When f is meromorphic one can easily verify that
— log Ty(r)

pf* = lim

. logT
————= and /\JLc = lim 2 i)
T—00 log[reL(T)]

r—oolog[rel(r)]’
If we take m = p, n = 1 and o(r) = logld™ U7 . expltt1l L(r), then Definition
1.1 turns into the definitions of (p, ¢, t)L-th order and (p, ¢, t)L-th lower order of an

entire function f which are as follows:

— logl?! M (r)

L _ T f
pf (p7 q, t) - 'r‘li)rélo [q] [t}

log'¥ r 4 exp!tl L(r)

If f is a meromorphic function, then
— logl—UT loglP—11 7
P(p.q.t) = Tim —° D g Mo(pg.t) = lim—° ()
r=o0logld r 4 explt] L(r) r=oologl® r + explt] L(r)

In order to compare the relative growth of two entire functions having same non

log!”! M
and Af(p,q,t) = lim og” My(r)
r=oologl® r + explt] L(r)

zero finite (p, q,t)L-th order, one may introduce the definitions of (p, ¢,t)L-th type
(respectively (p, q,t)L-th lower type) of entire functions having finite positive finite
(p, q,t)L-th order in the following manner:

Definition 1.5 ([5]). Let f be an entire function with non-zero finite (p, ¢,t)L-th
order p%(p, q,t). The (p, q,t)L-th type denoted by a]%(p, q,t) and (p, q,t)L-th lower
type denoted by 5]’% (p, q,t) are respectively defined as follows:

[p—1]
of(p,q,t) = lim log?” " My(r)
00 [10g[q*1} 7 explttl] L(r))Pr (p,a,t)

and

loe=1 A
of(p,q,t) = lim o8 /) T
7—00 [log[q_l] r. exp[t+1] L(T)]pf (p’q’t)
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Analogously in order to determine the relative growth of two entire functions
having same non zero finite (p, ¢, t) L-th lower order one may introduce the definition
of (p, q,t)L-th weak type of entire functions having finite positive (p, g, t)L-th lower

order in the following way:

Definition 1.6 ([5]). The (p, q,t)L-th weak type denoted by TfL(p, q,t) of an entire

function f is defined as follows:

loglP=1 pr
g = i 8T A

lim , 0< Af(pg,t) < oo
r—+o0 [loglt~ ! 7 . explt+1] L(T)]Aﬁ(p,q,t) 1 )

Also one may define the growth indicator ?JLc (p, q,t) of an entire function f in the

following manner :

— loglP~ 1 M (r

et = Jim, logli—11 7 .gexp[tmﬁ(:)p%(nq?t)’ < M(p,g.t) <oo.
Mainly the growth investigation of entire or meromorphic functions has usually
been done through their maximum moduli or Nevanlinna’s characteristic function
in comparison with those of exponential function. But if one is paying attention
to evaluate the growth rates of any entire or meromorphic function with respect
to a new entire function, the notions of relative growth indicators [2, 9] will come.
Extending this notion,one may introduce the definitions of relative (p, g, t) L-th order
and relative (p, q,t)L-th lower order of a meromorphic function f with respect to

another entire function ¢ in the following way:

Definition 1.7 ([5]). Let f be a meromorphic function and ¢ be an entire function.
Then relative (p, q,t) L-th order denoted as pép ’q’t)L( f) and relative (p, ¢, t) L-th lower
order denoted as /\gp ’q’t)L( f) of a meromorphic function f with respect to an entire
function g are defined by

log” T, (T (7))

(p.q;t) L = lim
pg (f) r—}oo]og[q] r—+ exp[t] L(T’)

and

[p) -1
)\(p,q,t)L(f) — lim lOg Tg (Tf(T’)) ‘
g r—oologl®l r + expltl L(r)
Now to compare the relative growth of two meromorphic functions having same
non zero finite relative (p, ¢, t)L-th order with respect to an entire function, one can

introduce the notion of relative (p,q,t)L-th type (respectively relative (p,q,t)L-th
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lower type) of a meromorphic function with respect to an entire function which is

as follows:

Definition 1.8 ([5]). Let f be a meromorphic function and g be an entire function

with 0 < ,oép’q’t)L(f) < oo. The relative (p,q,t)L-th type agp’q’t)L(f) and relative

(p, q,t) L-th lower type Eép’q’t)L(f) of f with respect to g are defined as

_ loglP~UT-Y(T
o OH(f) = lim og" Ty ( f(?“)() ~
r—reo [log[q*” r - explttl] L(r)]pgp’q’ (f)

and

log? Y 7 Y(T
S T
r—00 [log[(I*l} r. eXp[t+1] L(r)}pgpyq! (f)

Similarly, one can define relative (p, ¢,t)L-th weak type to determine the relative

growth of two meromorphic functions having same non zero finite relative (p, q,t)L-

th lower order with respect to an entire function in the following manner:

Definition 1.9 ([5]). Let f be a meromorphic function and ¢ be an entire function
with 0 < )\gp’q’t)L(f) < 0. The relative (p, q,t)L-th weak type Tg(p’q’t)L(f) of f with

respect to g is defined as:

loglP=1 7=1(p
Tg(nqi)L(f): lim o8 g ( f(T)() —
r—00 [log[q*” 7 - explt+1] L(r)]Agp*"’ )

Further one may define the growth indicator ?gp ’q’t)L( f) of an entire function f with

respect to an entire function g in the following way :

—1 _
Apani () - fim — T @)
g r—00 [log[‘I—I] r. exp[t—H] L(T)])\ép’q’t)L(f)

when 0 < )\ép’q’t)L(f) < 0.

Since the natural extension of a derivative is a differential polynomial, in this
paper we prove our results for a special type of linear differential polynomials viz.
the Wronskians. Actually in the paper we establish some new results depending on
the comparative growth properties of composite transcendental entire and meromor-
phic functions usingrelative (p, ¢, t) L-th order, relative (p, ¢, t) L-th type and relative
(p, q,t) L-th weak type of meromorphic function with respect to another entire func-
tionr where p,q € N and t € NU{—1,0} and that of Wronskian generated by one of

the factors.
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2. PRELIMINARIES

In this section we present some lemmas which will be needed in the sequel.

Lemma 2.1 ([1]). Let f be meromorphic and g be entire then for all sufficiently
large values of r,
Ty(r)

Tog(r) < {1+ 0(1)}W

Ty(My(r))-
Lemma 2.2 ([6]). Let f be an entire function which satisfies the Property (A),
8>0,0>1and o> 2. Then

BTy(r) < T(ar®).

Lemma 2.3 ([4]). Let f be a transcendental meromorphic function with Y 6(a; f)+
a#oo
0(o0; f) = 2 and g be a transcendental entire function having the mazimum de-

ficiency sum with regular (m,p) growth and non zero finite (m,p)-th type where
m > 2. Then

1] 1
i log[p ]TW(g) (TW(f) (7“)) _,
r—00 10g[p*1] Tg_l(Tf(T>)

Lemma 2.4 ([3]). Let f be a transcendental meromorphic function with > §(a; f)+
a#oo
0(00; f) = 2 and g be a transcendental entire function having the maximum defi-

ciency sum with reqular (m,p) growth where m > 1. Then the relative (p,q,t)L-th
order and relative (p,q,t)L-th lower order of W (f) with respect to W (g) are same
as those of f with respect to g i.e.,

P (W (1) = pPOOE(f) and APEIE (W (f)) = APeOE(f).

Lemma 2.5. Let f be a transcendental meromorphic function with > 6(a; f) +
aFoo
0(o0; f) = 2 and g be a transcendental entire function having the mazimum de-

ficiency sum with regular (m,p) growth and non zero finite (m,p)-th type where
m > 2. Then the relative (p,q,t)L-th type and relative (p,q,t)L-th lower type of
W (f) with respect to W(g) are same as those of f with respect to g if pgp’q’t)L(f) is

positive finite, i.e.,

o BEVE W (1)) = 0PI (f) and TLEDH(W(F) = 7PN ().



GROWTH PROPERTIES OF WRONSKIAN 7

Proof. Now from Lemma 2.3 and Lemma 2.4, we get that

oy W ()

o log Tl (T (1)
= lim 9 ot
700 [log[Q*l]T,eXp[t-',-l] L(r )]pw(g) W(£))

—1] -1
. loglP—H TW(g)(TW(f)(r)) = logP—1T (Tf( )
oo g U TN (Ty(r)) T logli exp[t+11 L) h )
=1. aépﬂ)(f) — gép,q)(f)'

Similarly, @ Fb gg’g)L(W( f) = E(p i)k (f). This completes the proof. O

Lemma 2.6. Let f be a transcendental meromorphic function with »_ 6(a; f) +
a#o0o

0(o0; f) = 2 and g be a transcendental entire function having the maximum defi-

ciency sum with reqular (m, p) growth and nonzero finite (m, p)-th type where m > 2.

Then q’t)L(W(f)) and T(p 2.4k (W(f)) are same as those of f with respect to g,

W(g) W(g)
i.€.,

ey LV () = O (f) and FE (W () = 7Pt ().

when )\gp’q’t)L(f) 1s positive finite.

We omit the proof of the above lemma as it can be carried out in the line of
Lemma 2.5.

3. MAIN RESULTS
In this section we present the main results of the paper.

Theorem 3.1. Let f be a transcendental meromorphic function with . §(a; f) +
aF#oo
0(o0; f) =2, g be an entire function and h be a transcendental entire function having

the mazimum deficiency sum with regular (m,p) growth and nonzero finite (m,p)-th
type such that 0 < a(pq’t) (fog) < a(p’qt (fog) < 00,0 < U(pq’t)L(f) < a,gp’q’t)L(f)
< oo and p(pqt)L(f g) = pépqt)L(f) where m > 2, then

—(p,q,t)L - -
o (fog) < lim loglP U T, (T, (r))
O_i(lp,q’t)L(f) - r—?olog[p_u TVY/l(h) (Tw()(r))
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< min

f(p’CI,t)L (paCI,t)L f(p,q,t)L (p,q,t)L
" (pqt)(j(o)g)’ o qt)(Lf( O)g)} < mox { =2 (pqt)g(o)g)’ T (pqt)(j(o)g)}
oy o o, S a POt (f
< lim log[pil] T_I(Tf (1)) < ;(Lp’q’t)L(f 0g)
~ roxloglt—liT wim T () aPadL(p)

Proof. From the definition of Ug,lp,’(q}S)L(W( f)) and a(p 24k (fog) and in view of Lemma

2.4 and Lemma 2.5, we have for arbitrary positive ¢ and for all sufficiently large

values of r,
(3.1) log? U T 1 (Tyog (1)) > (04" (fog) ) loglt~ r-explt1) L))o (Fo0),
and

(p,q,t)L
logl" U Ty (T (1) < (oW (W (£)) + £)loglt U explt 1] Ly (WD)
(3.2)

. ( 6L
ice., log? Tt (Ty gy () < (05 (£) + o)llog - expl ™ Lmpr™ .

Now from (3.1), (3.2) and the condition p(pqt) (fog) = p(pqt)L(f), it follows for
all sufficiently large values of r,
logP—1! T_l(Tf o(1)) y Egp,q,t)L(f og)—

log?~! TWI(h)( w(s)(r) U,Sp’q’t)L(f) +e
As g(> 0) is arbitrary, we obtain from above
(3 3) hm log[p_l] Tf:l(Tfog(r)) > I(’Lp o t)L(f © g)

r—oologP~ 1] Tv;l(h) (Tyw (s (7)) g\ PODE (1)
Again for a sequence of values of r tending to infinity,

(3.4) 1og U T, (Tyog(r) < @V (fog)+2)llog® ™V r-expl 1 Lir)ei ™ Uo0),

and for all sufficiently large values of r,

(p,q,t)L
]Og[P 0 W(h)(TW( )( r)) > (E%q’t)L(W(f))_8)[10g[Q—1] 1"~€Xp[t+1] L(r )]pw(h) (W(f))7

(h)
(3 5)

e, 108 T (T (1) = (@ "VH(f) = £)log ! - explt 1 Lr)) o

Combining (3.4) and (3.5) and the condition p(p bl (fog) = p(pq t)L(f), we get for

a sequence of values of r tending to infinity

log[pfl] Th_l(Tfog(T’)> < Egp’q’t)L(f og)+e
1] .

(p q, t)L(f)‘

log Tyt (Twpy () — &P () — ¢
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Since (> 0) is arbitrary, it follows from above that

» i I D) o 00

r=oologl Tl (T (r) 5P eDE ()

Also in view of Lemma 2.4 and Lemma 2.5 and for a sequence of values of r tending

to infinity, it follows that

(p,a,t)L
loglr Tt (T () (1) < @) (W () +)lloglt =i explt =1 L ()] Pwin (VD)

(3 7)

e-s 108 U Tty (Tiyp (1) < (@707 (1) + 2)llogls ! - expl™ ) L))

Now from (3.1), (3.7) and the condition p(p L (fog) = p(p bl (f), we obtain for

a sequence of values of r tending to infinity
1] —(p,a,t)L
]Og[’P 1] T 1(Tfog(7’)) N O_Elpqt) (f ° g) — e
log[p ! Twl(h) (TW(f) (r) Eglnq’t)L(f) +e
As g(> 0) is arbitrary, we get from above

log? U T, (Tyoy(r) 7" (F o)

im =
r=logl ! Twl(h) (Tw (p)(r)) Eglp’q’t)L (f)

(P q, t)L(f).

(3.8)

Also for all sufficiently large values of r,
(3.9) 1og? U T (Tyog (1) < (o7 (fog)+&)llog 1 r-explt 1l L ()" (o),
PO (o gy = p®PDE (1) it follows from (3.5) and (3.9)
for all sufficiently large values of r,
logP—1! Ty (Tog(r)) < U;Lp’q’t)L(f og)+e

log~" Twl(h) (Tw () (1)) Eép’q’t)L(f) -
Since (> 0) is arbitrary, we obtain
(3.10) — logP T (Tyoy(r) 0" (fog)

roelogl N Ty (T () 70 (f)

In view of the condition pj

Again from the definition of o (q]jl)) (W(f)) and in view of Lemma 2.4 and Lemma

2.5, we get for a sequence of values of r tending to infinity

(p,q,t) L
logP™ ! Tig by (Tw (1) > (55 (W (1)) =) logl®™ ) r-expl* 1 L i (U,

(3.11)
— — _ (pra,t) L
ey oglP Tt (T g (1) > (09 (f) = 2)loglt = - explt 1 L)) 0
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Now from (3.9), (3.11) and the condition pép’q’t)L(f og) = p(pqt)L(f), it follows for
a sequence of values of r tending to infinity
logP~H T (To, (1)) - a,gp’q’t)L(f og)+e
log? ! Tty (T ()~ oM (f) — ¢

As e(> 0) is arbitrary, we obtain

log? U T, (Tyog(r)  _ 0" (f 0 g)
r—)oolog[p 1] T{E/(h)(TW(f)(r)) N U,gp’q’t)L(f)

(3.12)

Again for a sequence of values of r tending to infinity
(3.13)
logl U T} Ty (1) > (0P *V¥(f 0 g) — ) loglt = - explt+11 1)) (),

Combining (3.2) and (3.13) and in view of the condition

(p,q,t)L(f

Pp P t)L(f)

9) = P

)

we get for a sequence of values of r tending to infinity

logl T N (Tyog(r)) 0"V (fog) —e
log ™! Tyt (T (1)~ P 4(f) + ¢

Since (> 0) is arbitrary, it follows that

- — ,q,t)L
(3.14)  logP T (Tyoy (1) o™ (fog)

raoo]Og[p 1] Twl(h)(T (f)(?”)) - a}(Lp,q,t)L(f)

Thus the theorem follows from (3.3), (3.6), (3.8), (3.10), (3.12) and (3.14). O

The following theorem can be proved in the line of Theorem 3.1 and so its proof

is omitted.

Theorem 3.2. If f be a meromorphic function, g be a transcendental entire function

with > 6(a;g) + 6(00;9) = 2 and h be a transcendental entire function having the
aFoo
mazximum deficiency sum with reqular (m, p) growth and non zero finite (m, p)-th type

such that 0 < @ (p @Dl (fog) < (p w)L (fog) <oo0,0< 7@ 7P q’t)L(g) < U,Sp’q’t)L(g)
< oo and p(pqt)L(f 0g) = pépqt)L( ) where m > 2, then
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7 (fog) _ o TogP T (Troy (r)
U}(Lpﬂqﬁt)L(g) - T—Tolog[p_l] Tv}l(h) (Tw (g) (7))

o (fog) oS o g)} < max { 7 T oo ol g>}
= (

< min
— - L ’ L L ) L
ng’q’t) (9) J£P7q7t) (9) th ,q5t) (9) U}(L’qu,t) (9)
] e )L
- m ]Og[P 1] Th I(Tfog<7’)) _ U}(Lp q;t) (f o g)

r—o0]ogP—1l TI;/I(h)(TW(Q)(T)) - Egp’q’t)L(g)
Now in the line of Theorem 3.1 and Theorem 3.2 respectively and in view of
Lemma 2.4 and Lemma 2.6, one can easily prove the following two theorems using

the notion of relative (p, q,t)L-th weak type and therefore their proofs are omitted.

Theorem 3.3. Let f be a transcendental meromorphic function with Y d(a; f) +
a#oo
0(o0; f) =2, g be an entire function and h be a transcendental entire function having

the mazximum deﬁciency sum with regular (m,p) growth and non zero finite (m, p)-th
typesuchthat0<7pq’ (fog) pqt (fog) <oo,0< (pqt)L(f)S?gp’q’t)L(f)
<ooand)\pqt (fog) = (pqt)L(f) where m > 2, then

w< lim loglP ™1 T (T, (1))
?gp,q,t)L(f) - r—Tolog[p_” T_l( )(TW(f)(T))

q,t)L _(p,q, , q,t)L
<min{7_}(qut) (fog) Tglpqt) ( } { pq Elpqt) (fog)}
T}(Lp,qi)L(f) ?i(lpﬁq,t)L (p qt ?](lm,t)/l(f)
=11 p (p,qvt)L
< T 108 o (Tpog(r )) <Th(fog)

= 1 1 = DL
r—00]oglP— ]Tw(h)(TW(f)(T)) T,qu ) (f)
Theorem 3.4. If f be a meromorphic function, g be a transcendental entire function

with Y d(a;g) + 0(00;9) = 2 and h be a transcendental entire function having the
a#00
maximum deficiency sum with regular (m p) growth and non zero finite (m,p)-th

type such that 0 < (p q’t)L(f og) < ?(p a!) (fog) <o00,0< T(p q’t)L(g) < ?;Lp’q’t)L(g)
< oo and )\ép HL (f og) /\(p q’t)L( ) where m > 2, then

bh- 5 L -
i (fog) < tim 28 T Ty (1)
ﬁp,q,t)L(g) - T—Tologb’_” Twl(h) (TW(g)( r))
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7 (fog) HIV(fog) b < O (fog) (S o )
- Pt

< min
- ,q5t) L ’ _(pgit)L )L —(p,q,t)L
{ M) M) Ho) T M)
<t eI Treg(r) T (fog)
—ro=logl U T, W(h)(TW(g)( n) )

We may now state the following theorems without their proofs based on relative

(p, q,t)L-th type and relative (p, q,t)L-th weak type:

Theorem 3.5. Let f be a transcendental meromorphic function with Y §(a; f) +

0(o0; f) =2, g be an entire function and h be a transcendental entire fu;?;;n having

the mazimum deficiency sum with regular (m,p) growth and non zero finite (m,p)

-th type such that 0 < agpqt)L(f og) < a,(lpqt)]“(f 0g) < o0, 0 < T}(Lp’q’t)L(f) <
,(lpqt)L(f) < oo and p(p T )L(fog) = A;qut) (f) where m > 2, then

o (fog) iy 108" N T (Tyog (1))
?(paqvt)L(f) ~ rSoologlP U T 1()(T n(r)

h
‘ Egp’q’t)L(f ) J}(Lpﬂ,t)L(f ) 52p7q7t)L(f o g) U}(vaq,t)L(f )
< min Pat)L " _(pad)L < max DL " _pad)L

Thp’% (f) ?hp’% (f) Thp7Q7 (f) ?hm’ (f)

< T BT Ty ) o (fog)
- r—>oolog[p HT - )(TW(f)< )~ T}(Lp,q,t)L(f)

Theorem 3.6. Let f be a transcendental meromorphic function with Y §(a; f) +

a#oo
0(o0; f) =2, g be an entire function and h be a transcendental entire function having

the mazimum deficiency sum with regular (m,p) growth and non zero finite (m,p)
-th type such that 0 < T,Ep’q’t)L(f og) < ?(pqt)L(f 0g) < o0, 0 < olgpqt)L(f) <
a,(Lp’q’t)L(f) < o0 and )\gp’q’t)L(f 0g) = pg pat)L (f) where m > 2, then

w< lim logl? ™ T Ty (1))
Uf(lp,q,t)L(f) - T—Tolog[p_u Tfl( )(TW(f)(T))

{T}(Lpg’t)L(f ° g) fglpg,t) ( } - { (P q,t)L O g 7_%17 ', t)L(f o g) }
max

< min , ,
Eﬁp’q’t)L(f) ’(Ip q,t)L p q;t) U](lp,qJ)L(f)
) »t L
_ o logP T (Tfog< >> T (fog)

- 7‘—>oo]0g[P 1] 1( )(T (f)(r)) - Egpqut)L(f)
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Theorem 3.7. If f be a meromorphic function, g be a transcendental entire function

with > 6(a; f) + 0(oc0; f) = 2 and h be a transcendental entire function having the
a#£oo
mazimum deficiency sum with reqular (m p) growth and non zero finite (m,p) -th

type such that 0 < a(pqt (fog) < 01(11: 1) (fog) <00, 0< T(p q’t)L(g) < ?gf’q’t)L(g)

< o0 and p(pqt)L(f og) = )\(pqt)L( ) where m > 2, then
(1 o) log?” 1 T3 (Tyoq (1))
Th < lim h_\*fog

Tglp 45 t)L(g) T—Tolog[pfl] Tv}l(h) (Tw(g) (1))

7 (fog) o (fo g)}
0 M)

< min{

°g) oy °g)
< max h ,
{ T}(vatLt)L (g) ?](lpvq’t)L (g) }

o o T (T (r) 0" (fog)
= am =
r—>oolog[P*l] Tv?/l(h) (Tyw (g)(7)) T}Ep,q,t)L(g)

Theorem 3.8. If f be a meromorphic function, g be a transcendental entire function

with Y d(a;g) + 0(00;9) = 2 and h be a transcendental entire function having the
a#00
mazximum deficiency sum with regular (m,p) growth and non zero finite (m,p)-th

type such that 0 < TF(fog) < TE(foyg) < oo, 0 < 0(pq’) (9) < U}(Lp’q’t)L(g) < 00
and \k(fog) = pépqt) (9) where m > 2, then

W (f o) oy, JoB T ey (1)
oL = i Sologh U T, W(h)(TW(g)( )

,q5t) L —(p,q,t)L _(p,q,t)L
<mm{n§”“ (fog) T (fog>}<max{n§”‘”’ (fog) 7" o)y
- o) T o) T A () N S €)

— ;6L
o o T N (Troy(r) T (f o)

r—>oolog[p 1] Twl(h)(TW(g)( r) ~ ng,q,t)L(g)

Theorem 3.9. Let f be a transcendental meromorphic function with Y §(a; f) +
a#oo

0(o0; f) = 2, g be an entire function and h be a transcendental entire function

having the maximum deficiency sum with reqular (1, p) growth such that p(p @ t)L(f) =

pg(m,n,t), 0<oy Lim,n,t) < oo anda(pq’ )L (f) >0 wherem—1=n=gq andl > 2.

If h satisfies the Property (A), then
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fim log” T3 (Tyey (1)
=log? Tt (T (1)) + expltl L(My (1)

(Pat) L gy L m,n,t ) B _
A il expll L(My (1) = oflog? ™ Tk (Tiw (1)}

IN

o () if 1og? ! Tyt (T () (r)) = ofexpl” L(Mj(r))}.

Proof. Let us suppose that 3 > 2 and 6 — 17 in Lemma 2.2. Since T{l(r) is an
increasing function of r, it follows from Lemma 2.1, Lemma 2.2 and the inequality
T,(r) <log™ My(r) {cf. [7] } for all sufficiently large values of r that

T (Tyog(r)) < T {1+ o)} (M, ()]

e Ty (Tyog(r)) < BT, (M ()P
< loglP T T (M (7)) + O(1)
log[p} (TfOQ( )) <
(o " (£) + &) llogl?) My (1) + expl!l L(M,(r)] 4+ O(1)

e, logl! T3 (Tyog () < (i "V(f) + &) llog™ ) My (r) + expl®) L(M, (r))] + O(1)
ie., 1ogl? Ty (Tjog (1)) < (p,(fqt)L( f)+e)

(b (m,n,t) + &) llogl" = - expltH L ()]s mmt) 4 explt] L(My(r))] + O(1).
Since ,o(p Gtk (f) = pg(m, n,t), we obtain from above for all sufficiently large values

of r,

logl? Ty (Tyog(r)) < (0705 (f) +€):

(pq t)L

) 4 expll! L(M, ()] +0(1).

Again in view of Lemma 2.4 and Lemma 2.5, we get for all sufficiently large values

(3.15) [(cL(m,n,t)+e)[log" U7 expl ™t L(r)]en

of r,
(p,q;t)L

_ , _ w
log? = Tty (T (1) (1) = @) (W () = &)[loglt =1 7 - expl 1] L(yPwvin (VD)

. _ _ . (pqt
ive, logP N Tt (T ) (r) = (@7 () - >[1og[q - expltt] L))

g1 -1
[e+1] 7)) < T Twn(™)
E(p q, ) (f) — ¢

loglP~ U121 (T

(316) .., [log" U explttl L(r)ed " () < W W(f)m).
’ - —(p.a )L o\

Op (f)

e., [log[q_u T exp
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Now from (3.15) and (3.16) it follows for all sufficiently large values of r that
log T3, (Tyeg (r)) < (o1 ™" (£) +2) - expl! L(M, () + O(1) +

loglP~1 Tv}l(h) (Tyw()(1))
Ot (f) — e

(pPPOE(f) + ) (ol (myn,t) +€) -

logl?! T; (Tyoy () pPrIE(f) 4 e

e., <
logl? ™M T3y (Tyw () (1)) + expll] L(My(r)) | 4 o8 Ty (T ()
explT LM, (1)

(pglp»q,t)L(f)+g)(agL(m,n7t)+€)
@ () -e)
explt] L(M (r))
loglP~U T~ (h>(TW(f)(7"))

(3.17) +

1+
If expl!] L(My(r)) = o{logP~1! TVT,I(h) (Tw(f)(r))} then from (3.17) we get

- log? 7771 (T0y (1) = ) ) (o (mn ) + <)
roologP Tt (Ty ) (r)) + expll LMy (1)~ TPt () —e

Since (> 0) is arbitrary, it follows from above that

o log? T}, ! (T (r)) _ o om0
=oologh 1T, ()(TW(f)( r) +expll LM, (r) = gt (f)

Again if loglP~1 lefl(h) (Tws)(r)) = o{expl!! L(M,(r))} then from (3.17) it follows
that

T log” T, (Lo (1)) < pPIDL () 4 e,
r=elogl? ™! Tyt (Tyy ) (1)) + expldd L(M(r))

As £(> 0) is arbitrary, we obtain from above

T log” T3 (Toq(r))

lim < el gy
Ao T T (T (1) + el L) = 70 )

Thus the theorem is established. O

Theorem 3.10. Let f be a transcendental meromorphic function with Y §(a; f)+
a#oo
0(o0; f) =2, g be an entire function and h be a transcendental entire function having

the mazimum deficiency sum with regular (1,p) growth such that A;Lp’q’t)L(f) < 00,
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(psa,t)L _ L L (p,g,t)L 1 —
Py, (f) = pg(m,n,t), 0 < oy(m,n,t) < oo and o) (f) > 0 where m — 1 =
n=gq, and |l > 2. If h satisfies the Property (A), then

i logl" T, (Tyog ()
r—oclog P Tt (T f>< r)) + explt] L(My(r))

AP @O gy, L m,n,t . _ _
" E;Lp,(ﬁwg(;) : if expll L(M,(r)) = o{logl~" Twl(h)(TW(f)(T))}

IN

MR i oI T (Tow ) (1) = ofexp LMy ()}

Theorem 3.11. Let f be a transcendental meromorphic function with > §(a; f) +
a#0o
d(o0; f) = 2, g be an entire function and h be a transcendental entire function

having the mazimum deficiency sum with regular (1, p) growth such that p(p q’t)L(f) =
pg(m,n,t), 0 <oy, L(m,n,t) < 0o anda,(lpq’ )L (f) >0 wherem—1=n=gqandl > 2.
If h satisfies the Property (A), then

. log?) T3 (T ()
B oIl Ty 7)) + ol LM, ()

(p q,t)L
foz(mn,t .
A i expl! LMy () = oflog? Tk, (T ) (1))

IN

p](Lpﬁq,t)L(f) if loglP—1] TI/?/l(h) (Ty(p)(r)) = ofexpl L(M,(r))}.

Theorem 3.12. Let f be a transcendental meromorphic function with Y 0(a; f)+
a#oo

0(o0; f) = 2, g be an entire function and h be a transcendental entire function

having the mazimum deficiency sum with reqular (1, p) growth such that p(p )L (f) =

pg(m,n,t), 0< ag(m,n,t) < 00 anda(pqt) (f) >0 wherem—1=n=gq andl > 2.

If h satisfies the Property (A), then
lim log[P} (Tfozy( r))
r—00 log[piu W(h) (TW(f)( )) + eXp[t] L(MQ(T))

(p q,t)L
fo n,t . _ _
AT explt L(y () = o{log I T, (T ) ()

IN

o) if gl T (T () = ofexpl L(2, (r))).

We omit the proof of the above three theorems as those can be carried out in the
line of Theorem 3.9.



GROWTH PROPERTIES OF WRONSKIAN 87

Similarly using the concept of the growth indicator T}(Lp ’q’t)L( f) and ?ﬁ (m,n,t)
we may state the subsequent four theorems without their proofs since those can be
carried out in the line of Theorem 3.9, Theorem 3.10, Theorem 3.11 and Theorem

3.12 respectively and with the help of Lemma 2.4 and Lemma 2.6.

Theorem 3.13. Let f be a transcendental meromorphic function with Y §(a; f)+
a#oo
0(o0; f) =2, g be an entire function and h be a transcendental entire function having

the mazimum deficiency sum with regular (1,p) growth such that p;Lp’q’t)L(f) < 00,
)\gp’q’t)L(f) = A(m,n,t), 0 < 7r(m,n,t) < oo and T}Ep’q’t)L(f) > 0 where m — 1 =
n=gq and l > 2. If h satisfies the Property (A), then

lim log?” 7 (Tyoq (1))
r=eeloglP T T (T () (1)) + explt] L(Mj(r))

O (FE (monst)
T}(LP»‘LQL f)

if explt L(My(r)) = o{logl? I Tyt (Tw ) (r))}

IA

AN i gl TG (T () = ofexo L(My ()}

Theorem 3.14. Let f be a transcendental meromorphic function with Y §(a; f)+
a#oo

0(o0; f) = 2, g be an entire function and h be a transcendental entire function

having the maximum deficiency sum with regular (1, p) growth such that /\ﬁf)’q’t)L(f) =

)\g(m,n,t), 0< ?g(m, n,t) < oo and T,Ep’q’t)L(f) >0 wherem—1=n=gq andl > 2.

If h satisfies the Property (A), then

lim log[p} Th_l(TfOQ (1))
00 log[p_l] TV;/l(h) (TW(f) (1)) + explt] L(Mgy(r))

(p,q,t)L _
M SUNED i el L(My (1) = oflogl U Tyt (Tiw) (1))

T,(Lp’q’t)L(f)

IN

MRS log U Tty (Tow () = ofexpl L(My (1)}

Theorem 3.15. Let f be a transcendental meromorphic function with Y 6(a; f)+
a#oo

0(o0; f) =2, g be an entire function and h be a transcendental entire function having

the maximum deficiency sum with regular (I,p) growth such that pép’q’t)L(f) < 00,

)\;vaq’t)L(f) = )\g(m,n,t), 0< ?g(m,n,t) < oo and ?,(Lp’q’t)L(f) >0 where m — 1 =
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n=gq andl > 2. If h satisfies the Property (A), then

lim log el (Tf Og( r))
ﬁ%b&’ﬁ@mawm(n+wNUU@VD

PO (7L (o t)

i expl! L(My(r)) = o{logh T Tk (T (1)

IN

o) i g T (T () = ofexpl! L(M,(r))}.

Theorem 3.16. Let f be a transcendental meromorphic function with > §(a; f) +
a#00
0(o0; f) =2, g be an entire function and h be a transcendental entire function having

the mazimum deficiency sum with regular (1,p) growth such that ,o(p bl (f) < o0,
Aépq’) (f) = )\g(m,n,t), 0<T, L(m,n,t) < oo and T(pqt)L(f) > 0 where m — 1 =
n=gq and l > 2. If h satisfies the Property (A), then

- logl") T, (T (1)
B o T, (Tur () + oxp L1

pP PO () rE (mn,t)

St g i epl! LMy () = oflog? Tk, (T ) (1))

IN

pgp 4, )L(f) if logP~1 T~ 1(h) (Tw (py(r)) = ofexpl! L(Mg(r))}.

Analogously we state the following four theorems under some different conditions
which can also be carried out using the same technique of Theorem 3.9 and with the

help of Lemma 2.4 and Lemma 2.6 respectively. Hence their proofs are omitted.

Theorem 3.17. Let f be a transcendental meromorphic function with > §(a; f) +
aF£oo
d(00; f) =2, g be an entire function and h be a transcendental entire function having

the mazimum deficiency sum with regular (1,p) growth such that p(p 2tk (f) < o0,
/\ngqt) (f) = pk(m,n,t), 0 < ok(m,n,t) < 0o and T(pqt)L(f) > 0 where m — 1 =
n=q andl > 2. If h satisfies the Property (A), then

- 1o 7, (Tyey 1)
g Tl Ty 7)) + ol LM, ()

pP PO (oL (mon,t)

ety Y expl') L(M,(r)) = oflog? N Tyt (Tw () ()}

IN

o) i g T (T () = ofexpl? L(M,(r))}.
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Theorem 3.18. Let f be a transcendental meromorphic function with Y §(a; f)+
a#oo
0(oo; f) = 2, g be an entire function and h be a transcendental entire function

having the maximum deficiency sum with reqular (I, p) growth such that A;Lp’q’t)L(f) =
py(m,n,t), 0 < ok(m,n,t) < oo and T}(Lp’q’t)L(f) >0 wherem—1=n=gq andl > 2.
If h satisfies the Property (A), then

lim log 7, ! (Tyey (1))
r—oolog? Tyt (Tyw() (1)) + explt] L(M,(r))

AP OO (£)o L (m,n,t)
T}(Lp,qyt)L (f)

if expl) LM, (r) = oflog” ) Tk, (Tyy ) ()}

IN

MR i oI (T (1) = ofexp) L(My (1)}

Theorem 3.19. Let f be a transcendental meromorphic function with > §(a; f) +
a#0o
d(o0; f) = 2, g be an entire function and h be a transcendental entire function

having the mazimum deficiency sum with regular (1, p) growth such that pép’q’t)L(f) =

Ae(m,n,t),0 < ?g(m,n,t) < 0o andigp’q’t)L(f) >0 wherem—1=n=gq andl > 2.

If h satisfies the Property (A), then

i log? T, (Tyey (1))

roeologl Tyt (T (1)) + expl) L(My(r)

i O (7R (minst)
E%quyt)L f)

if expll L(M,(r)) = oflog? N Tyt (T 5 (r))}

IA

) sl T (T (1) = ofexpl? LMy (1)}

Theorem 3.20. Let f be a transcendental meromorphic function with Y §(a; f)+
a#oo
0(oo; f) = 2, g be an entire function and h be a transcendental entire function

having the maximum deficiency sum with reqular (1, p) growth such that pzp’q’t)L(f) =

)\g(m,n,t), 0< ?5(m,n,t) < 0 andﬁ%p’q’t)L(f) >0 wherem—1=n=gq andl > 2.

If h satisfies the Property (A), then

lim log 7! (Tyey (1))
r—oolog? Tyt (Tyw(p) (1)) + expld] L(M,(r))




90

TANMAY Biswas & CHINMAY BIswas

AP OE (fy7E (mon )

FreOE ()

if expl L(My(r)) = o{loglP~!! TVT/l(h) (Tw(p)(r)}

IN

NPSOECE) i 1ogP T (T () = ofexpl! LM, (1)}
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