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STABILITY OF s-VARIABLE ADDITIVE AND [-VARIABLE
QUADRATIC FUNCTIONAL EQUATIONS

VEDIYAPPAN GOVINDAN?, SANDRA PINELAS” AND JUNG RYE LEE ©*

ABSTRACT. In this paper we investigate the Hyers-Ulam stability of the s-variable
additive and [-variable quadratic functional equations of the form

f(Ex) +]§;f (—sxj+ Z x) 0

i=1,i#j
and
1 1 1 l 1
f(Zm>+Zf (—lwg‘+ > mz-):(m) 7 flwi—a)+ I+ fa)
i=1 j=1 i=1,i#j i=1,i#j i=1

(s,l € N,s,1 > 3) in quasi-Banach spaces.

1. INTRODUCTION AND PRELIMINARIES

In 1940, Ulam [18] gave a talk before the Mathematics Club of the University of
Wisconsin in which he discussed a number of unsolved problems. Among these was
the following question concerning the stability of homomorphisms. Let (G1, ) be a
group and let (G, ¢, d) be a metric group with the metric d(,-). Given € > 0, does
there exist d(e) > 0 such that if a mapping h : G — Go satisfies the inequality

d(h(z * y), h(z)) o h(y) <0
for all z,y € G1, then there is a homomorphism H : G; — G5 with
d(h(z), H(x)) < e

for all z € G17
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The Cauchy additive functional equation

(1.1) flxz+y) = f(z)+ f(y)

is called additive functional equation. In 1941, Hyers [8] considered the case of
approximately additive mappings f : £ — FE;, where E and E; are Banach spaces
and f satisfies Hyers inequality

If(@+y) = flz) = fy)l <e
for all x,y € E. It was shown that the limit

L(z) = lim f(2"z)

n—oo 2N

exists for all x € E and that L : E — Fj is the unique additive mapping satisfying
[L(z) = f(z)]| < e

See [1, 2, 3, 5, 10, 11] for more information on functional equations and their stability.

The functional equation

(1.2) fle+y)+ flx—y)=2f(x) +2f(y)

is called a quadratic functional equation. In particular, every solution of the qua-
dratic functional equation is said to be a quadratic mapping (see [6, 12, 13, 14, 15]).
A Hyers-Ulam stability problem for the quadratic functional equation was proved
by Skof [17] for mappings f : X — Y, where X is a normed space and Y is a Ba-
nach space. Cholewa [4] noticed that the theorem of Skof is still true if the relevant
domain X is replaced by an Abelian group. Czerwik [6] proved the Hyers-Ulam
stability of the additive quadratic and cubic functional equation (see [7, 9, 16]).

In this paper we investigate the Hyers-Ulam stability of the s-variable and I-

variable quadratic functional equations of the form

(1.3) f (le> +Zf —8xj + Z z; | =0
i=1 j=1

=1,
(1.4)
I ! ! I I
f(in>+ f| =tz + Z z | =(1+1) Z f(xi—ﬁﬂj)+(l+1)2f($i)
i1 =1 =10 i=1,i#] i1

(s,l € N,s,l > 3) in quasi-Banach spaces.
We recall some basic facts concerning quasi-Banach spaces and some preliminary

results.
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Definition 1.1 ([1, 13]). Let X be a real linear space. A quasi-norm is a real-valued

function on X satisfying the following:

(i) ||z]| > 0 for all z € X and ||z|| = 0 if and only if x = 0.
(i) [[Az|| = |A|||z|| for all A € R and all z € X.
(iii) There is a constant k& > 1 such that ||z +y|| < k(||z]| + ||y]]) for all z,y € X.

The pair (X, || -]|) is called a quasi-normed space if || - || is a quasi-norm on X. The
smallest possible K is called the modulus of concavity of || - ||. A quasi-Banach space
is a complete quasi-normed space.

A quasi-norm || - || is called a p-norm 0 < p < 1 if
[l +yll” < {l]I” + lly[”

for all x,y € X.

In this case, a quasi-Banach space is called a p-Banach space. By the Aoki-
Rolewicz theorem [13] (see also [1]), each quasi-norm is equivalent to some p-norm.
Since it is much easier to work with p-norms than quasi-norms, henceforth we restrict

our attention mainly to p-norms.

2. STABILITY OF s-VARIABLE ADDITIVE FUNCTIONAL EQUATION (1.3)

Assume that X is a quasi-normed space with quasi-norm || - || and that Y is a
p-Banach space with p-norm || - ||. By using an idea of Gavruta [4], we prove the
stability of the functional equation (1.1). For convenience, we use the following

abbreviation for a given mapping f: X — Y

Df(a:l...,xs):<f2xi>+2f —Ssxj + Z x;
i=1 j=1

i=1,i#]
for all z; € X(1 <j <s).

We will use the following lemma.

Lemma 2.1. A mapping f : X — Y satisfies (1.3) if and only if if the mapping
f: X =Y is additive.

Proof. We first assume that the mapping f : X — Y satisfies (1.1). Setting x =y =
0 in (1.1), we get f(0) = 0. Letting y = —x in (1.1), we get f(—x) = —f(z). Thus
f is odd. If we replace y by « and x and y by 2z and z in (1.1), we get

f(2x) =2f(x), f(3x) = 3f(x).
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In general for any positive integer s, we obtain

f(sz) = sf(x)
for all x € X. Letting © = x1 + x2,y = x3 in (1.1), we get

(2.1) flar+zo+23) = f(21) + f(22) + f(x3)
for all x1, 29,23 € X. Replacing x3 by —3x3 in (2.1), we get
(2.2) fler+ @2 = 3a3) = fla1) + fx2) — 3f(x3)
for all x1,x9,23 € X. Replacing x9 by —3z in (2.1), we have
(2.3) f(@1 = 3wz 4+ x3) = f(21) — 3f(2) + f(a3)
for all x1,x9,z3 € X. Replacing x1 by —3x; in (2.1), we get
(2.4) f(=3z1 + 22 + 23) = =3f(21) + f(22) + f(23)

for all z1,x9, 23 € X. It follows from (2.1), (2.2), (2.3) and (2.4) that
(2.5) f(=3x1+mo+x3)+ f(xr1—3xa+2x3)+ f(x1 + 22— 323) + f(x1+22+23) =0

for all z1,x9,23 € X.
Continuing in this same way by using (2.5) up to s times, we get (1.3).

Letting 1 = 29 = -+ = x5 = 0 in (1.3), we get f(0) = 0. Setting z1 = z9 =
y...,= xs = x and by using (2), we get f(—z) = —f(z). Thus f is odd. Letting
T = 3:5;9,:102 = ?’y%,wg =x4=---=1z,=01n (1.3), we get

dr + 4y
(2:6) P+ £ var () =0

for all z,y € X. It follows from (2.6), (2) and the oddness of f that (1.1) holds for
all x € X. So the mapping f: X — Y is additive.

The converse follows from the additivity. O

Theorem 2.2. Let ¢ : X x X X --- x X — [0,00) be a mapping such that

. 1 n n _
(2.7) nhﬁnolo S—ngo(s Z1,...,8"Ts) =0
for all x1,x9, -+ ;x5 € X and
. 1 i i
(2.8) @::ZSTp(go(sx,...,sx))p<oo
=0

for all x € X. Suppose that a mapping f : X — Y satisfies the inequality

(2.9) IDf(z1,...,zs)|| < @(x1,...,25)
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for all x1,x9,--- ,xs € X. Then the limit
.1 n
(2.10) A(z) = nh_)rgo s—nf(s x)

exists for all x € X and the mapping A : X — Y is a unique additive mapping

satisfying
1 _ _
(2.11) I (@) = Al2)]l < S [e(@)]”
forallx € X.
Proof. Letting 1 = x9 = -+ = x5 = z in (1.3), we get
2.12 - < 3Ly ey
(2.12) 1f(sz) = sf(@)]| < olz,2,... 2)
s—times

for all z € X. Replacing x by s"z in (2.12) and dividing both sides of (2.12) by
n+1

s we get
1 n+1 1 n 1 n n
(2.13) Wf(s x)—s—nf(s x) §5n+190(8 Zy...,s"x)
s—times

for all x € X and all nonnegative integers n. Since Y is p-Banach space, we have

1 1 L | 1 4 1. P
) = )| <3 | 6T )~ f ) |l )
=r s—times
1 ) )
(2.14) < Tp(gp(s%, )
S

for all € X and all nonnegative integers n and r with n > r. Therefore, we
conclude from (2.9) and (2.14) that the sequence {2 f(s"z)} is a Cauchy sequence
in Y for all z € X. Since Y is complete, the sequence {Sin f (3":1:)} converges in Y
for all z € X. So one can define the mapping A: X — Y by
.1

(2.15) A(z) = nILI{:O S—nf(s"x)
for all z € X. Letting r = 0 and passing the limit n — oo in (2.14), we get (2.11).
Now, we show that A is an additive mapping. It follows from (2.8), (2.10) and (2.15)
that
IDA(s, .. z)| = lim —|Df(s"ar,...,s"e,)| < lim —p(s"zy, .. s"z,) = 0

n—oo § n—oo §
for all z; € X. Hence the mapping A satisfies (1.3). So by Lemma 2.1, the mapping
r — A(x) is additive.
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To prove the uniqueness of A, let B : X — Y be another additive mapping
satisfying (2.11). It follows from (2.11) and (2.15) that
1 1
[A(z) = B(z)||P = lim —||f(s"x) — B(s"2)||" < — lim ¢(s"z) =0
n—oo §"P

SP n—oo

forallz € X. So A= B. O

Theorem 2.3. Let p: X x X x -+ x X — [0,00) be a mapping such that

s (2., 2)
(2.16) nl;n;os (’O(sn”"’s” =0
for all x1,x9, -+ ;xs € X and

(2.17) @::iS;(go(;,...,;))p<oo

7=

for all x € X. Suppose that a mapping f : X — Y satisfies the inequality

(2.18) IDf(z1,...,25)|| < @o(x1,...,25)
for all x1,x9,--- ,xs € X. Then the limit
1 ne (L

(2.19) Az) = nh_}ngos f (s”)
exists for all x € X and the mapping A : X — Y is a unique additive mapping
satisfying

1 1
(2.20) 1 (@) = Al2)]| < Z[e(2)]?
forallx € X.
Proof. The proof is similar to the proof of Theorem 2.2. O

Corollary 2.4. Let 3,7;(1 < j < s) be nonnegative real numbers such that r; > 1.
Suppose that a mapping f : X — Y satisfies the inequality

IDf (@1, xs)ll < B Il
1=1

for all xj € X(1 < j <s). Then there exists a unique additive mapping A: X —Y

satisfying
(@) - A@)]| < Hfﬁ

o] =]

forallz e X.

Proof. The result follows from Theorems 2.2 and 2.3. O
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Corollary 2.5. Let 3,7;(1 < j < s) be nonnegative real numbers such that r; > 1.
Suppose that a mapping f : X — Y satisfies the inequality

S
IDf(@r,. x|l < BT lll™
i=1
forallz; € X(1 < j <s). Then the mapping f: X =Y is additive.

Proof. The result follows from Theorems 2.2 and 2.3. O

3. STABILITY OF [-VARIABLE QQUADRATIC FUNCTIONAL EQUATION (1.4)

In this section, we investigated the general solution and the Hyers-Ulamstability

of the functional equation (1.4).

Lemma 3.1. A mapping f : X — Y satisfies (1.4) if and only if the mapping
f: X —Y is quadratic.

Proof. A mapping f : X — Y satisfies the functional equation (1.4). Letting z; =
xg = --- =1 = 01in (1.4), we get f(0) = 0. Letting 1 = z,20 = --- =27 =0
in (1.4), we get f(—z) = f(z) and so f is an even mapping. Letting z1 = 0,22 =
z,x3=---=x;=01n (1.4), we get

(3.1) If(x)+ f(lx) =11+ 1)f(x)
for all z € X. It follows from (3.1) that
fllz) =1 f(=)
for all z € X. Letting #; = 2,29 = y,x3 = --- = 7 = 0 in (1.4), we have
(32) 2f(x +y) + f(=3z+y) + f(z — 3y) = 4(f(z — y)) + 8f(x) + 8f(y)
for all z,y € X. It follows from (3.2) and (1.2) that
fle+y)+ f(—z+y) =2f(z) +2f(y)

for all x,y € X. Therefore the mapping f : X — Y is quadratic.

The converse is similar to the proof of Lemma 2.1. O

Theorem 3.2. Let p: X x X x -+ x X — [0,00) be a mapping such that

. 1
(3.3) nh_}rrolo ¥ "z, - "2 | =0
l—times
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for all 1,29, --- ,x; € X and

(3.4) o(z) == Z lzlz'p (p(l'z, ... ,lix))p < 0
i=0

for all x € X. Suppose that a mapping f : X — Y satisfies the inequality

(35) ||Df(l‘1,,$l)|| §SO(5U17,33Z)
for all x1,x9,--- ,x; € X. Then the limit
(3.6) Qx) = li_}rn " f (I"x)
exists for all x € X and the mapping Q : X — Y is a unique quadratic mapping
satisfying
1, . 1
(3.7) 17 () = Q@)ll = ()]
forallx € X.
Proof. The proof is similar to the proof of Theorem 2.2. O

Theorem 3.3. Let p: X x X x -+ x X — [0,00) be a mapping such that

l—times
3, lim 12" (ﬂ...ﬂ):o
(3:8) Jim e (S5
for all x1,x9, -+ ;21 € X and
- . p
3.9 = 12"?( (55))
(3.9) o) =30 (o (oo r)) < o
for all x € X. Suppose that a mapping f : X — Y satisfies the inequality
(3.10) IDf(x1,...,2)| < p(x1,...,27)
for all x1,x9,--- ,x; € X. Then the limit
R T 2n E
o0 - 1 (2)
exists for all x € X and the mapping Q@ : X — Y is a unique quadratic mapping
satisfying
1,. 1
17 (2) = Q@)ll = ()]

forallz e X.
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Corollary 3.4. Let 3,r;(1 < j <) be nonnegative real numbers such that r; > 1.
Suppose that a mapping f : X — Y satisfies the inequality

l
IDf (@1, zs)| < Bl
i=1

forallz; € X(1 < j <s). Then there exists a unique quadratic mapping @ : X —Y

satisfying
np ,
1f(z) - Q)] £ ————|[=[|"
Ji2e — i20m
forallx € X.
Proof. The result follows from Theorems 3.2 and 3.3. g

Corollary 3.5. Let 3,7;(1 < j <'s) be nonnegative real numbers such that r; > 1.
Suppose that a mapping f : X — Y satisfies the inequality

1
IDf (2, .., x)| < BT llwill™
i=1
for all xj € X(1 < j <1). Then the mapping f : X — Y is quadratic.

Proof. The result follows from Theorems 3.2 and 3.3. O
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