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DOUBLE CONTROLLED CONE METRIC SPACES
AND THE RELATED FIXED POINT THEOREMS

TAYEBEH LAL SHATERI

ABSTRACT. In this paper, we introduce double controlled cone metric spaces via
two control functions. An example of a double controlled cone metric space by two
incomparable functions, which is not a controlled metric space, is given. We also
provide some fixed point results involving Banach type and Kannan type contrac-
tions in the setting of double controlled cone metric spaces.

1. INTRODUCTION

One interesting extension of metric spaces is b-metric spaces introduced by Bakhtin
[5]. Recently, several extensions of b-metric spaces such as b, (s)-metric spaces and b-
rectangular metric spaces were introduced and some fixed point theorems are proved
on these spaces, see ([12, 17]). In 2018, Mlaiki et al.[13] gave an extension of the
extended b-metric spaces, which was called controlled metric type spaces. Also,
in 2018, Abdeljawad et al. [3] introduced the concept of double controlled metric
type spaces. Also, they proved an analogue of the Banach contraction principle on
controlled metric type spaces. Banach contraction principle [4] plays an important
role in several branches of mathematics. For instance, it has been used to study the
existence of solutions for nonlinear Volterra integral equations and nonlinear integro-
differential equations in Banach spaces and to prove the convergence of algorithms in
computational mathematics. In 2020, Mlaiki [14] gave an extension of all the types
of metric spaces mentioned, which was called double controlled metric-like spaces,
and proved some fixed point results on double controlled metric-like spaces.

Fixed point theorems are the basic mathematical tools used in showing the existence
of solution in such diverse elds such as biology, chemistry, economics, engineering,

and game theory.
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Haung and Zhang [10] have introduced the concept of the cone metric space,
replacing the set of real numbers by an ordered Banach space and they showed some
fixed point theorems of contractive type mappings on cone metric spaces. Later
many authors generalized their results, see ([1, 2, 6, 7, 8, 15, 18, 19]).

In this paper, by using some ideas of [3, 10|, we introduce double controlled
cone metric spaces via two control functions. An example of a double controlled
cone metric space by two incomparable functions, which is not a controlled metric
space, is given. We also provide some fixed point results involving Banach type and
Kannan type contractions in the setting of double controlled cone metric spaces.
The following definitions and results will be needed in the sequel.

Let E be a real Banach space and P be a subset of F/. P is called a cone if it

satisfies the followings.

(C1) P is closed, non-empty and P # {0}
(C2) ax +by € P for all z,y € P and non-negative real numbers a, b,
(Cs) PN (=P) ={0}.

For a given cone P C E, we can dene a partial ordering < on F with respect to P

by x < y if and only if y — x € P. We write x < y to indicate that z <y but = # vy,

while x < y will stand for y — x € intP, in which intP denotes the interior of P.
Let E be a Banach space, P be a cone in E with intP # ® and =< is partial

ordering with respect to P. The cone P is called normal if
(1.1) inf{llz +yll : 2,y € P, ||z = [ly|| =1} > 0,

or equivalently, there is a constant number M > 0 such that for all z,y € E where
0 <z <y implies ||z|| X M|y||. The least positive number satisfying above is called
the normal constant of P. From (1.1) it is easy to see that P is a non-normal if and

only if there exist sequences x,,y, € P such that

We give an example of non-normal cone.

Example 1.1 ([9]). Let E = C'[0,1] with the norm ||z]| = [z + ||7'[|c on
P={x e E:x(t)>0on[0,1]}. This cone is not normal. Consider
1 —sinnt 1+ sinnt
Tty =~ Yn(t) = ——5—

n—+ 2 n-+ 2



DOUBLE CONTROLLED CONE METRIC SPACES 3

Since ||z, || = [|yn]] = 1 and ||z, + yu|| = ,%FQ — 0, it follows that P is a non-normal

cone.

Definition. (Cone metric space) Let X’ be a non-empty set. A mappingd : X xX —
FE is said to be a cone metric on X if for all x,y, z € X the following hold

(CM;) 0 < d(z,y) and d(x,y) = 0 if and only if z = y,

(CMs) d(w, ) = d(y, ),

(CM3) d(z,y) = d(x,z) + d(z,y).

Then (X, d) is called a cone metric space.

We now state the definition of a controlled cone metric space.

Definition. (Controlled cone metric space) Let X' be a nonempty set and let « :
X x X — [1,00) be a function. p: X x X — FE is called a controlled cone metric
type with « if the following hold

(CCM;) 0 < p(z,y) and p(x,y) = 0 if and only if z =y,

(CCMy) p(z,y) = p(y, x),

(COMs3) p(z,y) = oz, 2)p(z, 2) + a(z,y)p(z,y),

for all z,y,z € X. Then the pair (X, p) is said to be a controlled cone metric space.

Each cone metric space is a controlled cone metric space with a(z,y) = 1.

Definition. (Double controlled cone metric space) Let X be a nonempty set and
let @, : X x X — [1,00) be non-comparable functions. p: X x X — E is called a
double controlled cone metric with respect to o and (3 if the following hold
(DCMy) 0 < p(z,y) and p(x,y) = 0 if and only if z = y,

(DCM3) p(z,y) = p(y, z),

(DCM3) p(x,y) 2 alz, 2)p(z, 2) + B(z,y)p(2,y), for all z,y,z € X. Then the pair
(

X, p) is said to be a double controlled cone metric space.

It is clear that each controlled cone metric space is a double controlled cone metric
space, but there exists double controlled cone metric spaces which are not controlled

cone metric space.

Example 1.2. Let E=R%? P={(z,y) € E: 2,y >0}, Y =RT andp: X x X —
FE be defined by

(0,0), ©z=y
) Ghg), z=lye [ 1)
(1,1), otherwise.
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Define o, f: X x X — [1,00) by

1, z,y<1

_ o ozy>1 _
a(z,y) = { 1 and Ble,y) = { max{z,y}, otherwise.

otherwise

Then (X, p) is a double controlled cone metric space. On the other hand, we have

p0,5) = (1L1) > (5, 3) = al0,3)p(0.3) +al3, (3, 5).

This implies that p is not a controlled cone metric space when o = f.

Example 1.3. Let E=R?, P = {(z,y) € E: x,5 > 0} and let
X ={(z,0): 0 <2z <1} J{(0,z) : 0 <z < 1}. Suppose that p: X x ¥ — F is
defined by

p((@.0).:0) = (3l = sl ke = 1) p (0.2, 0) = (1o = sl 3o - o)

p((.0).(0.0)) = (0,90, 2.0) = (G v+ 50).

Define a, 3 : X x X — [1,00) as

max{<,1} 2,y #0 14d 2y#0
a(X,Y) { A1), z=y=0 and  B(X,Y) (1,1), z=y=0,

for all X,Y € X in which X = (2,0), Y = (y,0) or X = (0,z), Y = (0,y). Then
p is a double controlled cone metric. In fact, the conditions (DCM;) and (DCMa)
hold. (DCMs3) is satisfied too, because by the example in [10] p is a cone metric

space and so we have
p(z,y) < plx,2) +py, 2) < alz, 2)p(z, 2) + By, 2)p(y, 2)-

Definition. Let (X, p) be a double controlled cone metric space with respect to «
and S.

(i) A sequence {x,} is convergent to some x in X, if for every ¢ € E with 0 < ¢
there is N such that for all n > N, p(x,,x) < ¢, then {z,} is said to be convergent
and {x,} converges to x, and x is the limit of {x,}. It is written as lim,,_,~ ©,, = .
(73) A sequence {z,} is said Cauchy, if for every ¢ € E with 0 < ¢ there is N such
that for all m,n > N, p(xm,x,) < c.

(731) (X, p) is said complete if every Cauchy sequence is convergent.

The following result is similar to [10, Lemma 1] and so the proof is omitted.
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Lemma 1.4. Let (X,p) be a double controlled cone metric space with respect to «
and (3, P be a normal cone with normal constant M. Let {x,} be a sequence in X .

Then {x,} converges to x if and only if lim,,_,o p(zn,x) = 0.

Lemma 1.5. Let (X,p) be a double controlled cone metric space with respect to «
and 3, P be a normal cone with normal constant M. Let {x,} be a sequence in X
such that {x,} converges to x and y. If lim,_,o a(x,zy,) and lim,_ B(xn,y) exist

and are finite, then x = y.

Proof. For any ¢ € F with 0 < ¢, there is N such that for all n > N, p(z,,z) < ¢
and p(xy,y) < c. We have

p(x7y) j a(x7$n)p(x7$n) +ﬂ(a:n,y)p(xn,y) j c(a(x,xn) + B(mn,y))

Hence, |p(z,y)|| = clla(z, zn)+B(2n, y)|. Since limy,—oo a(z, 2p) and limy, .00 3(2n, y)
exist and are finite and ¢ is arbitrary, p(x,y) = 0, therefore x = y. O

2. MAIN RESULTS

In this section, we give some fixed point results in double controlled cone metric
spaces. We assume that (X, p) be a complete double controlled cone metric space
with respect to the functions o, 5 : X x X — [1,00) and P be a normal cone with

normal constant M.

Theorem 2.1. Let T : X — X satisfy the contraction condition

(2.1) p(Tx, Ty) < kp(x,y),

for all x,y € X, where k € (0,1). For xo € X, choose x, = T"xy. Suppose that

(2.2) sup lim a(xip1, Tiyo)

1
Tit1,T < -
mt]_i—’oo a($i,xi+1) ﬂ( 1+1, m) k'

If for each x € X, limy, 00 (x, ) and limy,—,o0 B(zy, ) exist and are finite, then

T has a unique fized point.

Proof. Suppose that a sequence {x,} in X satisfies the hypothesis of the theorem.
Then by (2.1) we get

p(xna :En+1) = knp(xla x(])a
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for all n > 0. Let m,n be integers such that m > n. By a similar to the proof of [3,

Theorem 1] we have

P(Tn, Tm) = (T, Tnt1)P(Tn, Tnt1) + B(@nt1, Tm)D(Tnt1, Tm)

IA

&(ZTr, Tny1)P(Tn, Tny1) + B(@nt1, Tm) (Tt 1, Tng2)P(Tny1, Tng2)

+ ﬁ($n+17 xm)ﬁ(xn—i—% xm)p(l‘n—i—% xm)

IA

m—2 %
< a(wn, ws)plens mas) + 0 (T Bl om) )alws wi)p(e, 2ii1)
i=nt1  j=nt1
m—1
+ H /B(thm)p(xm—l’xm)
k=n+1
m—2 % '
ja(xn7xn+1>knp<xl7x0)+ Z ( H ﬁ(xjamm)>a(xi7xi-l—l)klp(xl’mo)
i=n+1 j=n+1
m—1
+ I Bk xm)k™ (e, z0)
k=n+1
m—1 % .
< a@nni)k"p@r,z0) + > ([T Aleswm))al@s i) kp(r,20)
i=nt1 - j=n+1

m—1 )
= o, Tnp1)E"p(21,70) + D (Hﬁ(%,xm))a(l‘u$i+1)kip($171’0),
i=nt1  j=0

hence
[p(Zn, ) || 2 M|, 2n11)E"p(20, 71)

m—1 %
(2.3) + > (Hﬂ(mj,xm))a(xi,xi+1)kip(wo,w1)H~

i=n+1  j=0
Set S, =>"" 4 <H§‘=0 [3(:cj,xm))a(xi,a;i+1)ki, then we have
1p(20, ) || = M|p(zo, 21) [K" (0, Tnt1) + (St — Sp)] -

(2.2) implies that the limit of the real sequence {S,} exists and so {S,} is Cauchy.
Letting m,n — oo in (2.3) yields limy, 00 P(@n, Zm) = 0, and so {z,} is a Cauchy

sequence. By the completeness of X, there exists x € X such that lim, . =, = x.
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We claim that Tx = z. It follows from (DCM3) and (2.1) that

p(l" T$) j O{(Qj‘, xn—i—l)p(ﬂf; mn—i—l) + ﬂ(xn-‘rla Tx)p(xn—i-l ) TI‘)
= (@, Tnp1)P(@, Tny1) + kB(@pg1, T)p(an, x),

and so

Ip(e, Ta)ll = M (e, 2)p(@, 21| + kB, T2)p(E, 2)] ).

Hence, ||p(z,Tz)|| = 0, that is, Tx = z. Now, if y is another fixed point of T', then

p(z,y) = p(Tx, Ty) < kp(z,y),

thus ||p(z,y)|| = 0, and so = = y. Therefore the fixed point of T" is unique. O

Now, we give an example of mappings on a double controlled cone metric space

which satisfy the conditions of Theorem 2.1.

Example 2.2. Let E =R? P = {(z,y) € E: z,y > 0} and let
X ={(z,0): 0 <z <1} UJ{(0,z) : 0 < = < 1}. Suppose that p: X x X — E is
defined by

p((0),:0) = (3le = slbe =) « 902, 0.00) = (I = sl 2o~ 1)

p(0):0.) = (0.9): 00 = (o4 4 3.

Define o, f: X x X — [1,00) as
a(X,Y) = B(X,Y) =1,

for all X,Y € X. Then p is a double controlled cone metric. Define T': X — X as
T Y
T(.%’,O) = (570)¢ T(O>y) = (07 5)1
for all z,y € [0,1]. Then T satisfies condition (2.1). Note that for each Xy € X,
Xo = (20,0) or Xg = (0,20), and then X, = T"Xg = (52,0) or X;, = T" X, =
(0, 32). All the hypotheses of Theorem 2.1 are satisfied with k = % In fact, (0,0) is
the unique fixed point of T'.

The next result has an analogue on metric spaces [11].

Theorem 2.3. Suppose that a mapping T : X — X satisfies the contractive condi-

tion

(2.4) p(Tx, Ty) = ap(x, Tx) + bp(y, Ty)
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for all z,y € X, where a+b < 1 and a,b € [0,1). For arbitrary zo € X, choose

T = T"xg. Assume that

.0 Tig1, Tig2) 1-0
2.5 lim ————= ; =< .
25) o B o) ) <
If for each x € X,
1
(2.6) lim a(z,z,) exists finite and lim [(zp,x) < —
n— oo n— oo b

then T has a unique fixed point in X.

Proof. Let {z,} be a sequence satisfying the hypothesis of the theorem. From (2.4)

for all n = 0 we obtain

P(Tn, Tng1) = p(Tan—1,Twy)
< ap(xp—1,Txn-1) + bp(xyn, Txy)

= ap(acn,l, Zvn) + bp(l“n, xn+1)a

hence p(Zn, Tny1) = 7%5P(Tn—1,2,). Continuing this process we get

a
1-0
Now, we show that the sequence {z,} is Cauchy. Using (DCM3) and (2.7) for all

m,n € N we get

(2.7) P(Zn, Tng1) =2 ( )np(:rl, xg), for allm = 0.

p($n, xm) = O‘(-'Ena $n+1)p($n’ anrl) + ﬁ($n+1a $m)p($n+1, mm)

m—2 %

< a@n, zn )@ onin) + 30 (T Blswm) )ales zi)p(@i, 2i11)
i=n+1 j=n+1

m—1

+ [ 8w zm)p(@m—1,7m)

k=n+1

a
=< a(xy, :cn+1)(

1-0
+ mz:? ( f[ ﬂ(xj,xm))a(xi,le)(ﬁ)ip(xhwo)

i=n+1 j=n+1

+ ”ﬁl ﬁ(%#m)(l i b>m_1p(a:1,m0).

k=n+1

)np(an, o)
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Since a +b < 1, 1% < 1. This implies that ||p(z,, zm)|| — 0 as m,n — oo, therefore
the sequence {z,} is Cauchy, and the completeness of X implies that there exists

an element x € X such that {z,} converges to x. If Tx # x, we deduce that
0 < p(x7 T.TJ) j @(.%', $n+1)p(.%', xn—f—l) + ﬁ(xn—&-lv Tx)p(xn-i-h T.T,')
= (@, 2n11)p(@, Tnt1) + B(@nr1, T2) [ap(2n, Tnt1) + bp(z, Ta)],

hence
(2.8)
0 < [lp(z, Tx)|| = Mlla(x, 2ny1)p(e, tni1) +B(@ns1, Tx) [ap(@n, n1) +bp(x, Tx) ||

Making use of the condition (2.6) and passing to the limit on (2.8) we get
0 < lp(z, T2)|| < llp(z, Tx)]]

which is a contradiction, therefore Tx = x. Suppose that T has another fixed point

y, then
p(z,y) = p(Tx, Ty) = ap(x, Tx) + bp(y, Ty)
= ap(z,z) + bp(y, y) = 0.
Consequently x = y, and T has a unique fixed point. ]

If in Theorem 2.3 we consider a = b € [0, 3), then we get the following result.

Corollary 2.4. Suppose that a mapping T : X — X satisfies the contractive condi-
tion
(2.9) p(Tz,Ty) = a[p(z, Tx) + p(y, Ty)]

for all z,y € X, where a+b < 1 an a,b € [0,1). For arbitrary zo € X, choose

T, = T"xg. Assume that

: . 1—
(210) sup lim L) g gy (120
m1i—00  o(T;, Tiy1) a
If for each x € X,
1
(2.11) lim a(x,z,) exists, is finite and lim [(zy,,z) < —
n—oo n—oo a

then T has a unique fixed point in X.

Following is the Reich [16] type contraction mapping considered here to prove

another fixed point theorem in double controlled cone metric spaces.
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Theorem 2.5. Let T : X — X be a mapping satisfying the contractive condition
(2.12) p(Tz, Ty) 2 ap(z,Tx) + bp(y, Ty) + cp(z,y)
for all x,y € X, where a+b+c < 1 and a,b,c € [0,1). For zy € X, choose

T, = T"xg. Assume that

O((xiJrl, l‘i+2) 1-b
—_— i1, < .
ﬂ($1+1 xm) a+ec

(2.13) sup lim
me1i—00  a(Ti, Tiy1)

If for each x € X,

ST

(2.14) lim o(x,x,) exists, is finite and lim B(x,z,) <
n—oo n—oo
then T has a unique fixed point in X.
Proof. Let {z,,} be a sequence satisfying the hypothesis of the theorem. From (2.12)
for all n = 0 we obtain
p(.%'n, xn-{—l) = p(Txn—lv Txn)
= ap(xn-1,Trn1) + bp(xn, Txn) + cp(Tn_1,70)
= ap(Tn—1,2n) + 0p(Tn, Tny1) + cp(Tn_1,Tn),

hence p(xy, Tpt1) = ‘f—fgp(xn_l, xn). By induction we get

a—+c
(2'15) p(JUn,-Tn-H) = (1 3

By a similar to the proof of Theorem 2.3 we can show that the sequence {z,} is
Cauchy. In fact (DCM3) and (2.15) for all m,n € N, imply that

a—+c\n
) oo

)np(xl,:co), for all n > 0.

P(l“na xm) = a(l‘n, xn+l)<

m—2

( ﬁ B(x;, xm)> a(zi, i) (%)ip(m, 0)

i=n+1 j=n+1
m—1
a—+c\m-1
+ H /B(xk7$m) (m) p(x17x0)'

k=n+1
Since a + b+ ¢ < 1, 9 < 1, which implies that |p(zy,zm)|| — 0 as m,n — oco.
Therefore the sequence {z,,} is Cauchy, and the completeness of X’ implies that there
exists an element x € X’ such that {x,} converges to x. If Tz # z, we deduce that

0<p(z,Tz) 2 a(r, ne)p(@, ni1) + B(@ns1, To)p(znir, Tx)
= Oé(ﬂj‘, anrl)p(x’ anrl) + B($n+1? T.CL') [ap($n, anrl)

+ bp(z, Tz) + cp(z, azn)],



DOUBLE CONTROLLED CONE METRIC SPACES 11

hence
(2.16)  lp(z, Tz)|| 2 Ml|la(z, 2ni1)p(; Tni1)
+ B(xpy1, Tx) [ap(a?n, Tpt1) + bp(z, Tx) + cp(z, arn)] I|.
Making use of the condition (2.14) and passing to the limit on (2.16) we get
0 < lp(z, T2)|| < llp(z, Tx)]|

which is a contradiction, therefore Tx = x. Suppose that T has another fixed point

1y, then
p(z,y) = p(Tz, Ty) = ap(x, Tx) + bp(y, Ty) + cp(z,y)
= ap(x,z) + bp(y,y) + cp(z,y) = cp(z,y),
since ¢ < 1, z = y and so T has a unique fixed point. O

If in Theorem 2.5 we consider a = b = ¢ € |0, %], then we get the following result.

Corollary 2.6. Suppose that a mapping T : X — X satisfies the contractive condi-

tion
(2.17) p(Tz,Ty) < alp(z, Tx) + p(y, Ty) + p(z,y)]

for all z,y € X, where a € [0, é) For arbitrary xog € X, choose x, = T"xg. Assume
that
a(Tiy1, Tig2) l—a

2.18 li i < .
(2.18) ,Snlg oo (T4, Tit1) Blaist, om) 2a
If for each x € X,
1
(2.19) lim a(z,z,) exists, is finite and lim [(zy,z) < —
n—oo n—oo Qa

then T has a unique fixed point in X.

Remark 2.7. All the results which proved in this section, hold in complete con-

trolled cone metric spaces, too.

Remark 2.8. In the case when the cone is not necessarily normal, we can prove
Theorem 2.1. For the proof we give the following properties of cone metrics which
are often useful, when the cone is not normal.

(1) f x Ry and y < z, then z < z.

(73) If ¢ € intP, 0 < x,, and x,, — 0, then there exists N such that, for all n > N,
we have z,, < c.

Now, we proof Theorem 2.1 on a non-normal cone.
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Proof. By the similar proof of Theorem 2.1 we have

m—1 %
P(@n, Tm) = (@, Tng1 K p(o, 21) + ) (Hﬂ(l“jawm))a(%$i+1)k1p(l‘07$1),
i=n+1  j=0

for m > n. Set S, =37, <H§:0 ﬂ(xj,mm)>a(mi,a;i+1)ki. Then we have

p(xny xm) = p($07 xl) [k‘"a(xm xn—i—l) + (Sm—l - STL)] .

(2.2) implies that the limit of the real sequence {S,} exists and so {S,} is Cauchy,
hence p(zo, z1) [k"a(xp, Tny1) + (Sm—1 — Sn)] — 0 as m,n — oco. From (i) and (i)
we deduce that {z,} is a Cauchy sequence. By the completeness of X, there exists
x € X such that lim, .o x, = z. We claim that Tx = z. Since T is continuous,
lim,, oo Ty, = T'z. It follows from (DCM3), (2.1) and (2.3) that

p(z,Tx) 2 a(z, 2n)p(x, 2n) + B(2n, TT)p(Tn, TT)
= a(x, zn)p(x, xn) + kB(xn, Tx)p(Tn—1, T).

Given ¢ € intP, since lim,, ., T, = x, there exists n € N such that, for all n > N,
p(z,2,-1) < ¢ and p(xy, ) < c. Hence, we obtain

C

p(z, Tr) < a(z, z,)c + kB(xn, Tr) z = cla(z, ) + B(zn, Tz)].

Since c is arbitrary, (2.3) implies that p(z,Tz) = 0, and so x is the fixed point of
T. ]
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