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(CO)HOMOLOGY OF A GENERALIZED MATRIX
BANACH ALGEBRA

M. AKBARI?® AND F. HABIBIAN P *

ABSTRACT. In this paper, we show that bounded Hochschild homology and co-
homology of associated matrix Banach algebra &(2, R, S,%B) to a Morita context
MU, R,S,B,{ },[]) are isomorphic to those of the Banach algebra . Conse-
quently, we indicate that the n-amenability and simplicial triviality of & (2, R, S, B)
are equivalent to the n-amenability and simplicial triviality of 2.

1. INTRODUCTION

Topological homology actualized from the questions with respect to the Wedder-
burn structure of some extensions of Banach algebras by H. Kamowitz [12], who
developed the Banach type of Hochschild (co)homology groups. The first results
about “the homology groups being trivial in certain situations” were obtained by
B. E. Johnson [11] and have been extensively advanced by A. Ya. Helemskii and
several members of his academy [10, 18]. In recent years, there has been a particular
interest in the computation of (co)homology groups. However, most of the litera-
ture has focused on the pure algebraic case; there have also been papers contending
with the calculation of the Banach algebra version of these groups, especially for
C*-algebras [10, 19]. We calculate the simplicial (co)homology of associated matrix
Banach algebra & (2, R, S,B) to a Morita context IM(A, R, S,B,{ },[]). The proofs
will be connected with the particular case of Morita theory methods for Banach al-
gebras, evolved by Niels Gronbaek [7]. The outline of this paper is briefly presented
as follows. In Section 2, we express some essential preliminaries as a fundament for
our work. After that, in Section 3, we provide conditions based on an associated
matrix Banach algebra &(2, R, S,B) to a Morita context M(A, R, S,B,{ },[]), is
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Morita equivalent to 2. In Section 4, we articulate the theorem on Morita invariance
of bounded Hochschild (co)homology. We obtain some related results, including the
relation between the n-amenability and simplicial triviality of & (2, R, S,B) and 2

and we illustrate the applications with two examples.

2. PRELIMINARIES

Let V and W be Banach spaces. The Banach space, which is the completed
projective tensor product of V and W, is denoted by VW for u € VQW, there

o0
are sequences (v,) € V and (w,) € W such that Y ||v,] [[wn| < oo and u =
n=1

o0
3" v, @ wy,. The universal property of V@W is that, for each bounded bilinear map
n=1
p : VX W — Z into Banach space Z, there is a unique bounded bilinear map

Y VW — Z with ||| = [[#]| and ¥ (v @ w) = ¢(v,w) (v € V,w € W) [10, 17].

Let 2 be a Banach algebra, and let V' be a Banach space. V is said to be a Banach
left A-module if V' is a left A-module and also satisfies the axiom: there exists a
positive constant K such that ||av|| < K ||al| ||v]| (¢ € A,v € V). A similar definition
applies to Banach right 2-module, and a Banach 2-bimodule is an 2A-bimodule that
is both a Banach left A-module and a Banach right 2-module. For a Banach algebra
2, we use the notation 2A-mod (resp. mod-2) for the category of left (resp. right)
Banach 2A-modules. If 9B is also a Banach algebra, we use the notation A-mod-8
for the category of Banach (A-98)-bimodules. A Banach left A-module V is said to
be unit linked (unital) if 2 has a unit element 19 and lgv = v (v € V). There are
similar definitions for unit linked Banach right 2-modules, and Banach 2-bimodules
[1]. The full subcategory of A-mod consisting of unit linked modules of 2 is denoted
by 2-unmod. Let V € A-mod. We write

A-V={a-v:acUAveV}, AV =Ilin A-V.

It can be easily checked that AV = V. when 2 is unital and V € 2A-unmod.
Clearly, each closed left ideal of 2 is a Banach left 2-module, and each closed right
ideal is a Banach right 2A-module, again with the product of 2 giving the module
multiplications.

Let V and W be Banach spaces and let L : V — W be a bounded linear
map. L is called admissible if ker L is complemented in V' and im L is closed and

complemented in W.
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Let V € 2-mod. Then V is called (left) projective if, whenever Y, Z € 2-mod,
q:Y — Z is both admissible and epimorphism and ¢ : V' — Z is a morphism, then
there exists @ : V' — Y such that g o ¢ = . There is a similar definition for right
projectivity. Let 21 be a Banach algebra, let V € mod-2, and let W € 2A-mod. Set
N be the closure of

lin{(v-a)@w—-—v®(a-w) :acWveV,weW}
in VW, and let VQE()W = V&@W/N. The universal property of V(E;{EW is that, for
each bounded balanced bilinear map ¢ : V x W — Z into Banach space Z, there
is a unique bounded balanced bilinear map ¢ : VoW — Z with ||¢| = ||¢|| and
w(v%z[)w) = p(v,w) (veV,weW). b
A module V € 2-mod is called (left) flat, if the associated complex
0— XQV — YOV — Z&V — 0
A A A

of every admissible complex
00— X —Y —>27—0

in A-mod, is exact. There is a similar definition for right flatness [10].
As is elementary homology, every projective 2-mod is flat (also for mod-20 and
A-mod-2A) [17, Example 5.3.9].

Let 2 and B be Banach algebras and let R € A-mod-% and S € B-mod-2l.
Two bounded balanced bilinear maps {,} : R xS — 2 and [,] : § x R — B are
called compatible pairings if they implement bounded bimodule homomorphisms
p:R%SHQl,V:S(%RH%and

{r,s}r’ =r[s,r'], [s,r]s =s{r,s'}; rr" €Rs,s €S
This information is collected in a Morita context MM (A, R, S,B,{ },[]).
To M(A, R, S,B,{ },[]) is associated a Banach algebra & (2, R, S,B) consisting of

2 X 2 matrices

[Z Z], aceA,reRseSbe®B

with the product defined by means of module multiplication and compatible pair-
ings. The Banach algebra G := &(2, R, S,B) is called a generalized matrix Banach
algebra [13]. If S = 0, then &(2, R, S,B) becomes the well-known triangular Ba-
nach algebra, 7 (2, R,B), that has been studied by Forrest and Marcoux [3, 4]; see
also [5, 15]. We denote by ;G (i = 1,2) the rows of G and by G; (j = 1,2) the
columns of G. We can identify each ;G (G;) as a closed right (left) ideal for G and
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G= @ .G (G= @ G,;). When 2 and B are unital, let ¢; = [15‘ 8] and ey =
i=1,2 j=1,2

0
0 1y
eo is the left identity for oG and the right identity for Gs.

. Clearly, e; is the left identity for 1 G, and the right identity for Gy, also

3. MORITA EQUIVALENCE

Suppose 21 and B are two unital Banach algebras. We call 2l and B Morita
equivalent if 2-unmod and B-unmod are equivalent, i.e., if there are covariant
functors

¢ : A-unmod— B-unmod

¥ : B-unmod— A-unmod
such that ¢y and ¢ are isomorphic to the identity functors on A-unmod and
PB-unmod, respectively [7, Definition 2.3]. Now, we state the following theorem,

which we use for the characterization of Morita equivalence.

Theorem 3.1 ([7, Corollary 3.4]). Suppose 2 and B are two unital Banach algebras.

A and B are Morita equivalent if there are unit linked modules V € B-mod-2 and

W € A-mod-B so that VW = B and WRV = A, where the isomorphisms are
A B

implemented by bounded bilinear balanced module maps.

Corollary 3.2. There is an equivalence between the categories of unit linked bi-
modules given by V € A-unmod-B and W € B-unmod-2A, so that the equivalence
functor
B-unmod-B — A-unmod-A
has the form
R — VQRW.
B B
In particular, V is right flat as a module in unmod-2A and left flat as a module in

B-unmod , and W is right flat as a module in B-unmod and left flat as a module

in unmod-2.

Proposition 3.3. Let &(A, R, S,B) be a generalized matriz Banach algebra. Sup-
pose that the pairings both implement epimorphisms. Then the Banach algebras 2

and B are Morita equivalent.
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Proof. Let p : R®S — A and v : S®R — B be epimorphisms implemented by
B A

compatible pairings. Without loss of generality, we suppose that R and S are unit
linked modules; otherwise, we replace R and S with the unit linked modules A& R&XB
A B

and €B®S®Ql

Note that 1f that is the case, we have a commutative diagram

RESORES L A5
B A
lQ 5
R&B&S
B B A

that 1, 2 and 3 are epimorphism, so is 4. Consequently
(ARRXB)R(BRSA) — A
2[ A% A% A‘B AQ(
(BESOA)D(ALROB) — B,
B A A A B
are epimorphisms. We show that p is injective. Since p is surjective and 2l is unital,
there is ZT‘] ® 55 € R®S that E{rj, sj} = lg. Suppose z = Za] ® b; € ker p, then

p(r) = Z{a],b}_o We have
- (Zai ©b) - a = (Z ai bi)(Z{rj73j})
—ZZWM,%}*ZZ% [bi, )5,
:ZZ;Q (b3, 7] gsjzz;zjj{ai,bi}rj%sj:o_

Therefore p is an isomorphism. Similarly, v is an isomorphism. Hence 2 and 8 are

Morita equivalent by implementing modules R and S. U

Remark 3.4. From here onwards, we consider in Morita context (A, R, S,B,{ },[]),

the pairings both implement epimorphisms.

Theorem 3.5 ([16, Theorem 4.4)). If A has a bounded left approzimate identity and

Y € A-mod, then ARXY — Y is an isometric isomorphism of modules.
A

Notably, for a unital Banach algebra 2l and a unit linked 2(-mod Y, the canonical
map 7y : ARXY — Y given by 7y (a®y) = a -y is an isometric isomorphism of
2

modules and plays a vital role.
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The following is one of the fundamental theorems in this article.

Theorem 3.6. A generalized matriz Banach algebra G := (2, R, S,B) is Morita
equivalent to the Banach algebra 2.

Proof. Let e = 18)1 8 . Put V =eG and W = Ge. It is clear that V is the closed

right ideal 1G and W is the closed left ideal G1, and also eGe = 2.

Let B : VW — 2. We show that 3 is surjective. Define v : A — VW by vy(ege) =
G G

eg®e = e®ge € eGRGe. Note that if ege = 0, then eg®e = eg®ee = ege®e = 0, so

G G G G G G
~v is well-defined. We have y(ege) = B(eg®e) = ege. This shows that 3 is surjective.
G
Now suppose that > egnghe = 0 for > |legnllllg,ell < oo, where gn,g), € G. Then
n

n
Yegn @ ghe = > egnghe @ e = 0 and 3 is injective, that proves VOW = 2L
n G n G G

Now we illustrate o : W®V — G is an isomorphism. By Theorem 3.5, we have
A

AXR ~ R, S®A ~ S and AXA ~ A, also by Proposition 3.3, SO R ~ B. Therefore,
bymmeans of Qr[natrix multipl?cation, « is surjective. Consider I?l = ker . First, we
clarify eG - K = 0. Note that the domain « is a (G-G)-bimodule, so the equation
eG - K = 0 makes sense. Let x = Zi:gie ege eg; € K. Then 0 = a(z) = Zi:giegg, and
so for any g € G

/

eqg-r=e E e X eq;
g g i i G 9
= eggie @ eg;

P eGe

= e(eggie) @ eg.
> (eggie) & eg;

i
=e ® egg;eg. = 0.
EGEZ: ggieg.

Also K = GK = (GeG) - K = G(eG - K) = 0, so «a is injective. Accordingly
W®V = G. Hence Banach algebras G and 2l are Morita equivalent.
A
O

Consider the two implementing modules V' and W in the previous theorem. Using

Corollary 3.2, we have

Corollary 3.7. V is right projective (flat) as a module in unmod-2 and left pro-
jective (flat) as a module in G-unmod and W is right projective (flat) as a module

in G-unmod and left projective (flat) as a module in unmod-2.
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4. MORITA INVARIANCE OF BOUNDED HOCHSCHILD (CO)HOMOLOGY

In this section, we intend to demonstrate the bounded Hochschild (co)homology
of (2, R, S,B) in terms of the (co)homology of the Banach algebra .

Let 2 be a Banach algebra and V' be a Banach 2A—bimodule. For n € N, let
BL™(A, V) denotes the space of all bounded n—linear maps from "™ to V. The
elements of BL" (2, V') are called continuous n-cochains on 2 with coefficients in
V. Consider the standard cohomological complex maps g, ..., 0p41 : BL" (A, V) —
BL" (2, V) where 6, is defined by

50T(a1, ceuy an+1) = alT(ag, veuy an+1)
6’5T(a17 i an—i—l) = T(a’lv s A Aj415 +oey an—i—l) (1 S i S n)
5n+1T(a1, ceey an+1) = T(al, ceey an)an_H.
Conventionally BLY(2, V) is V and &g, 01 : BLY(, V) — BLY(2, V) are given by
(bov)(a) = av, (61v)(a) =va (a€WAveV).

Then § : BL"(U,V) — BL" (A, V), the coboundary map, is given by § =
n+1

;) (=1)"6;.
For n € N, let BL,(,V) = V&A™ The elements of BL, (2, V) are called continu-

ous n—chains on 2 with coefficients in V. The standard homological complex maps
are do, ...,dp+1 : BLyy1 (A, V) — BL, (2, V) where
do(z® a1 ® ... @Apy1) =T a1 @ ... @ Gpt1
Gi(rRa1® ... Qpt1) =T R a1 ® ... @ AjAi+1 D ... D apt1 (1 < i< n)
dpt1(T® a1 ® ... ®Apt1) = App1Z R a1 ... @ ay.

For convention; BLo(,V) is V and dy,d; : BL1(, V) — BLy(2, V) are given by
do(x ®a) =za, di(z®a)=ax (reV,aec).

n+1 .
Thend : BL,11(2,V) — BL, (2, V), the boundary map, is given by d = > (—1)"d;.
=0
kerd,,_
The Hochschild homology group of 20 with coefficients in V' is H,, (A, V') = idl
im d,

(Ho(L, V) = - v

). Also, the Hochschild cohomology group of 2 with coefficients
1m ag

inVisH"(A,V) = % (HO(A, V) =kerdp={z €V :a-z=x-a (acA)}).
n—1

For more information, see [9, 14].
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In the remainder of this section, we will examine the connection between the
Hochschild (co)homology groups & (2, R, S,B) and . The following theorem is a
fundamental theorem for this purpose, and is a particular situation of what is stated
in [6, Theorem 2.4].

Theorem 4.1. Let A and B be unital Morita equivalent Banach algebras with imple-
menting modules V € B-mod-A and W € A-mod-B. If V is right flat as a module

i mod-2 and left flat as a module in B-mod , then there are natural isomorphisms
Hn(A,Y) = Hn (B, V%Y%W},
H"(2,Y™) = H"(%B, (V%Y%W)*),

for all unit linked modules Y € A-mod-2.

For more information see [8]. By Theorem 4.1, Theorem 3.6 and Corollary 3.7,

we have the following

Theorem 4.2. Let G := &, R, S,B) be a generalized matrix Banach algebra.

Then there are natural isomorphisms of (co)homology functors
Hu(G,Y) = Ho (A, VRY W),
G G
HY (G, Y™) =H"(X, (V%Y%W)*),
for all unit linked modules Y € G-mod-G. Therefore,
Hn(G, G) = Hn (%, 2),
H'(G,G") = H" (A, A").

To provide more results, we need the following proposition.

Proposition 4.3 ([2, Proposition 2.8.23]). Let 2 be a unital Banach algebra, and
let E' be a Banach A-bimodule. Then H"(2, E) = H"(A, eqEey) for alln € N.

We say that Banach algebra 2 is n-amenable if H"(2(, Y*) = {0} for every Banach
2-bimodule Y. Especially, 2 is called amenable if and only if H!(A,Y*) = 0, for all
Banach 2(-bimodule Y.

A Banach algebra 2 is said to be simplicially trivial (n > 0) if H"™ (2, 24*) = 0. It
is called weakly amenable, if n = 1.

We apply Theorems 3.6, 4.2, and Proposition 4.3 to obtain the following corol-

laries.
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Corollary 4.4. A generalized matriz Banach algebra (2, R, S,B) is n-amenable
if and only if A is n-amenable. In particular, &(A, R, S,B) is amenable if and only

if A is amenable.

Corollary 4.5. A generalized matriz Banach algebra & (2, R, S,B) is simplicially
trivial if and only if A is simplicially trivial. In particular, (A, R, S,B) is weakly

amenable if and only if the Banach algebra 2 is weakly amenable.
Now, we describe the results with two examples.

Example 4.6. Let 2 be a unital Banach algebra and let
2 M1x(k1)(9l))
M) = .
#(2) (M(k—1)x1(91) M—1y (1)
Then, by Theorem 3.6, A and My (2() are Morita equivalent. Therefore My (%) is n-
amenable (resp. simplicially trivial) if and only if 2( is n-amenable (resp. simplicially

trivial).

Example 4.7. Let 2 be a unital Banach algebra and let I be a unital closed left
ideal. Suppose that I in addition, has a left identity for . By Theorem 3.5, I&0 = A
T

~

and ARI = I, so A and I are Morita equivalent. Consequently, by Theorem 3.6
A
A

G = I , and 2 are Morita equivalent. So G is n-amenable (resp. simplicially

A 1
trivial) if and only if 2 and I are n-amenable (resp. simplicially trivial).
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