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FIXED POINT THEOREMS IN CONTROLLED RECTANGULAR
METRIC SPACES

MOHAMED ROSSAFI®* AND ABDELKARIM KARIP

ABSTRACT. In this paper, we introduce an extension of rectangular metric spaces
called controlled rectangular metric spaces, by changing the rectangular inequality
in the definition of a metric space. We also establish some fixed point theorems for
self-mappings defined on such spaces. Our main results extends and improves many

results existing in the literature. Moreover, an illustrative example is presented to
support the obtained results.

1. INTRODUCTION

By a contraction on a metric space (X, d), we understand a mapping 7' : X — X
satisfying for all z,y € X: d(Tz,Ty) < kd(z,y), where k is a real in [0, 1).
In 1922, Banach proved the following theorem.

Theorem 1.1 ([4]). Let (X,d) be a complete metric space. Let T : X — X be a
contraction. Then:

(i) T has a unique fized point x € X.
(ii) For every xg € X, the sequence (xy,), where xn+1 = Txy, converges to x.
n

(iii) We have the following estimate: For everyx € X, d(xy,z) < fikd(xo, x1),
n € N.

Several authors generalise the previous theorem in various directions [1, 3, 6, 7,
9,11, 12, 13, 14, 15, 16, 17, 18, 19, 21, 22, 23, 24].

In 2000, Branciari [5] initiated the notion of rectangular metric space.
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Definition 1.2 ([5]). Let X be a non-empty set and d: X x X — R* be a mapping
such that for all z,y € X and for all distinct points u,v € X, each of them different
from = and ¥, on has
(i) d(z,y) =0 if and only if z = y;
(i) d(z,y) = d(y, z) for all distinct points x,y € X;
(iii) d(z,y) < d(z,u) + d(u,v) + d(v,y) (the rectangular inequality).
(

Then (X, d) is called a rectangular metric space.

In 2019, Asim et al. [2] introduce the concept of extended b-rectangular metric

spaces.

Definition 1.3 ([2]). Let X be a non empty set, and 6 : X x X — [1,400[. An
extended b-rectangular metric is a function d : X x X — [0, 4o00[ such that for all
xz,y € X and all distinct points u,v € X, each of them distinct from z and y one
has the following conditions:

(d1) d(z,y) =0, if and only = = y;

(dg) d(z,y) = d(y,x);
(d3) d(x,y) <0 (x,y)[d(z,u) + d(u,v) + d(v,y)].

(

Then (X, d) is called an extended rectangular b-metric space.
Example 1.4 (][2]). Consider X = {1,2,3,4,5}. Define 6 : X x X — [1,+o0o[ by

O(x,y)=z+y+1Vr,ye X.

Define
d: X x X —[0,400] by
e d(x,z) =0 for all z,y € X;
o d(z,y) =d(y,x) for all z,y € X;
o d(1,3) = d(2,5) = 70,d(1,4) = 1000 and d(1,5) = 1200;
o d(1,2) = d(2,3) = d(3,4) = 60,d(3,5) = d(4,5) = d(2,4) = 400.

Clearly, (X, d) is an extended rectangular b-metric space.

In the next section, we introduce the concept of controlled rectangular metric
space and establish some fixed point results for such mappings in the setting of
complete controlled rectangular metric spaces which generalize the results of Kannan
[10], Reich [20] and Fisher [8] .
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2. MAIN RESULT

We begin with the following definition.

Definition 2.1. Given a non-empty set X and a: X x X — [1, 400l

The function d : X x X — [0, +00] is called a controlled rectangular metric if for
all x,y € X and all distinct points u,v € X; each of them distinct from x and y one
has the following conditions:

(d1) d(z,y) =0, if and only = = y;

(do) d(z,y) =d(y,);
(d3) d(z,y) < a(z,u) d(z,u) + a(u,v)d(u,v) + a(v,y)d(v,y) .

(

Then (X, d) is called a controlled rectangular metric space.

Remark 2.2. If, for all z,y € X, a(z,y) = s > 1, then (X,d) is a rectangular
b-metric space, which leads us to conclude that every rectangular b-metric space is
a controlled rectangular metric space. Also a controlled rectangular metric space is

not general an extended rectangular b-metric space.

Example 2.3. Consider X = {1,2,3,4}. Define d : X x X — [0,+4o00[ by
o d(z,z) =0 for all z,y € X
e d(1,2)=1,d(1,3) =1, d(1,4) = &
o d(2,3) = 5, d(2,4) = 55, d(3,4)
Define a: X x X — [1,+00[ by

16
a(z,y) = max{z,y},Vr,y € X.
Thus, (d1) and (dz) are clearly true. We shale prove that (d3) hold. We have

d(1,2) = = < a(1,3)d(1,3) + a(3,4) d (3,4) + o (4,2) d (4,2) = 0.58,

N =

and

[

d(1,2) = 3 <a(l,4)d(1,4) +a(4,3)d(4,3) + «(3,2)d (3,2) = 0.52.
Similarly, other cases can be argued. Thus, for all x,y € X with distinct u,v € X.
We get,

d(z,y) <a(x,u)d(z,u) + a(u,v)d(u,v) + a(v,y)d(v,y) .

Hence, (X, d) is controlled rectangular metric space. Note that

d(1,2) = % 5031 = a(1,2)[d(1,3) +d(3,4) + d (4,2)],
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that is, d is not an extended rectangular b-metric for the oo = 6.

On the other hand, in Example 2.4, we replaced d(3,4) = 60 by d(3,4) = 49, we

prove that d is a extended rectangular b-metric. Note that
d(1,4) = 1000 > 992 = « (1,2) d(1.2) + « (2,3) d(2.3) + « (3,4) d(3.4).

That is, d is not a controlled rectangular metric for the 8 = a.
We define Cauchy and convergent sequences in controlled rectangular metric

space as follows:

Definition 2.4. Let (X, d) be a controlled rectangular metric space and {z,} be
a sequence in X and =z € X. The sequence {x,} converges to x if and only if
lim d(zy,z)=0.

n—-+400
Definition 2.5. Let (X, d) be a controlled rectangular metric space and {z,} be a
sequence in X. We say that

(i) {zn} is a Cauchy if and only if for every € > 0 there exists a positive integer
N = N(e) such that d(zp,zy) < ¢, for all n,m > N.

(ii) (X,d) is complete if and only if each Cauchy sequence in X is convergent.

Lemma 2.6. Let (X,d) be a controlled rectangular metric space and {x,} a Cauchy

sequence in X. If {x,} converges to x € X and converges to y € X, we assume that

lim a(xn,z), lim alz,z,) and lim  o(z,, )
n—-+o0o n—-+o0o n,m—-+00

exist and are finite Yn,m € N, n # m, then x = y.
Proof. If {x,} a Cauchy sequence in X has two limit point z,y € X, such that
lim d(zn,z) =0and lim d(z,,y)=0.

n—-+00 n—-+00

Since, {x,} is Cauchy, then so from (d3) we have

d (l’, y) <« (I’, CL’n) d (-T, I’n) + « (l'na xn+1) d (':Ena l’n+1) +a ($n+17 y) d (anrl, y) .
By letting n — oo in above inequality, we obtain d (x,y) < 0, which implies that
d(x,y) = 0. Therefore, z = y. O
Theorem 2.7. Let (X,d) be a complete controlled rectangular metric space, and T

a self mapping on X . If there exists k € |0, 1] such that
(2.1) d(Ty, Tx) > 0= d(Ty,Tx) < kd(z,y),Vx,y € X.
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For xg € X, take x,, = T"xy. Suppose that

. o (Tiy1,Tige) + o (Tig2, Tiy3) 1
2.2 sup lim a (41, < —.
(22) m>14-00 (@1, m) o (24, Tig1) + & (Tig1, Tit2) k?

We assume that, for x € X, we have

(2.3) lim a(zn,z), lm a(zr,z,) and lm o(zy,Tm)
n—4o00 n—-4o00o n,m—-400

exist and are finite Yn,m € N, n # m.

Then T has a unique fized point in X.
Proof. We choose any zg be arbitrary, define the iterative sequence {x,} by
xr1 = Tx(), xTro = T:L'l..., Tn = Tnl'o.

Step 1. We shall prove that

lim d(xp,xn41) = 0.

n—oo
Now, by the hypothesis of theorem, we have

d (-r'm xn+1) = d(T.%'n_l, Txn)
< kd(l‘nflv xn)

< k2d($n72a :Enfl)

IN

S k"d(:cg, a;l).
Taking the limit of the above inequality as n — oo, we deduce that
(2.4) lim d(zy,2nt1) =0.
n—oo

Step 2. We shall prove that

lim d (2, nt2) = 0.

n—oo

173

We assume that z, # x,, for every n,m € N. Indeed, suppose that z,, = z,, for

some n = m + k with £ > 0, so we have Tx,, = Tz,,, and
ATy Tms1) = d(Tp, Tny1) = d(Txp—1,Txy) < kd(zp_1,Tn).
Since k € ]0, 1], we have
AT, Tmt1) = d(Xp, Tpy1) < d(Tp—1,Zp).
Continuing this process, we have

d($m7 xm+1) < d(l‘m, $m+1)'
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which is a contradiction. Therefore,
d(xpm, xn) > 0 for every n,m € N;n # m.
Now, substituting = x,,—1 and y = x,,41 in the (2.1), we obtain

d(.’L’n, xn+2) = d(T$n,1, Tanrl)
< kd(afn—la xn-{—l)

< kzd(xn—% wn)

IN

S knd('rO’ $2)‘
If we take the limit of the above inequality as n — +o0o we deduce that

(2.5) lim d(zy,Zni2) =0.

n—o0

Step 3. We shall prove that, x,, is a Cauchy sequence in (X, d) i.e,

lim d(zp,zm) =0 Vn,meN.

n,1Mm—00

Denote by d; = d(z;,x;41) for all i € N. We distinguish two cases.
Case 1: Assume that m = n+2l+1 with [ > 1. By property (3) of the controlled

rectangular metric spaces, we have

d(Zp, Tm) = d(Tp, Tpiort1)

< @y, Tn1)d(Tn, Tnt1) + (Tng1, Tng2)d(Tnt1, Tnt2)
+ o(Tnt2; Tnyor1)d(Tnr2, Tnyori)

< a(@n, Tpy1)d(Tn, Tni) + (Tpy1, Tng2)d(Tog, Try2)
+ a(Tnt2; Tny2u+1)(Tnt2, Tnts))A(Tnt2, Tnys)
+ a(Tnt2, Tnt20+1) U Tnt3, Tnta))d(Tnt3, Tnta)
+ (Tn+2, Tpt241)U(Tntas Tg2+1))A(Tnga, Tptors)

< a@p, Tnt1)d(Tn, Tnt1) + (Tng1, Tng2)d(Tnt1, Tnt2)
+ a(Tnt2, Tny2u+1)(Tnt2, Tnts))A(Tns2, Tnys)
+ a(Tnt2, Tnt2i+1) (43, Tnta))A(Tns3, Tnta)

+ a(zpt2, Tptor+1)(Tnga, Tpgoi41))(Tnta, Tngs)d(Tnpa, Tnys)
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+ (Tnt2; Tng2i41)(Tnras Tng2i41)) U Tnys, Tnie)d(Tnts, Tnie)

+ a(Tn+2, Tnt21+1) U Tntd, Tng2141)) U Tnt6s Tny2u41)A(Tnt6, Tnt2i+1)
< a(Tn, Tpy1)d(Tn, Tny1) + a(Tng1, Tny2)d(Tnr1, Tngz)

+ a(Tnt2, Tnt2u+1)Tnt2, Tn3) ) d(Tnt2, Tnis)

+ a(Tn+2, Tnt2i+1)(Tn3, Tnga))d(Tnts, Tnta)

Ja(
+ a(Tnt2, Tny2is 1)U Tnta, Tng2is1))(Toras Tnis)d(Tnyd, Tnys)
Ja(

(
+ (@12, Tnt2+1) U Tnta, Tnt241)) (Tt 5, Tnge6) (Tt 55 Tnoto)

+ o+ a(@nt2, Tog2us 1) (Tntas Tnaair1)) X oo X a(Tpg2i-2, Tntair1) X

X [a(Tpyo1-2, Tngor—1)d(Tny21—2, Tnyor—1) Fa(Tpya—1, Tnyo)d(Tpio1-1, Trngar)]
+ a(Tp+2, Tnoi+1) X (Tpgd, Tpporr1) X X

X

a(Zn421-2, Tntoi+1) 0 Tnyols Tnt21+1) A Tntrals Tnt21+1)

Therefore,

d(p, Tm)

< a(Zn, Tnt1)dn + (g1, Tnt2)dn1 + @(@ng2, Tnto141)(Tnt2, Tnis) ) dnto
+ a(Tnt2, Tnt20+1)(Tnt3, Tnta))dnts
+ a(Tnt2, Tnt20+1)UTnta, Tnt2i41) U(Tnta; Tnts)dnta
+ a(@nt2, Tnt241) 0 Tnrd, Tny2i41)) 4 (Tnt5, Tnte)dnts
+ ...
+ a(XTpt2, Tpaorr1) X oo X (Tpaol—2, Tni2itl)

[ (Tng21-25 Tpy2141) ) dny21—2 + (Zpgo1—1, Trng2r) ) dntoi—1]
+ a(Tnt2; Tny2+1) (Tt as Tnt2i41)) X oo X A(Tnt2k-2, Tntor1)

[(Tpt20, Tny2i41))dnai]

< a(xn, Tpy1)d(zo, 21)E" + a(nt1, Tnr2)d(zo, xl)k,‘”+1

+ a(Tnt2, Tngoi1) [0(Tng2, Tngs) K2 + a(@ngs, Tnga) ) E"T2) d(zo, 1)

+ ...

+ a(Tnt2, Tny2it1) X oo X Tpt21-2, Tntor+1) X

X | a(Tnp2-2, Tpy2r—1))E" T+ a(@pgo-1, $n+2l))k"+2172} d(zo, 1)

+ a(In+2a$n+2l+1)04(96n+4,36n+21+1) X X
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X a(Tpia1-2, Tny2ir1)(Tnyor, Tnyore1)) k" T2 d (2, 21)

< T, Tpg1)d(20, 21)E" + (Tng1, xn+2)d($07 xl)kn—ﬂ

+ Tt 2, Tnparr1) [(Tng2, Tni3) K + a(@nys, Toga) K] d(wo, 1)
+ ...

+ a(Tpt2, Traoir1)(Tntd, Tnaoir1) X oo X ATy poi—2, Tnpoir1) X

X [a($n+21—2, Tppo1-1))E" 22 4+ a(@nsa-1, l‘n+21))k”+2l_2} d(wo, 1)
+ aTnt2, Tptoi41)U(Tna; Tpg2i41)) X .o X

X a(Zpt21-2, Tnt2i41)0(Tntal, Tng2i+1) X

k‘n+2l+1d(

X [a(l‘n+2z, Tptou41) k"2 d(0, 21) + A(Tngrs1s Tntorra) o, xl)]

< (@, Tpg1)d(wo, 21) k" + (Tn g1, Tng2)d(zo, 31K

i=n+2l j=t

+ > I g wnsoe) [, zig )k + o(@iry, 2ig2) ] d(zo, 21).
i=n+2 j=n+2

Above, we make use of that a(z,y) > 1.
i=p j=i
Let Sp = Z H oz(a;j, :L’n+21+1) [OJ(CEZ‘, $i+1)ki + a(azi“, xi+1)ki+1] d(.r(), xl).
i=0 j=0
Hence, we have

d({L‘n, xm) < d(x(), xl) [a($n7 CCn—&-l)kn + a(mn—f—l? xn+2)kn+l + Sn+m—1 - Sn+1] .

Now, let the term a; = ngg a(zj, ) [a(@s, Tip1) K+ @i, Tipo) K
On the other hand
a; (a1, Tivo) k + a (Tjvo, Tivs) k2
sup lim il sup lim o (241, ) (i1, Tiv2) b+ o (Tiy2, Tigs)
m>11—70 a; m>111—00 « (:IIZ', $i+1) + « ($i+17 «Ti+2) k

, ) ‘ ' 1
< sup lim a (ziq1, Tm) a (Tit1, Tiva) + @ (Tiya, Tits) =N
m>1 %00 Oé(CL‘Z',ZL‘iJrl) +O‘(xi+17$i+2) k
Thus the series

=00 J=1
ST el znya) [a(@i, mip )k + a(@ain, 2ok d(xo, 21)
i=n+2 j=n-+2

is converges. On the other hand
lim a(x,, Tpy1)d(zo, z1)E" = lim a(mn+1,azn+2)d(xo,:z1)k”+1 =0.
n—oo n—oo

We conclude that

lim d(zp,xm) =0.
n,M—00



FIXED POINT THEOREMS IN CONTROLLED RECTANGULAR METRIC SPACES

Case 2: m = n + 2[ similar to case 1 we have

d(Tn, Tny2r) < (Tp, Tng2)d(Tn, Tny2) + (Tnt2, Tnis)d(Tny2, Tnis)
+ a(Tn13, Tryok)d(Tny3, Tnyorg)
< a(Tn, Tng2)d(Tn, Tny2) + a(Tng2, Tny3)d(Tnro, Tnas)
+ (@ y3, Tryor) X [(Tni3, Tnia))d(Tni3, Tnia)
+ a(Tn+a, Tny5))d(Tnta, Tnis) + A(Tnis, Tni))d(Tns, $n+2l)]
< (T, Tpt2)d(Tn, Tpt2) + (Tnt2, Tnts)d(Tnt2, Tnis)
+ a(Tn+3, Tny2) U Tnt3, Tnta))d(Tnt3, Tnia)
+ Tn+3; Tnt2) 4(Tntd, Tnts))d(Tnta; Tns)
+ (@43, Tnt2) U @Tnts, Tntar) )A(Tnis, Tnyor)
< Ty, Tnt2)d(Tny Tny2) + (Tnt2, Tnt3)d(Tny2, Tnts)
+ (Tnt3, Tny2)(Tnt3, Tnta))d(Tnt3, Tnta)
+ aTn+3, Tnt21) (@5, Tny21)) & (Tnt5, Tnt6)d(Tnts, Tnvo)
+ oo+ a(®ngs, Turo)(Tnas, Tnaor)) X oo X a(Tpioi—3, Tnaor) X
X [(@nt2-3, Tnto1—2)d(Tnto1-3, Tnt2u—2)
+ a(Tpt21-2, Tny21-1)d(Tnt21-2, Tpioi—1)]
+ a(Tp13, Tpao)(Tpts, Tnior)) X .o X
X (T y21-3; Tnr2a1)(Tnr21—15 Tntor)dA(Tnt21—1, Tntar)
< &, Tpyo)k"d(20, 72) + a(Tnio, Tnaz) k" 2d(2o, 1)
+ T3, Tpao)) o Tpas, Tnia))) k" 3d(z0, 1)
+ oo+ a(®pgs, Turo)(Tnts, Tnaok)) X oo X a(Tpio1—3, Tnial)
X [a(xn+25_3, xn+21_2))k"+173d(a§0, x1)X
+ a(Tnp2-2, Tpron—1)) k"2 d (20, 1))
+ a(Tn+3, Tnt2)(@pts, Tnyar)) X .. X

X 0 Tpy21-3, Tnt21) O (Trg21—1, Tpyar) X

177

x [T ntoi-1, Tnro) K" T d (20, 21) + @(Tptor, T K (20, 21)].

Thus, we conclude

A(Tp, ) < a(Tp, Tppo)k™d(xo, 22) + a(mn+2,xn+3)k”+2d($o, x1)+
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i=n+t20-1 j=i
+ > I ) zna) (@ npa)k’ + @iy, 2is2) k2] d(zo, 21)
i=n+3  j=n+3
Above, we make use of that a(z,y) > 1.

i=q j=1
Let Sq = Z H Oé(l‘j, l’n+25) [Oz(l‘i, l’i+1)]€2 + Oé(:l?lurl, IL‘1‘+2)]€H—1] d(:l,‘o, 1}1).
=0 j=0

Then, we have
AT, Tm) < d(T0, 22) Ty Trp2) K™ + d(20, 21) [(Tpt2, Trts) K™ T2 + St — Spes]

On the other hand
o (it1, Tiva) k + o (Tig, Tiy3) k2

. Qi1 .
sup lim —= = sup lim o (@it1, )

m>11—=00 @  p>1i—00 (2, ip1) + o (Tig1, Tig2) k
< sup lim @ (zi41,20) & (@i41, Tiva) + & (Tiv2, Tivs) 1
m>1i—00 (@i, Tip1) + @ (Tip1, Tip2) K2
By using the Ratio Test, it is not difficult to that the series
i=00 J=1
Z H Oé($j, $n+2l+1) [OL(SEZ', l‘prl)k‘i + Oé(l'i+1, $i+1)ki+1] d({L‘o, éEl)
i=0 j=0

converges. Hence d(x,, z,,) converges to zero as m — oo . Thus, by case 1 and case

2, we have

(2.6) lim d(zp,xm) =0.

n,m—00
We conclude that the sequence x,, is a Cauchy sequence in the complete controlled
rectangular metric space (X, d), so z;,, converges to some z € X.

We shall show that z is a fixed point of T.

No, we show that d(Tz,z) = 0. Arguing by contradiction, we assume that
d(Tz,z) > 0. From the controlled rectangular inequality we get,
(2.7)

d(z,Tz) < a(z,xn)d (z,2p) + a(Tpn, Tan)d (xn, Tey) + Tz, T2)d (Txy,, Tz).

From assumption of the hypothesis, we have

(2.8) d(2,Tz) < a(z,zn)d (z,2n) + a(Tp, Tay)d (xn, Txy) + ka(Txy,, T2)d (zy, 2) .
Therefore,

(29)  d(2,Tz) <d(z,zp) [z, 2n) + ka(Trn, T2)] + a(xn, Txp)d (2n, Txy) .

By letting n — 400 above inequality and using (3.3), we deduce that d(z,72) =0
and that is Tz = 0. Thus T has a fixed point z € X.
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Uniqueness: assume there exist two fixed points of T" say z and u such that z # u.
By the contractive property of T' we have
d(z,u) =d(Tz,Tu) < kd(z,u).
Which is a contradiction. Thus, T" has a unique fixed point. O

Theorem 2.8. Let (X,d) be a complete controlled rectangular metric space, and T
a self mapping on X satisfying the following condition: for all x,y € X there exists
0<k< % such that

(2.10) d(Tz,Ty) < k[d(w, Tx) + d(y, Ty) .
Let xg € X, take x,, =T"xy Also, if

(2.11) sup lim a (@41, Tm) O (@iry, it2) + O (Tirn, Tivs) < 5
m>11i—00 a (@i, Tip1) + o (Tig1, Tig2) k

We assume that lim a(x,,z), lim a(z,z,) and lm o(zy,, ), exist and
n—-+00 n—-+o0o n,m—-+oo

are finite for all n,m € N, n # m Such that

(2.12) lim o(Tz,,Tz) <

n—-+o0o

| =

Then T has a unique fized point in X.

Proof. Let x¢p € X and define the sequence x,, as follows x1 = T'xg, o = Tx1, ..., T, =

Tx,_1=T"xg,... Now we prove that

lim d(zy,p41) =0

n—oo
and
lim d(zp,xn4+2) = 0.
n—od
Using the contractive property with x = x,—1 and y = x,,, we obtain

d(l'n» $n+1) = d(Txnfla Txn) <k [d(xnfla xn) + d(l‘n, $n+1)]

k
= d(xnaxn—i-l) < md(fxn—laxn)-

Since 0 < k < %, one can easily deduce that 0 < ﬁ < 1. So, let B8 = ﬁ hence,
d(p, Tnt1) < Bd(xp—1,2n)
S ﬁQd(xn—% mn—l)

<..

S ﬁnd(m()’ xl)-
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Therefore,
(2.13) lim d(xy,nt+1) = 0.
n—oo
Appliyin (2.10) with z = z,_1 and y = z,,4+1, we obtain
d(ﬂjn, $n+2) = d(T-Tnfla Tanrl) <k [d(xnfla Cvn) + d(ZEn+1, $n+2)} .
Thus, by using the fact that d(x,, z,+1) — 0 as n — oo, we deduce that
(2.14) lim d(xy,, znt2) = 0.
n—oo
Now, similar to proof of Theorem 2.7, we deduce that the sequence {z,} is a Cauchy
sequence in X. Since (X,d) is a complete controlled rectangular metric space, we
conclude that x, converges to some z in X.
We shall show that z is a fixed point of T
No, we show that d(Tz,z) = 0. From the controlled rectangular inequality we
get,
(2.15)
d(z,Tz) < a(z,zp)d (2, 2n) + a(xp, Trp)d (n, Txy) + (Txy, T2)d (Txy, T2) .

From assumption of the hypothesis, we have

(2.16) d(z,Tz) < alz,20)d (2, ) + a(zn, Txn)d(Tn, Tay)
+ ka(Txy,, T2) [d(mn, Ta:n) + d(z, Tz)].

Therefore,

(2.17) d(z,Tz) < T ka(;’a}n,Tz) [a(z, xn)d(z, mn) + a(xn,Txn)d(xn,Txn)

+ a(Tzy, Tz)d(:cn, Ta;n)].

Letting n — oo in (2.17) and using (2.12), we obtain
d(z,Tz) <0.

Which is a contradiction. Thus, z = T'z.
Uniqueness: assume there exist two fixed points of T" say z and u such that z # u.

By the contractive property of T' we have
d(z,u) = d(Tz,Tu) < k[d(z,Tz) + d(u, Tu)] = 0.

Hence z = u. O
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Theorem 2.9. Let (X,d) be a complete controlled rectangular metric space, and T
a self mapping on X satisfying the following condition: for all x,y € X there exists
0<A< % such that

(2.18) d(Tz, Ty) < Xd(z,y) + d(x, Tz) + d(y, Ty)] .

Let xg € X, take x,, = T"xy Also, if

a (Tip1, Tig2) + @ (Tig2, Tiys) 1

2.19 sup lim o (x;,x < .
( ) mZIi i—00 ( ! m) o (.%'i, xi+1) + « (xi-i-la sz‘_:,_g) k2
We assume that lim a(x,,z), lim a(z,z,) and lm o(zy,,Tm), exvist and
n—4o0o n—-4o0o n,m—-400
are finite for all n,m € N, n # m Such that
(2.20)
1 1 1
o 2 - N - . -
nginooa(:vn,T Tp) < R nETwa(Tzn,Tm) <3 and nkrfoooz(Tz:,Txn) <3
Then T has a unique fized point in X.
Proof. Let x¢g € X and define the sequence x,, as follows x1 = T'xgy, o = Tx1, ..., T, =

Tz, 1 =T"xq,... Now we prove that

lim d(xn,2pt1) =0

n—oo

and
lim d(zn, zp12) = 0.
n—oo

Using the contractive property, we have
d(l’n, $n+1) = d(T-Tnfla Txn) <A [d(xnfh xn) + d(l’nfla xn) + d(.Tn, anrl)] .

So, we have

2\
< — _ .
d(xnvxn—i-l) =71_ )\d(xn 1’3571)

Since 0 < A < %, one can easily deduce that 0 < % < 1. So, let g = %
Hence,
d(p, Tpt1) < Bd(xp—1,2n)
S ﬁQd(xn—% mn—l)
<..

S ﬁnd(m()’ xl)-
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Therefore,
(2.21) lim d(zy,zn4+1) =0.
n—oo
Applying (2.18) with = z,,_1 and y = x,,4+1, we obtain
d(Tp, Tnt2) = d(TTn—1,TTn11) < AN[d(Tn-1,70n) + d(Tnt1, Tnt2 + d(Tn—1, Tn1))]
Using the property (3) of the controlled rectangular metric space we get,

d(l’n, In+2) [d(l‘n—la xn-{—l) + d($n_1, xn) + d(xn—i-h xn+2)]

IN

A

Ad(zn—1,2n) + d(Tn41, Tni2))

+ )\[a Tn—1, Tnt2)d(Tn—1, Tnt2) + A(Tpt2, Tn)d(Tnt2, Tn)
+ (@, Tn1)d(@n, Toir)]

< A(d(zn-1,2n) + d(Tnt1, Tni2))

+ Ma(Tnt2, Tn)d(Tnt2, Tn) + (Tn, Tni1)d(Tn, Tny1)]

+ Aa(zp—1, Tpt2) X

X [a(@p—1,2n)d(Tn-1,2n) + (T, Tni1)d(Tn, Tpi1)

+ a(@ng1, Tay2)d(Tng1, Tny2))]
Therefore, we have

(2.22) d(zp,Tnt2) < d(Tp—1,Zn)

2X + Aa(zp, Tpg1) + A(@p—1, Tnt2) [@(Tn—1,2n)) + (T, Tnt1) + A(Tpt1, Tnt2)]
1 — Xa(xn, Tnia)

Letting n — oo in (2.22), using (2.20), and (2.21), we obtain

(2.23) lim d(xy, zp42) = 0.

1— 00

Now, similarly to prove of Theorem (2.7), we deduce that the sequence {z,} is a
Cauchy sequence. Since (X, d) is a complete controlled rectangular metric space, we
conclude that x, converges to some z in X.

We shall show that z is a fixed point of T. No, we show that d(7T'z, z) = 0. From
the controlled rectangular inequality we get,
(2.24)

d(z,Tz) < a(z,zp)d (z,2n) + a(xp, Try)d (Tn, Txy) + (Txy, T2)d (Txy, T2) .
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From assumption of the hypothesis, we have

(2.25) d(z,Tz) < a(z,zn)d (2, 2n) + (2, Trp)d (T, Tay) + Aa(Txy, T2)
[d(zn, Txy) +d(2,T2) + d(zp,2)].
Letting n — oo in (2.25), we obtain
d(z,Tz) < /\11121010 a(Tx,,Tz)[d(2,Tz)] <d(z,Tz).
Which is a contradiction. Thus, z = T'z.

Uniqueness: assume there exist two fixed points of T' say z and u such that z # w.

By the contractive property of T we have
d(z,u) =d(Tz,Tu) < XN[d(z,u) + d(z,Tz) + d(u, Tu)] = Ad(z,Tz) < d(z,u).
Hence z = . ]

In the following we prove some new fixed point result for rational contraction of

Fisher [8] type in the context of controlled rectangular metric space.

Theorem 2.10. Let (X, d) be a complete controlled rectangular metric space, and T
a self mapping on X satisfying the following condition: for all z,y € X there exists
A, B €]0,1] where A+ 3 < 1. For xp € X, take x,, = T"xo. Such that

d(z,Tx) + d(y, Ty)

2.26 d(Tz,Ty) < Md(z,y) + .
(2.26) ( y) (z,y) + 0 T+ dz.y)
Also, if

: & (Tiy1, Tir2) + @ (Tit2, Tit3) 1
2.27 sup lim a (z;11,x .
(2:27) mﬁ“oo (@et1, Zm) o (i, Tig1) + @ (Tit1, Tit2) (B+A)?
We assume that lim a(x,,z), lim a(z,z,) and lm o(zy, ), exvist and

n—4o0o n—-4o0o n,m—-40o0
are finite for all n,m € N, n # m Such that
(2.28)

lim (@, @m) <~ lim a(zn,2) < —— and lim a(zn,z) < —
n7m£n+wa Ty T <(B+A)’njrfma T, & CESY and lUm o(zn, G
Then T has a unique fized point in X.

Proof. Let x¢g € X and define the sequence z,, as follows x1 = Txg, xo = Tx1,..., Tpn =

Tx,—1=T"xp,... Now we prove that

lim d(xy,zp41) =0

n—oo

and

lim d(zp,xn42) = 0.

n—oo



184

MOHAMED ROSSAFI & ABDELKARIM KARI

Using the contractive property we have

d(xn; xn+1) = d(Txn—lv Twn)

(wn—17$n>d(xn7$n+1)
1+ d(xp—1,2n)

< Ad(a;n—h wn) + ﬂd<xn7 xn—i—l)v

d
< Ad(l'nfla xn) + ﬁ

which implies

d(.%‘n, xn-{—l) S 1 d(xn—h xn) = ’Yd(xn—la xn)7

-

where v = ﬁ, then « € 0, 1[. Thus, we have

Therefore,

(2.29)

d(Tn, Tny1) < vd(Tp-1,Zn)
< 72d(13n727 :L'nfl)
< ...

< A"d(xg,x1).

lim d(zp,xn+1) = 0.

n—oo

Applying (2.26) with = z,,_1 and y = x,,4+1, we obtain

d(xrw $n+2) = d(Twn—b T.%'n+1)

(xn—lv xn)d(xn—l—l; xn+2)
1 + d(mn—h .%'n)
< )\d(xn—la xn-{—l) + ,Bd(.%'n, xn-{—l)

< ﬁd(xm mn—i—l) + A [Oé($n_1, l‘n+2)d(.%'n_1, $n+2)

d
< )\d(xnfla anrl) + ﬁ

+ a(Tns2, Tn)d(Tni2, Tn) (T, Tn1)d(Tn, Tni1))
< ﬂd(xny anrl) + A [a(l‘nJrQy xn)d($n+2a xn) + Oé(fEn, $n+1)d($na xn+1)]
+ /\a(l'n—la xn+2) [a(l‘n—lv xn)d(xn—lu xn)

+ (@, Tng1)d( T, Tn1) (i1, Toy2)d(Tng1, Tnya)],

which implies

(2.30)

d(xnv xn-i-?) <

d(fEn—lu xn)
1= d(zpyo, zp)

[ﬁ + )\Oz(ﬂfn, $n+1) + Oé(CCn_l, xn—i—?) (Oé(:En_l, xn) + Oz(ﬂ?n, fL‘n-i—l) + a(xn—i-l’ $n+2))] .
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Thus, by using the fact that d(z,,z,+1) — 0 as n — oo and using (2.28), we deduce
that

(2.31) lim d(xy,zn42) =0.
n—o0

Now, similarly to prove of Theorem (2.7), we deduce that the sequence {z,} is a
Cauchy sequence in X. Since (X,d) is a complete controlled rectangular metric
space, we conclude that x, converges to some z in X.

We shall show that z is a fixed point of T. No, we show that d(7T'z, z) = 0. From
the controlled rectangular inequality we get,
(2.32)

d(z,Tz) < az,xn)d (z,2p) + a(Tpn, Tan)d (2, Txy) + (Txy, T2)d (Txy,, Tz).

From assumption of the hypothesis, we have
(2.33) d(z,Tz) < a(z,zp)d (z,2n) + a(xp, Try)d (n, Txn) + a(Txy, T2)

(p, Txy) d(z,T2)

M (zp, 2) + ﬁd
By letting n — +o00 in (2.33), we obtain
d(z,Tz) <0.

Which is a contradiction. Thus, z = T'z.
Uniqueness: assume there exist two fixed points of T say z and u such that z # w.

By the contractive property of T we have

d(z,Tz)d(u, Tu)
1+d(z,u)

d(z,u) =d(Tz,Tu) < Xd(z,u) + = Md(z,u) < d(z,u).

Hence z = u. O

Example 2.11. Let X = AU B, where A = {1 : n € {2,3,4,5}} and B = [1,2].
Define d : X x X — [0, +o0] as follows:

d(z,y) = d(y,z) for all z,y € X;
dlz,y) =0y =uz.
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and

SH

Wl Wk Wl
D= Y= =

U

QL
8 /N /N

[ d(z,y) = (
Define mapping a : X — X by
max{z,y} +2if z,y € [1,2]
a(z,y) =
3 otherwise.

Then (X,d) is a is controlled rectangular metric space. However we have the fol-

lowing:

1) (X,d) is not a metric space, as
11 11 11
d|l-,=-]=0. A3=d| 5, - dl -, = ].
<3’6> 0.36 > 0.13 <3,4>+ (4’6)
2) (X,d) is not a controlled metric space, as
11 11 11 11 11
3) (X,d) is not a rectangular metric space, as
11 11 11 11
dl-,-]=036>022=d| -, - dl{-,- dl-=,=).
(5’6) (5’3>+ <3’4)+ (4’6)
Define mapping 7' : X — X by
1
2 if x €|1,2
BRI
1if x € A.
Then, T(z) € [1,2]. Let k = 3.

Consider the following possibilities:

case 1: z,y € [1,2] with x # y, assume that = > y.
1 172
d(Tz, Ty) = [;ca — yi} .

and



FIXED POINT THEOREMS IN CONTROLLED RECTANGULAR METRIC SPACES 187

On the other hand

d(Tz,Ty) — k.d(z,y)) = [x% —y2

Since x,y € [1,2], then

(\/i—x% —y%) <0.
Which implies that

d(Tz,Ty) < k.d(z,y)).

case 2: z € [1,2],y€ Aorye€[l,2],z € A.
2

Since, x > y for all x € [1,2],y € A. Therefore, k.d(z,y) = % (x —y)?.
On the other hand

Which implies that

case 3: z,y € A

Which implies that

Note that for each z € X,
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Thus we obtain:

lim sup « (z;, Tm) O (@ir1 Tivs) + @ (@irs, Titd) =3<4= .
00 >1 o (i, Tig1) + @ (Tit1, Tita) k
On the other hand
lim a(rp,z)= lim o(z,z,) <4 and lim «a(x,,z,)=3Yn,meN, n#m.

n—-4o00 n—-+oo n,m—-+o00

Therefore, all conditions of Theorem (3.7) are satisfied hence T has a unique fixed

point Z = 1.
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