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ON THE ROBUSTNESS OF CONTINUOUS TRAJECTORIES
OF THE NONLINEAR CONTROL SYSTEM DESCRIBED
BY AN INTEGRAL EQUATION

NESIR HUSEYIN #* AND ANAR HUSEYIN P

ABSTRACT. In this paper the control system described by Urysohn type integral
equation is studied. It is assumed that control functions are integrally constrained.
The trajectory of the system is defined as multivariable continuous function which
satisfies the system’s equation everywhere. It is shown that the set of trajectories is
Lipschitz continuous with respect to the parameter which characterizes the bound of
the control resource. An upper estimation for the diameter of the set of trajectories
is obtained. The robustness of the trajectories with respect to the fast consumption
of the remaining control resource is discussed. It is proved that every trajectory
can be approximated by the trajectory obtained by full consumption of the control
resource.

1. INTRODUCTION

The control system described by Urysohn type integral equation
(11) o) = flw,2() + [ Flors,a(s),ul)ds
E

is considered, where w € Q, z(w) € R™ is the state vector, u(s) € R™ is the control
vector, Q C R¥, E ¢ R* are compact sets, E C Q.

Note that integral equations are adequate tool for description of the behavior
of different processes arising in theory and applications. One of the outstanding
scientist of the XX century W. Heisenberg in his well known book ”Physics and
Philosophy” underlines the importance of the integral equations by the following
words: ”The final equation of motion for matter will probably be some quantized

nonlinear wave equation... This wave equation will probably be equivalent to rather
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complicated sets of integral equations...” (see, [4], p.68). The integral equations are
often used for solution’s concept extension of initial and boundary value problems
for ordinary and partial differential equations. Separately, let us express that the
theory of the integral equations is considered one of the origin of the contemporary
functional analysis (see, [5], chapter 1, p.2).

For given p > 1 and r > 0 we denote

(1.2) Upr = {u() € Ly(BsR™) s Ju()]l, < 7}
which is called the set of admissible control functions and every u(-) € U, is said to

be an admissible control function, where L, (E; R™) is the space of Lebesgue measur-

1/p
able functions u(-) : £/ — R™ such that |lu(-)[, < oo, [lu(-)[|, = (/E Hu(s)”pds) ,
||I|| denotes the Euclidean norm.

It is obvious that the set of admissible control functions U, , is the closed ball
with radius r and centered at the origin in the space L, (E;R™).

In general, integral constraint on the control functions is inevitable, if the control
resource of the system is exhausted by consumption, such as energy, fuel, finance,
etc. (see, e.g., [1, 3, 8, 10])). For example, the motion of the flying object with
rapidly changing mass is described by a control system with integral constraint
on the control functions (see, e.g., [1, 10]). Different topological properties and
approximate construction methods of the set of trajectories of the control systems
with integral constraints on the control functions are discussed in [6, 7, 8] (see the
references also therein).

It is assumed that the functions given in system (1.1) satisfy the following con-
ditions:

1.A. The functions f(-) : @ x R — R™ and F(-) : @ x E x R" x R™ — R" are
continuous;

1.B. There exist v € [0,1), 71 >0, k1 >0, 72 > 0, k2 > 0, v3 > 0 and k3 > 0
such that

1 (w, 1) = f(w, z2)[| <70 |21 — @2
is satisfied for every (w,z1) € Q x R™ and (w, z2) € Q x R™ and
[F (w1, s,21,u1) — F(w2, 8,2, u) || < [y + ma(llual] + fJuzl])] [l — w2l
+ [z + sa(lluall + lluzlD] lzr — w2l + [vs + s3(llzall + llz2l))] lur — uzll

for every (w1, s, x1,u1) € Q@ X E x R™ x R™ and (we, s, x2,u2) € 2 x E x R™ x R™;
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1.C. There exist p > 1 and r, > 0 such that the inequality
%0+ ha(E) + 2. [u(B) I < 1

is satisfied where v, = max{vy1,7y2,73}, u(E) stands for the Lebesgue measure of the
set E.

If the function (w,s,z,u) — F(w,s,z,u), (w,s,z,u) € Q@ x E x R" x R™ is
Lipschitz continuous with respect to (w,z,u), then it satisfies the condition 1.B.

Let u(-) € Up,. A continuous function z(-) : @ — R™ satisfying the integral
equation (1.1) for every w € €2, is said to be a trajectory of the system (1.1) generated
by the admissible control function u(-) € Up,. The set of trajectories of the system
(1.1) generated by all admissible control functions u(-) € U, is denoted by symbol
Zp,r and is called the set of trajectories of the system (1.1).

The paper is organized as follows. In Section 2 the basic properties of the system’s
trajectory are presented which are used in following arguments. In Section 3 it is
proved that the set of trajectories Zj, is Lipschitz continuous with respect to r
(Theorem 3.1). In Section 4 an upper evaluation for the diameter of the set of
trajectories is given (Theorem 4.1). In section 5 the robustness of the system’s
trajectory with respect to the fast consumption of the remaining control resource is
established (Theorem 5.1). It is proved that every trajectory can be approximated
by the trajectory obtained by full consumption of the control resource (Theorem
5.2).

2. BASIC PROPERTIES OF THE TRAJECTORIES

We set
(2.1) L(p,7) =0 + r2p( E) + 2y, [p(E))P~H/P)

From condition 1.C it follows that

(2.2) L(p,ry) < 1.

Then there exist a, > 0 such that L(p,r) < 1 for every r € [0, r, + a,]. Denote
(2.3) Lu(p) = Y0 + F2i(E) + 274 (rs + c) [u(E)] P ~D/P)

From (2.1), (2.2) and (2.3) it follows that
(2.4) 0<L.p) <1, Li«(p)— >0.

From now on, it will be assumed that r € [0, 7. + .
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For given w € 2 we set
(2.5) Zpr(w) ={z(w) eR" :x(-) € Zp,} .

The set Z, ,(w) is close to the attainable set notion used in control and dynamical
systems theory and consists of points to which arrive the trajectories of the system
at w (see, e.g., [2, 11]).

From the conditions 1.A-1.C it follows the validity of the following propositions.

Proposition 2.1. Every admissible control function u(-) € Uy, generates a unique
trajectory x(-) € C(2;R™) of the system (1.1) where C(Q;R™) is the space of con-

tinuous functions x(-) : Q — R™ with norm ||z(-)||c = max{[|z(w)| : w € Q}.

Proposition 2.2. There exists g, > 0 such that the inequality

lz()lle < g«

is satisfied for every x(-) € Zp, and r € [0,7y + .

Proposition 2.3. The set of trajectories Zy, is a precompact subset of the space
C(;R™).

The proofs of the Proposition 2.1, Proposition 2.2 and Proposition 2.3 are similar

to the proofs of the Theorem 3.1, Theorem 4.1 and Theorem 5.1 of [6] respectively.

Proposition 2.4. Let ui(-) € Upp,, u2(:) € Upy, where r1 € 0,74 + oy and
ro € 0,7« + au]. Then

/E o+ ma (| + lusll)] ds < La(p) — 70

where L (p) is defined by (2.3).

The proof of the proposition follows from Hoélder’s inequality.

For given metric space (Y, dy (-, -)) the Hausdorff distance between the sets S C Y
and W C Y is denoted by hy (S, W) and defined as

hy (S, W) = max{sup dy (x, W), sup dy(y, S)}
z€S yew

where dy (x, W) = inf{dy (z,y) : y € W}.

Let b(Y) be a family of all nonempty bounded subsets of given metric space
(Y,dy(,-)). By virtue of [2, 9] we have that (b(Y),hy(:,:)) is a pseudometric
space where hy (-, -) stands for Hausdorff distance between the subsets of the space

(Y, dy ().
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Now, let (Y,dy(+,+)) and (T, dr(-,)) be metric spaces, ®(-) : Y — T be a given
set valued map and y, € Y. If hp(®(y), ®(y+)) — 0 as y — y, then the map ®(-) is
called continuous at ysx.

If there exists R > 0 such that

hr(®(y1), ®(y2)) < R - dy (y1,y2)

for every y; € Y and yo € Y, then the map ®(-) is called Lipschitz continuous with
Lipschitz constant R.

By symbol h,(A,U) we denote the Hausdorff distance between the sets A C R"
and U C R", and by symbol he(V, Q) we denote the Hausdorff distance between
the sets V. .C C'(;R™) and Q C C (;R™).

Proposition 2.5. For each fized r € [0, 74 + o] the set valued w — Zy ,(w), w € Q,

is continuous, i.e. hy(Zp (W), Zpr(wi)) — 0 as w — wy for every fivzed w, € Q@ where

the set Zy»(w) is defined by (2.5).

The validity of the Proposition 2.5 can be specified analogously to the proof of
the Proposition 5.2 from [6].

3. LirscHITZ CONTINUITY OF THE SET OF TRAJECTORIES WITH RESPECT
TO THE CONTROL RESOURCE BOUND

In this section it will be shown that the set valued map r — Z,,, r € [0, 74 + o],

is Lipschitz continuous. Denote
(3.1) Bo(1) ={z(-) € C([to, O; R") : [lz()[c <1},

(53 + 2903 [(B)] /7
where L,(p) is defined by (2.3), g. is given in Proposition 2.2.

(3.2) Ro =

Theorem 3.1. The set valued map r — Zyp,, v € [0, 74+ ] is Lipschits continuous

with Lipschitz constant Ry, i.e.

he(Zp,rys Zp,ry) < Ro - 11 — 12
for every r1 € [0,74 + ] and ro € [0, 7« + ] where Ry is defined by (3.2).
Proof. Without loss of generality we assume that r; < ro which implies

(3.3) Ly C Ly, -
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Choose an arbitrary z.(-) € Z,, generated by the control function u.(-) € Up r,.
Define a new control function v.(+) : E — R™, setting

(3.4) vi(8) = %u*(s), seE.

Since uy(-) € Upyr,, then from (3.4) it follows that v.(-) € Up,,. Let y.(-) :
Q — R”™ be the trajectory of the system (1.1) generated by the control function
v4(:) € Upy,. It is obvious that y.() € Zp,,. From (1.1), (3.4), condition 1.B,
Proposition 2.2, Proposition 2.4, inclusion u.(-) € Uy, and Holder’s inequality we

have

[2:4(w) = g (@) < 0ll24(w) = yu(W)]] +/E[F~>2 +72([lux ()]l + lox(s)1])]
~||w*(8)—y*(8)Hd8+/E[f£3 +y3(l[z () + yx(s) D] - llus(s) — va(s)lds

<o) =y« ()lle + /E (k2 + 2 (llus(s)]| + [lv«(s)[])] ds

-max{|[z.(s) — y«(s)[| : s € B} + (k3 + 27394) - /E [[us(s) = %u*(S)Hds

< olla() — 1Ol + (Lalp) — 70) - () — 1l
+m+wwﬂﬁ”“/mmww
T2 FE

< L)) — el + (v + 23590) - [0y 172

= Lu(p) - e () = 9 C)lle + (r3 + 29394) - [w(E) P07 - [ry — o

for every w € 2 and hence

() =y ()lle < Lu(p) - () = gl + (53 + 29394) - [W(E)]P=VP - Jry — 1]
From (2.4), (3.2) and the last inequality we obtain

(k3 + 2739) - [u(E)] P~ D/P
1= L.(p)
So, we have that for arbitrarily chosen z.(-) € Zj,,, there exists y.(-) € Z,,, such
that the inequality (3.5) holds which implies that

35)  [lze() =5 (lle <

“|r1 =12l =Ro - |r1 — 2.

(36) ZpﬂnQ C Zp,rz + R0|’I”1 — 7“2‘ . Bc(l)

where B¢ (1) is defined by (3.1).
The inclusions (3.3) and (3.6) complete the proof. O
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4. DIAMETER OF THE SET OF TRAJECTORIES
Let (Y,dy(-,-)) be a metric space and G C Y. The diameter of the set G is
denoted by diam(G) and is defined as
diam(G) = sup{dy (z,g9) : x € G,g € G}.

Theorem 4.1. The inequality

2(k3 + 273g.)rp(B)| P~ D/P
is verified where g, is defined in Proposition 2.2, L.(p) is defined by (2.3).

diam(Zyp ) <

Proof. Let z(-) € Zy, and 2(-) € Zp, be arbitrarily chosen trajectories generated
by the control functions u(-) € Uy, and v(-) € U, , respectively. Then from (1.1),

condition 1.B, Proposition 2.2, Proposition 2.4 and Holder’s inequality we have
[z (w) = z(w)[| < 7ollz(w) = 2(w)l| + /E [k2 + 2 (llus)]l + llv(s)])]

-mwﬂ@@)—yww:seE}+O%+2w%JléHM$—wwﬂws

< 0llz0) — 20)le + (Lale) —0) - ) — vl
+ 2 (k3 + 27v3g4) 7 - [M(E)](P—l)/p
= L.(p) - |lz«(-) =y« ()|l + 2 (K3 + 27y39+) 1 - [M(E)](P—l)/z)

for every w € 2 and hence
[#0) = 2Ol < La(p) - 2a) = 460l + 2 (53 + 23092) 7+ [w( B

From the last inequality and (2.4) we conclude that
2(k3 + 2739.)r[p(E)] P~ D7

4.1 () —z0)|lc <
(4. () — 20l S

Since z(-) € Zp, and z(-) € Z,, are arbitrarily chosen trajectories, then from
(4.1) we have the proof of the theorem. O

5. ROBUSTNESS OF THE TRAJECTORIES

In this section the robustness of a trajectory of the system (1.1) with respect to

the fast consumption of the remaining control resource will be discussed.
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Theorem 5.1. Let ¢ > 0 be a given number, x(-) € Zy, be a trajectory of the system
(1.1) generated by the control function u(-) € Uy, and let ||u(-)||, =10 < 7. Assume
that E, C E is the Lebesgue measurable set, the control function w(-) : E — R™ is
defined

_Jou(s) if seE\E,,
w(s) = { ux(s) if s€ E,
such that ||w(-)|l, = r and let y(-) : @ — R™ be the trajectory of the system (1.1)
generated by the control function w(-) € Up,. If

1— L*(p) p/(p—1)
- €
[2 (K3 + 27xg5) T

(5.1) u(E.) <

then
() —y()llc <e
where g, is defined in Proposition 2.2, L.(p) is defined by (2.3).

Proof. According to (1.1), condition 1.B, inclusions u(-) € Up,,, w(-) € U,,, Propo-

sition 2.2, Proposition 2.4 and Holder’s inequality, we have
[z(w) = y(W)Il <llz() —y()lle + /E [k2 +v2([[uls)[| + lw(s)l])] ds

-max{||z(s) —y(s)|| : s € E} + (k3 + 2739%) - / [u(s) —w(s)|lds
<llz(-) —y()lle + (Le(®) —0) - lz(-) —y()llc
+ 2 (k3 + 2y304) 7 - [u(E,)] @~ D/P

= Li(p) - lz(-) —y()llc + 2 (k3 + 2739:) 7 - [M(E*)](pfl)/p

for every w € ) and consequently

I#0) = ¥Olle < Lo(o) - 12() ~ y()llo +2 (55 + 2392) 7+ [w( BN,
From the last inequality and (2.4) we conclude that

2(&3 + 2’)/3g*)7“[lu,(E*)](p—1)/P

() = 2()lle <
The last inequality and (5.1) imply that

() = 2()lle < W[u(m)]@”/ﬁ <e.

The proof is completed. U
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Denote
Vor = {u() € Ly(EsR™) : Ju()l, =}
and let Z; ,. be the set of trajectories of the system (1.1) generated by all admissible

control functions u(-) € V, .

Theorem 5.2. The equality cl(Zy,) = cl(Zy,) is satisfied where cl denotes the

closure of a set.

Proof. Since Zj,, C Zy » then we have
(5.2) c(Zy,,) C cl(Zp,)-
Let v be an arbitrarily chosen number, F, C E be the Lebesgue measurable set
such that
1— L*(p) p/(p—1)
5.3 E,) < .
(5:3) HB:) < 2 (K3 + 29494) T v

where g, is defined in Proposition 2.2, L.(p) is defined by (2.3).

Now, let us choose an arbitrary trajectory z(-) € Z,, generated by the control

function u(-) € Up, and let [lu(-)|l, = ro < r. Suppose that [p, , [[u(s)|[Pds = 7.

It is obvious that r; < r9. Define new control function v.(-) : E — R™, setting

u(s) if se E\E,,
5.4 L(s) = p_ ,.p11l/p
(54 v(s) [T Tl} ‘e, if s€E,
1(Ey)
where e, € R™ is an arbitrary vector such that ||e.|| = 1. It is not difficult to verify

that ||v.(-)||, = r and hence v,(-) € Vp,». Let 2.(-) : E — R™ be the trajectory of
the system (1.1) generated by the control function v.(-) € Vj,,. Then z(-) € Zj,
and from (5.3), (5.4) and Theorem 5.1 it follows that ||z(-) — z«(*)||c < v. Since

2«(-) € Z;,, and v > 0 are arbitrarily chosen, then we obtain that x(-) € cl(Z;,)
which implies that Z;, C cl (Z,,). This inclusion yields
(5.5) cl(Zp,y) C cl(Zy,) -

(5.2) and (5.5) complete the proof. O

CONCLUSION

The Lipschitz continuity of the set of trajectories allows to establish an error
estimation for the set of trajectories if there is an inaccuracy in determining the

upper bound of the total control resource. Evaluation of the diameter permits to
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estimate the set of trajectories in general. From the robustness of the trajectory
with respect to the remaining control resource it follows that if you have a needless
control resource and you want to get rid of it, then spending the remaining control
resource on the domain with sufficiently small measure, you will obtain a small
deviation from the initial trajectory. This also illustrates that the consuming the
control resource with big quants on the domains with sufficiently small measures is

not effective way to change the system’s trajectory.
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